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ARITHMETIC 



NOTATION AND NUMERATION 



1. The art of calculating by numbers is called arithmetic. 

2. Any single thing is called a unit. As one crank; one lever; 
one interlocking plant, etc. 

3. A unit or a collection of units is called a number. As one; 
two levers; two bolts; four signal towers, etc. 

4. A number which does not refer to any particular object, 
or quantity is called an abstract number. As six; eight; ten; 
eleven, etc. 

5. A number which refers to some particular object or quan- 
tity is called a concrete number. As two pounds; ten founda- 
tions; fifteen signals, etc. 

6. Numbers which express units of the same kind are called 
like numbers. As six spikes and ten spikes; seven cars and ten 
cars. 

7. Numbers which express units of different kinds are called 
unlike numbers. As six spikes and ten ties; seven cars and five 
hells. 



2 ARITHMETIC 

8. The method of expressing numbers by figures or letters is 
called notation. The fi>gure method is known as Arabic no- 
tation and the letter method is known as Roman notation. 

9. The art of reading numbers expressed in figures or letters 
is called numeration. 



ARABIC NOTATION 

10. In Arabic notation ten symbols called figures are used, 
viz: 

01234567 89 

Zero, one, two, three, four, five, six, seven, eight, vine. 

The first figure is called zero, naught or cipher, and has no 
value when expressed alone. The other figures stand for the 
words written under them, and have each a given value. All 
other numbers are written by combining two or more figures. 
The next higher number than nine is ten, and is written 10. 
The figure 1 is in the second place from the right and in this place 
means not one unit but a group of ten units. The figure 2 when 
so placed means twenty units and is written 20; the figure 3, 
thirty units and is written 30, etc. 

The term digit is sometimes applied to these symbols. 

11. Any whole number is called an integer. As 3, 6, 35, or 
251. 

12. Figures have two values, one of which depends on the 
position of a figure in relation to other figures. 

These values are simple, and local or relative. 

13. The value of a figure when standing alone is called its 
simple value. As the value of 3 is three. 

14. The increased value of a figure by having other figures 
placed on its right, is called its local or relative value. 
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15. The value of 3 standing alone is 3 units, when a is 
placed to the right of it, it reads 30 units, its value having been 
increased ten times. By placing another to the right of the 
30, it is read 300 units and its value has again been increased ten 
times. By this it will be seen that the value of a figure increases 
tenfold for each figure that is placed to the right of it. 

16. When a figure is placed in the third place from the right 
it represents hundreds. That is, if the figure 1 is placed to the 
left of two ciphers it means one hundred units and is written 
100; the figure 2 so placed, two hundred units and is written 
200, etc. 

17. When a figure is placed in the fourth place from the 
right it represents thousands. That is, if the figure 1 is placed to 
the left of three ciphers it means one thousand units and is written 
1,000; the figure 2 so placed, two thousand units and is written 
2,000, etc. 

18. It will be noticed that we have placed a comma between 
the -figure 1 and the three ciphers. All numbers in figures are 
spaced into groups of three and are pointed off from the right 
in order to aid in the reading of the number. 

19. When a figure is placed in the fifth place from the right 
it represents tens thousands. That is, if the figure 1 is placed to 
the left of four ciphers it means ten thousand units and is written 
10,000; the figure 2 so placed, twenty thousand units and is writ- 
ten 20,000, etc. 

20. When a figure is placed in the sixth place from the right 
it represents hundreds thousands. That is, if the figure 1 is 
placed to the left of five ciphers it means one hundred thousand 
units and is written 100,000; the figure 2 so placed, two hundred 
thousand units and is written 200,000, etc. 

21. When a figure is placed in the seventh place from the 
right it represents millions. That is, if the figure 1 is placed to 
the left of six ciphers it means one million units and is written 
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1,000,000; the figure 2 so placed, two million units and is written 
2,000,000, etc. 

22. The number of ciphers could of course be increased to 
make the number read to any magnitude. By combining the 
proper figures any desired number may be written, as in the 
following: 

Twenty-one 21 

Five hundred ten 510 

Three thousand, forty 3,040 

Two hundred one 201 

Three hundred twenty-five 325 

Eight hundred nine 809 

Four hundred seventy-three 473 

One thousand, two hundred forty-three 1,243 

Nine thousand, one hundred 9,100 

One million, two hundred ten thousand. . 1,210,000 

23. The following table shows the Arabic system of notation. 
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24. Referring to this table, suppose we wish to write in 
figures, the number seven hundred five thousandy nine. We see 
from the table that hundreds thousands come in the sixth place, 
so we place a 7 in the sixth place, there being no tens thousands 
a cipher is placed in the fifth place; the 5 for the five thousands 
comes in the fourth place; there being no hundreds or tens a 
cipher is placed in the third and the second place; then 9 for the 
nine units is placed in the first place. The arrangement of fig- 
ures will then be 705,009. 

25. In writing large numbers it is more convenient to dis- 
regard the places and to think of groups of places. Thus in 
writing the number nine hundred forty million, ninety-one thous- 
and, four hundred forty-four, the groups of places are 940 million^ 
091 thousand, 444 units, and the number is 940,091,444. 

26. Rule for numeration. — Commence at the right and sep^ 
arate the numbers into groups of three figures each. Then from 
the left read eorch group as if it stood alone. 

27. Copy the following numbers, point off into groups and 
write in words: 



(1) 


2089 


(5) 


36845 


(9) 


207922 


(2) 


3101 


(6) 


91002 


(10) 


318123 


(3) 


7001 


(7) 


34627 


(11) 


418146 


(4) 


8217 


(8) 


55555 


(12) 


983481 



28. Rule for notation. — Begin at the left and write the 
hundreds, tens and units of each g^roup in their proper order; put- 
ting ciphers in all vacant places, at the same time separate each 
group by a comma from the one following. 

29. Write in figures: 

Twenty-seven thousand. 
Nine hundred forty. 
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Five thousand, two hundred ten. 
Nine million, three hundred five thousand, one. 
One hundred one thousand, three hundred fifty. 
Seventy-five thousand, ten. 
Ninety-seven thousand, five hundred. 
Fifty-nine million, two. 
Ten hundred fifty-six. 

Four hundred sixty-seven thousand, eight hundred forty- 
one. 



ROMAN NOTATION 

30. In Roman notation seven capital letters are used to ex- 
press numbers, viz.: 

I. V. X. L. C. D. M. 

1, 5, 10, 50, 100, 500, 1,000. 

The top row gives the capital letters used and the bottom 
row gives their value in Arabic figures. 

31. The following principles of combination are used in Ro- 
man notation: 

Repeating a letter repeats its value. That is, two is written 
II; three, III; twenty, XX; thirty, XXX. 

When a letter of lesser value is placed in front of a letter of 
a greater value, the value of the lesser is to be taken from the 
value of the greater. That is, the letter I, placed before the let- 
ter V means that one is to be taken from five. It is written IV 
and means four; nine is written IX. 

When a letter follows one of greater value it means that the 
values are to be Sidded together. That is, seven is written VII; 
six, VI; thirty-five, XXXV. 

A bar placed over any letter increases the value thereof one 
thousand fold. That is, V means five thousand ; 'K. means ten 
thousand ; L, fifty thousand ; M, one million. 



32. 

table : 

I 

II 

III 

IV 

V 

VI 

VII 

VIII 

IX 



ADDITION 



The methods of combination are shown in the following 



1 
2 
3 
4 
5 
6 
7 
8 
9 



X 

XI 

XII 

XIII 

XIV 

XV 

XVI 

XIX 

XX 



= 10 

= 11 

= 12 
= 13 
= 14 
= 15 
= 16 
= 19 
=20 



XXI 
XXIV 
XXIX 
XXX 

XL 

L 

LX 

LXX 

XC 



=21 


C 


= 100 


=24 


CC 


= 200 


=29 


CCCC 


= 400 


=30 


CD 


= 400 


=40 


D 


= 500 


= 50 


DCCC 


= 800 


=60 


M 


= 1,000 


= 70 


MMM 


= 3,000 


=90 







33. Read: XVII, XXV, XIX, VI, III, CXV, CCXLIX, 
DCCLX, CCCIV, ^TDC. 

Write the following numbers in Roman notation: 14, 25, 32, 
11, 75, 100. 



ADDITION 

34. Finding the sum of two or more numbers is called ad- 
dition. 

35. Numbers that are to be added together are called ad- 
dends. 

36. In addition a sign is used to indicate that the numbers 
are to be added together. This sign is in the form of a small 
cross, called plus and is written +. When this sign appears 
between two numbers, as in 4 + 6, it indicates that 6 is to be ad- 
ded to 4. Then instead of writing 4 plus 6, we simply write 
4+6. 

37. 4 + 6 equals 10, but instead of writing the word equals, 
the sign of equality ( = ) is used, meaning equal to, or is equal 
to. Therefore as expressed in figures and sj'^mbols the problem 
4 plus 6 equals 10, is written 4 + 6 = 10. 



38. Principle. — Only like numbers can be added. 
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TABLE OF ADDITION 






1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


16 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


16 


16 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


16 


16 


17 


6 


7 


8 


9 


10 


11 


12 


13 


14 


16 


16 


17 


18 


7 


8 


9 


10 


11 


12 


13 


14 


16 


16 


17 


18 


19 


8 


9 


10 


11 


12 


13 


14 


16 


16 


17 


18 


19 


20 


9 


10 


11 


12 


13 


14 


16 


16 


17 


18 


19 


20 


21 


10 


11 


12 


13 


14 


15 


16 


17 


18 


19 


20 


21 


•22 


11 


12 


13 


14 


16 


16 


17 


18 


19 


20 


21 


22 


23 


12 


13 


14 


16 


16 


17 


18 


19 


20 


21 


22 


23 


24 



This table shotdd he committed to memory. 

Explanation. — In the preceding table the figures in heavy 
type are used as the addends and the sum is found where the 
columns containing the addends used, intersect. As in 5 + 7 
= 12; we begin with the figure 5 in the left hand column and 
find the sum in the column, under the 7 in the top row of figures. 
Or in 9+8 = 17; we start with the 9 in the left hand column and 
find the sum in the column, under the 8 in the top row of figures. 

39. In addition the figures are generally placed under one 
another as shown in the following problems: 

40. Problem. — (1) Add 5, 7 and 9. 



Solution. — 



5 

7 
9 

21, Ana. 
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Explanation. — In problem (1 ) the figures 5, 7 and 9, are 
placed as shown with a horizontal line drawn under them. They 
are then added together and the answer, which in this problem 
is 21, set under the horizontal line, care being taken to place 
the 1 in the units place and the 2 in the tens place. 

41. Problem.— (2) Find the sum of 10, 42 and 28. 

Solution. — 10 

42 
28 

80, Ana, 

Explanation. — In problem (2) there are two columns of 
figures to be added. In this case the units are added first. 
These being 8 and 2, we say, 8 + 2 = 10; the cipher is placed in the 
units place under the horizontal line at the bottom of the units 
column and the 1 is added in with the next column which is 
tens; then we say 1+2+4 + 1 =8; the 8 is set down in the tens 
place under the horizontal line. The sum or total now reads 
80. 

42. It will be seen from the above that the solution of prob- 
lems by addition should begin at the extreme right and that 
where the sum of any one column is greater than^9, the right 
hand figure of the result is placed under the column that has 
just been added and the left hand figure is added to the next 
column, and so on until all of the columns have been added. 

43. Rule. — Write the addends so that units will be under 
units, tens under tens, etc. 

Begin at the right, add the columns separately, and write the 
sum, if it consists of bvi one figure, under the column added. 

If the sum of any one column is greater than 9, put the right hand 
figure of the sum under that column and add the remaining figure, 
or figures, to the next column. 

44. Proof. — To prove addition, add the columns from the 
top downward, then if the same resuU is obtained as by adding 
from the bottom upward, the answer is probably correct. 
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45. Problems.— Add: (1) 2,222+4,362+7,871. (2) 6,726+3,692 + 
7,030+6,020. 

(3) 7362 (4) 2742 (6) 29081 (6) 1000 

6812 3681 70345 400 

866 2046 98662 30 

10 6372 81828 6 

8619 40 



1066 



(7) A certain railroad has twelve signals at one point, three at another, 
four at another and five at another. How many signals are there in all? 

(8) Along a certain railroad there are three signal towers. In one of 
these there are sixteen levers, in another eight levers and in the other thirty- 
two levers. How many levers are there in all the towers? 

Answers.— (1) 14,466. (2) 21,368. (3) 14,030. (4) 23,360. 

(6) 279,816. (6) 2,640. (7) 24 signals. (8) 66 levers. 



SUBTRACTION 

46. Finding the difference between two numbers is called 
subtraction. The sign used in subtraction is called minus, is written 
— , and when placed between two numbers means that the num- 
ber after the sign is to be subtracted from the number ahead of 
it. As in the problem 4 — 2 = 2, which means that 2 is to be 
taken from the 4, and is read 4 minus 2 equals 2. 

47. The number from which another is to be subtracted, is 
called the minuend, and the number to be subtracted, the 
subtrahend. 

The result obtained in subtraction is called the difference or 
remainder. 

48. Principle. — Only like numbers can be subtracted. 
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49. Problem.— (1) Subtract 432 from 784. 

Solution. — 784 minuend, 

432 subtrahend. 

352 remainder or difference y Ans. 

Explanation. — In subtraction the numbers are so placed 
that the subtrahend will be under the minuend as shown. The 
number 432 is the subtrahend and is to be taken, or subtracted 
from the number 784 which is the minuend. Therefore, the 
subtrahend is placed under the minuend and a horizontal line 
drawn under it. We then proceed to subtract by beginning at 
the right and saying 2 from 4 leaves 2, placing the 2 in the units 
column under the 2 in the subtrahend; then we say 3 from 8 
leaves 5; this we place in the tens column under the 3; then we 
say 4 from 7 leaves 3, placing this in the hundreds column under 
the 4. We now have the number 352 under the horizontal line 
which is the difference, or remainder when 432 is subtracted 
from 784. 

50. Problem.— (2) Subtract 429 from 678. 

Solution. — 678 minuend. 

429 subtrahend. 

249 remainder J Ans. 

Explanation. — It will be noticed that in problem (2) 
678 — 429, the unit 9 in the subtrahend is greater than the unit 
8 in the minuend. We therefore take one of the tens away 
from the 7 tens in the minuend and add it to the 8 units mak- 
ing 18 units, then we subtract the 9 units from the 18 units and 
get a remainder of 9 units; the 9 units are placed under the 9 
units in the subtrahend, and we proceed with the solution of the 
problem by subtracting the tens. Instead of saying 2 tens from 
7 tens, we say 2 tens from 6 tens leaves 4 tens, because one of the 
tens was taken away from the 7 tens to make up the 18 units; 
then we say 4 hundreds from 6 hundreds leaves 2 hundreds. 
This gives us 678—429 = 249. 

51. Problem (3) Subtract 5,876 from 7,004. 
SoLTTTiON. — 7004 minuend. 

5876 subtrahend. 



1128 remainder f An$. 
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Explanation. — Since 6 units cannot be subtracted from 4 
units, and since there are no tens nor hundreds, one of the 7 
thousands must be changed into hundreds, leaving 6 thousands; 
one of the hundreds must be changed into tens, leaving 9 hun- 
dreds; and one of the tens into units, leaving 9 tens and making 
14 units. The 6 units may now be subtracted from the 14 units, 
leaving 8 units; the 7 tens from the 9 tens, leaving 2 tens; the 
8 hundreds from the 9 hundreds, leaving 1 hundred; and the 5 
thousands from the 6 thousands, leaving 1 thousand. There- 
fore 7004— 5876=1128. 

52. Rule. — Write the subtrahend under the minuend so that 
the units of the subtrahend will be under the units of the minuend; 
the tens under the tens; the hundreds under the hundreds, etc. 

Begin at the right, subtracting each figure in the subtrahend 
from the corresponding figure in the minuend, and writing the re- 
sult beneath them. 

If a figure in the subtrahend has a greater value than the corres- 
ponding figure in the minuend, increase the figure in the minuend 
by ten by prefixing a unit of the next higher order, subtracting as 
before. Now diminish the next figure of the minuend by one and 
subtract. 

53. Proof. — The sum of the subtrahend and the remainder 
is equ/il to the minuend. 

54. PROBLEM8.--Subtract: (1) 24-10. (2) 364-274. (3) 5,284- 
3,372. 

(4) 2075 (6) 37521 (6) 3214 (7) 49281 

100 24632 1472 20956 



(8) In excavating for a trench for a certain purpose, I find that it must 
be 7 feet deep and 6 feet wide to conform with a standard. If it is 4 feet 
deep and 2 feet wide when measured, how much deeper and wider must it 
be excavated? 

(9) How much must be added to 740 to make it equal 920? 

Answers.— (1) 14. (2) 90. (3) 1,912. (4) 1,975. (5) 12,889. 
(6) 1,742. (7) 28,325. (8) 3 feet deeper and 4 feet wider. (9) 180. 
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MULTIPLICATION 



55. The process producing a result equivalent to adding a 
number to itself a number of times, is called multiplication. 

56. The number to be multiplied is called the multiplicand. 

57. The number by which the multiplicand is multiplied is 
called the multiplier. 

58. The result obtained by multiplication is called the 
product. 

59. The multiplicand and the multiplier are called the 
factors of the product. 

60. The sign of multiplication is an oblique cross X, it 
means multiplied by or times. As 5 X2 means 5 mvUiplied by 2, 
or 5 timea 2. 

61. Principle. — The multiplier is regarded as an abstract 
number. The multiplicand and the product must be like numbers, 

62. For convenience the multiplier is written under the 
multiplicand. As 9 X 5 is written 

9 multiplicand. 
5 multiplier. 

45 product, Ans. 

63. The greater number is usually treated as the multipli- 
cand, and the smaller one as the multiplier. 
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MULTIPLICATION TABLE 



1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


2 


4 


6 


8 


10 


12 


14 


16 


18 


20 


22 


24 


3 


6 


9 


12 


16 


18 


21 


24 


27 


30 


33 


36 


4 


8 


12 


16 


20 


24 


28 


32 


36 


40 


44 


48 


5 


10 


16 


20 


26 


30 


36 


40 


46 


60 


66 


60 


6 


12 


18 


24 


30 


36 


42 


48 


64 


60 


66 


72 


7 


14 


21 


28 


36 


42 


49 


66 


63 


70 


77 


84 


8 


16 


24 


32 


40 


48 


66 


64 


72 


80 


88 


96 


9 


18 


27 


36 


46 


6( 


63 


72 


81 


90 


99 


108 


10 


20 


30 


40 


60 


60 


70 


80 


90 


100 


110 


120 


11 


22 


33 


44 


66 


66 


77 


88 


99 


110 


121 


132 


12 

1 


24 


36 


48 


60 


72 


84 


96 


108 


120 


132 


144 



This table should he commiUed to memory. 

Explanation. — In the preceding table the figures in heavy 
type are used as multipliers and multiplicands and the result 
is read in the space where the horizontal and vertical columns 
containing these numbers intersect. As 9X7 are 63. The 
answer will be found in the ninth column from the top and 
seven columns to the right. Or 7 X9 are 63, the answer is found 
in the seventh column from the top and nine columns to the 
right. 

64. Problem.— (1) Multiply 32 by 26. 



SoLunoN.- 



32 multiplicand, 

26 multiplier, 

160 partial product No. 1. 

64 partial product No. f . 

800 total product, Ana, 
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Explanation. — Numbers greater than 9 are multiplied by 
setting down the problem as shown in the solution of problem 
(1), with the multiplier written under the multiplicand. We 
begin at the right to multiply, saying 5 times 2 units equal 10 
units; we set the cipher down in the units column under the hor- 
izontal line, reserving the 1 which is to be added to the product 
of the next operation; we next multiply the 3 tens in the multi- 
plicand by the 5 units in the multiplier, saying 5 times 3 tens 
equals 15 tens, to which we add the 1 ten left over from the pre- 
ceding operation, which gives us 16 tens; we set the 16 down 
with the 6 tens under the 2 tens in the multiplier. This gives 
us a partial product of 160 units. We next multiply the figures 
in the multiplicand by the figure in the tens place of the multi- 
plier. This being a 2, or 2 tens, we say 2 tens times 2 units equals 
4 tens; we place the 4 tens in the tens column under the 6 tens 
in the first partial product; then we say 2 tens times 3 hundreds 
equals 6 hundreds; we write the 6 hundreds in the hundreds 
column under the 1 hundred in the first partial product; we now 
have a second partial product of 6 hundreds, 4 tens, and no 
units. The next part of the operation is to add together the 
partial products as per Art. 43, which gives us a total product 
of 800. 

65. Problem.— (2) Multiply 46 by 20. 

Solution. — 46 multiplicand. 

20 multiplier. 

920 product J Ans. 

Explanation. — When the right hand figure, or figures, in the 
multiplier are ciphers, as many ciphers must be placed to the 
right of the product, as there are ciphers to the right of the 
multiplier, and the figures in the multiplicand are then multi- 
plied by the remaining figures in the multiplier. 

66. Problem.— (3) Multiply 176 by 103. 

Solution. — 175 multiplicand. 

103 multiplier. 

525 partial product No. i. 
1750 partial product No. £. 

18,025 total product, Ans. 
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Explanation. — In problem (3) the multiplier is set down 
under the multiplicand in the usual manner; then proceed as 
follows: Taking first the 3 units in the multiplier we multiply 
each figure in the multiplicand by it and place the partial prod- 
uct so obtained under the horizontal line in the usual manner; 
there being no tens in the multiplier a cipher is placed in the tens 
place in the next partial product; we then begin multiplying the 
figures in the multiplicand by the last figure in the multiplier 
and place the result to the left of the cipher in the second partial 
product. There being no more figures in the multiplier we now 
find the sum of the two partial products and get the total prod" 
uct which is 18,025. 

67. Rule. — Write the multiplier under the multiplicand, with 
units under units, tens under tens, etc. 

Begin with the units and successively multiply ea^h^ figure in 
the multiplicand by each figure in the multiplier. 

Place the right hand figure of each partial product under the 
figure of the multiplier used to obtain it. Then add the partial 
products, 

68. Proof. — To prove, multiply the multiplier by the muUi" 
plicand. If the same answer is obtained the work is probably 
correct, 

69. Problems.— Multiply: (1) 275 X 20. (2) 9,134 X 100. (3) 246 
X 48. (4) 41,646 X 99. (6) 895 X 507. (6) 9,675 X 314. (7) 
87,241 X 237. (8) 58,325 X 901. 

(9) I need 27 times as many pounds of sulphate of copper as I have on 
hand. If I have on hand 356 pounds, how many more pounds must I obtain? 

(10) If, in laying one mile of track, 6,202 ties are needed, how many ties 
will be needed for laying thirteen miles of track? 

Answers.— (1) 5,500. (2) 913,400. (3) 11,808. (4) 4,122,855. 
(5) 453,765. (6) 3,037,950. (7) 20,676,117. (8) 52,550,825. (9) 
9,612 pounds. (10) 80,626 ties. 
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DIVISION 

70. The process of finding how many times one number is 
contained in another is called division. 

71. The number to be divided is called the dividend. 

72. The number by which we divide is called the divisor. 

73. The result is called the quotient. 

74. The part of the dividend remaining when the division is 
not exact is called the remainder. 

75. The sign of division is -e- and is read divided by. As 
4-^2 reads, 4 divided by 2. 

76. Division is also indicated by writing the dividend above 
the divisor separated by a horizontal line. As | indicates that 
4 is to be divided by 2. 

77. There are two methods of dividing numbers, one called 
long division and the other called short division. 

78. Problem. — (1) Divide 486 by 2 using short division. 
Solution. — dtvisor. 2)486 dividend. 

243 quotient f Ans. 

P-XPLANATiON. — After writing the numbers in the relation 
shown in the solution of example (1), we begin at the left and 
divide the hundreds, tens and units successively by the divisor 2. 
Commencing with the hundreds we find that 2 is contained in 4 
hundreds, 2 hundreds times; the 2 is placed directly under the 4 
in the hundreds place; we then divide the 8 tens by 2, getting 4 
tens; the 4 tens are placed in the tens place under the 8 tens; we 
then divide the 6 units by 2* which gives us 3 units; the 3 is 
placed in the units place under the 6 units. We now have 
486-5-2 = 243. 
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79. Problem.— (2) Divide 48 by 3. 
Solution. — divisor. 3)48 dividend. 

16 quotierUf Ana. 

Explanation. — We begin by dividing the 4 tens by 3; we find 
that 3 is contained in 4 tens, 1 tens times, leaving a remainder of 
1 ten; the 1 ten obtained from this division is placed in the tens 
place under the 4 tens; the 1 remaining ten is added in with the 8 
units in the dividend making 18 units; the 18 units are now 
divided by the divisor 3 and the result, which is 6 units is placed 
in the units place in the quotient under the 8 units in the divi- 
dend. Therefore 48 4- 3 = 16. 

80. Problem. — (3) Divide 8,572 by 21 using long division. 

Solution. — dividend. 

divisor. 21)8672(408^j- quotient, Ans. 
84 



172 
168 



4 remainder. 

Explanation. — A problem in long division is solved as fol- 
lows: after writing the numbers in the relation shown, we begin 
at the left of the dividend to divide. We find that 21 is not 
contained in 8 thousands any thousands times; therefore the 
thousands are united with the 5 hundreds, making a total 
of 85 hundreds; 21 is contained in 85 hundreds 4 hundreds 
times with a remainder of 1 hundred; the 4 hundreds are written 
as the first figure of the quotient, and the divisor is multiplied 
by this figure giving a product of 84 hundreds; we then subtract 
84 hundreds from 85 hundreds and get a remainder of 1 hun- 
dred, which is placed in the hundreds place as shown, and the 7 
tens in the dividend brought down and united with it, making 
17 tens; we find that 21 tens in not contained in 17 tens, any 
tens times; therefore we write a cipher in the tens place in the 
quotient and bring down the 2 units in the dividend and unite 
them with the 17 tens, making a total of 172 units; we find that 
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21 is contained in 172 units, 8 units times and that 8 units times 
21 units are 168 units; we place the 8 in the units place in the 
quotient and subtract the 168 units from the 172 units and ob- 
tain a remainder of 4 units; the remainder of 4 units is written 
over the divisor and is a part of the quotient. Therefore 8,572 -r- 
21=408^. 

81. Rule. — Write the divisor at the left of the dividend with 
a curved line between them. 

Find how many times the divisor is contained in the smallest 
number of figures (to the left) of the dividend thai will contain 
it and write the quotient as the first figure in the answer. 

Multiply the divisor by this quotient and subtract the product 
obtained from the partial dividend used, and to the remainder an- 
nex the next figure of the dividend for the new partial dividend. 

Divide as before, until all the figures contained in the dividend 
have been used. 

If any partial dividend will not contain the divisor, write a 
cipher in the quotient, then annex the next figure in the dividend 
and proceed as before. 

If there is a remainder after the last division write it after the 
quotient, with the divisor under it. 

82. Proof. — Multiply the divisor by the quotient, and to the prod- 
u>ct add the remainder, if there is one. If the problem has been 
properly solved the product will be equal to the dividend. 

83. Problems.— Divide; (1) 378 -5- 2. (2) 3,102 -s- 13. (3) 605 + 
71. (4) 210 + 28. (6) 6,270 + 10. (6) 13,189 -?- 7. (7) 2,708 + 9. 
(8) 37,827 + 33. 

(9) I wish to divide five thousand spikes among twenty-five sections. How 
many spikes will each section receive? 
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'(10) (a) If a carload of pipe contaiDs seven thousand, eight hundred 
ninety feet, how many piles of pipe, each consisting of two hundred fifty-three 
feet, can be made? (&) If there be any left, state how much. 

Answbrs.— (1) 189. (2) 238A. (3) 8«. (4) 7i|. (6) 627. 
(6) 1,8844. (7) 300f. (8) 1,146^. (9) 200 spikes. (10) (a) 31 
piles. (&) 47 feet. 
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EXAMINATION QUESTIONS AND 
PROBLEMS 

(1) The velocity of an express train is sixty-three miles 
per hour. How many miles can it run in seventeen hours? 

(2) How far will one hundred lengths of pipe reach if laid 
end to end, assuming that each length is sixteen feet long? 

(3) A car contains the following: Five boxes weighing seven 
pounds each; seven boxes weighing one hundred twenty pounds 
each; three boxes weighing forty-nine pounds each and ten 
boxes whose combined weight is ninety pounds, (a ) How many 
boxes are there in all? (b ) How much do they weigh? 

(4) How many stakes will be required for a stake line, if 
they are to be placed 14 feet apart, providing the two end stakes 
are to be 3,850 feet apart? 

(5) What is the difference between a concrete number and 
an abstract number? 

(6) In nine weeks there are 63 days. How many days are 
ther^ in one week? 

(7 ) What is the answer to 5,181 divided by 33? 

(8) What is the difference between addition and subtrac- 
tion? 

(9) Why can not 256 be subtracted from 198? 

(10) Multiply 53 by 17, add 21, subtract 56, then divide 
by 7. What is the answer? 

(11 ) Express: 1908, 1780, 59, 37, in Roman notation. 

(12) How many are 25 times 53, plus 70, minus 320, divided 
by 5? 
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(13) How many holes will have to be drilled through the 
rails in bonding 650 joints, if four holes are required for each 
joint? 

(14) Where wire lines turn at right angles, grooved chain 
wheels are used. If it takes 42 inches of chain for each wheel, 
how many inches will it take for 37 wheels? 

(15) If a pipe compensator weighs 90 pounds, how many 
will it take to weigh 8,100 pounds? 

(16) (a) How many cells of gravity battery can be re- 
newed with 316 pounds of sulphate of copper, provided it takes 
3 pounds per cell? (b) If there be any left state how much. 

(17) Add: 243,890 + 109,190 + 243,021 +461,087 + 109,908. 

(18) From: 45,567+90,786 + 57,765 + 32,080 subtract 205 
+ 36,081+30,000. 

(19) What is Arabic notation? 

(20) In multiplying two abstract numbers, which would 
you use as the multiplier? 

(21 ) What is the difference between multiplication and di- 
vision? 

(22) Why must numbers that are to be added together, be 
like numbers? 

(23) Can an abstract number be divided by an abstract 
number? 

(24 ) A train leaves A and proceeds west at the rate of sixty 
miles per hour; another train leaves A at the same time and 
proceeds east at the rate of thirty miles per hour. How far 
apart will they be in 5 hours? 

(25) After having multiplied 37 by 15, I find that I should 
have added them. What is the difference between the answer 
I obtained and the one I should have obtained? 
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ANSWERS TO EXAMINATION 




PROBLEMS 


a: 


1 1,071 miles. 


(2; 


) 1,600 feet. 


(3: 


1 (a) 25 boxes, (b) 1,112 pounds 


(4: 


1 276 stakes. 


(5: 


I ? 


(6] 


1 7 days. 


(7: 


) 157. 


(s: 


) ? 


o: 


> ? 


(10 ; 


) 123f 


(11 : 


1 ? 


(12; 


) 215. 


(13; 


) 2,600 holes. 


(14: 


1 1,554 inches. 


(15: 


I 90 compensators. 


(16: 


I (a) 105 cells, (b) 1 pound. 


(17: 


I 1,167,096. 


(is: 


1 159,912. 


(19: 


1 ' 

r • 


(20 : 


I ? 


(21 ; 


f m 


(22: 




(23: 


f 9 


(24: 


) 450 miles. 


(25: 


) 503. 



FACTORING 

84. The factors of a number are those numbers which multi* 
plied together produce the number. 

85. The factors of 40 are 4 and 10; or 5 and 8; or 2, 5 and 4; 
or 10, 2 and 2. 

86. The process of separating a number into its factors is 
called factoring. 

87. Any number which cannot be divided by any other num« 
ber except itself and i is a prime number. 

88. Any factor that is a prime number is termed a prime 
factor. 

89. Any number which can be divided by other numbers 
besides itself and 1 is a composite number. 

90. Any number that is exactly divisible by 2 is called an 
even number, as 2, 4, 6, 8. Any number that is not exactly 
divisible by 2 is called an odd number, as 3, 5, 7, 9. 

91. Numbers are said to be prime to one another when any 
two of them cannot be divided by any number except 1. 3, 5, 7 
and 13, are prime to one another, as also are 22, 23 and 25. 

92. To find the prime factors of a number divide the given 
number by any prime number that will exactly divide it. Di- 
vide the quotient that is obtained again by a prime number and 
80 continue until the final quotient secured is one. The several 
divisors will be the prime factors. 
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93. Problem. — Find the prime factors of 2,520. 
Solution. — 2 ) 2520 

2)1260 

2)630 

3)315 

3)105 

5)35 

7)^ 

1 

Explanation. — Since the number is an even one, the prime 
number, 2, is taken for the first divisor. Since the quotient 
thus obtained is even, 2 can again be taken as a divisor. This 
procedure should be followed until the last quotient is 1, then 
as indicated, the prime factors of 2,520 are 2, 2, 2, 3, 3, 5 and 7. 

94. Rule. — Divide the given number by any prime number 
that mill exactly divide it. Divide the quotient again by a prime 
number and so continue until the quotient is one. The several 
divisors will be the prime factors. 

95. Proof. — To prove this multiply the prime fax^ors thv^ 
obtained together; this mil give the original number. 

96. Problbms. — ^Find the prime factors of the following: 

(1) 260. (2) 375. (3) 345. (4) 462. (5) 420. 

Answers.— (1) 2, 2, 5, 13. (2) 3, 5, 5, 5. (3) 3, 6, 23. 

(4) 2.3,7,11. (5) 2,2,3,5,7. 
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CANCELLATION 

97. Rejecting equal factors from both dividend and divisor 
is called cancellation. This process does not alter the quotient. 

98. Problem.— Divide 6X36X30X18 by 3X8X10X24. 
Solution. — 3 3 ;^ 9 

fX$X/BxZi 4 

A 2 

2 

Explanation. — As indicated the dividend is written above 
the divisor with a line between them. Since 12 is a factor of both 
24 and 36 it may be divided into these numbers, the quotients, 
2 and 3, respectively, being placed below and above them, and 24 
and 36 being cancelled as shown; 10, being a factor of 30, is di- 
vided into 30, and the quotient 3 is written above 30, 10 and 30 
being cancelled. As 3 is a factor of 3, these two numbers should 
be cancelled; the quotient being 1, it is not necessary to indicate 
it. Since 2 is a factor of 8 and 18 it may be divided into these 
numbers and the quotients, 4 and 9, respectively, placed below 
and above them. Finally we iSnd that 2 is a factor of both 4 and 
6, therefore it may be divided into these numbers, the quotients, 
2 and 3, respectively, being placed below and above them. 

As there are no more factors common to both the dividend and 
the divisor the cancellation is now complete, and the next step 
is to find the product of the factors not cancelled in the dividend, 
this being 3x3x9, or 81, and to find the product of the factors 
not cancelled in the divisor, this being 2X2, or 4. Then placing 
81 over 4 we get the quotient ^, or 20 J. 

99. Rule. — Reject from the dividend and divisor all factors 
common to both and then divide the product of the remaining fac- 
tors of the dividend by the product of the remaining factors of the 
divisor. 
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When all the factors of both dividend and divisor are cancelled 
the quotient is 1, for the dividend contains the divisor once, ' 

100. Problems. — Divide the following using cancellation: 

(1) 30X42X66X20 (2) 10X20X8X30 



28X36X56X10 

(3) 50X48X60X24 
20X36X40X12 

(6) 63X80X45X50 
5X70X100X75 

(7) 85X14X20X36 

60X6X42X3 

Answers.— (1) 2i. (2) 5. 
(6) 14. (7) 22}. (8) 798. 



(3) 



5X40X6X8 

(4) 16X60X45X40 
9X20X14X32 

(6) 16X35X48X90 
12X48X30X10 

(8) 95X24X36X84 
8X10X18X6 

10. (4) 21f. (5) 4A. 
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FRACTIONS 

101. When we divide anything into a number of equal parts, 
these parts are called fractions. 

102. Fractions are expressed by writing two numberSf one 
above the other with a line between them. The number which 
is written below the line and which shows into how many parts 
the thing has been divided is called the denominator. The num- 
ber which is written above the line and which shows how many 
parts form the fraction is called the numerator. As in the frac- 
tion f , 7 is the denominator and shows that something has been 
divided into 7 equal parts, and 3 is the numerator and shows 
that the fraction contains 3 of the 7 equal parts. 

103. The unit which is divided into equal parts is called the 
unit of the fraction. 

104. A fraction whose unit has been divided into any nurn^ 
ber of equal parts is called a common fraction, && h h t^> t8^* 
A fraction whose unit has been divided into tenths, hundredths, 
thoiLsandths, etc., is called a decimal fraction, as ^, ^j^, rHir* 

105. The numerator and the denominator are called the terms 
of the fraction. 

106. A fraction whose numerator is less than its denominator 
is called a proper fraction, as }, f , f . From this it is seen that 
a proper fraction is less than 1. 

107. A fraction whose numerator equals or exceeds its de- 
nominator is called an improper fraction, as f , ^, |f . From 
this it is seen that an improper fraction is equal to 1 or more 
than 1. 

108. When a whole number and a fraction are expressed 
together they are called a mixed number, as 3|, 9^, 16|. 
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109. A fraction also expresses unexecuted division. The 
denominator is the divisor and the numerator is the dividend, as 
Jjf = 15H-3. 

Note. — In reading fractions the numerator is read first, then 
the denominator: thus, f is read five-eighths; t^, three-twelfths; -J^, 
fourteen- forty-fourths; etc. 

REDUCTION OF FRACTIONS 

1 10. The process of changing the forms of fractions without ' 
changing their value is called reduction of fractions. 

111. A fraction is expressed in higher terms, when its de- 
nominator and numerator are expressed in greater numbers, and 
in lower terms, when its denominator and numerator are ex- 
pressed in smaller numbers. Thus | expressed in higher terms 
equals V^, or ^, while -^, or ^\, expressed in lower terms equals 

i 

112. A fraction is expressed in its lowest terms, when its 
numerator and denominator have no common divisor, as }, f , ^. 

TO REDUCE A FRACTION TO HIGHER TERMS 

113. Principle. — Multiplying or dividing both terms of a 
fraction by the same number does not change the value of the frac- 
tion, 

1 14. Problem. — ^Reduce f to 45th8. 

Solution.— 3 _ 3X9 _ 27 ^^ 

5 ~ 5X9 ~ 45' 

Explanation. — Whereas 45 divided by 5 equals 9, we must 
multiply both terms of the fraction by 9 which gives \l, 

115. Rule. — Divide the denominator of the required fraction 
by the denominator of the given fraction and multiply the num- 
erator and the denominator of the given fraction by the quotient 
thus obtained. 
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116. Problems. — ^Reduce: (1) i to 16th8. (2) ^ to 20ths. 

(3) I to 32nds. (4) i to ISths. (5) f to 14th8. (6) t to ISths. 
(7) fto2l8ts. (8) ito 8th8. (9) iVto33rds. (10) H to 64th8. 

Answers.— (1) A- (2) i*. (3) «. (4) A. (6) A- 

(6) «. (7) A. (8) \ (9) A. (10) «. 



TO REDUCE A FRACTION TO ITS LOWEST TERMS 

117. Problem. — Reduce f J to ita lowest terms. 
Solution.— 60-s-5 = 12 , 12 -5-3 = 4 .^„ 

Explanation. — Whereas the fraction is to be reduced to its 
lowest terms we must continue to divide both terms of the frac- 
tion by common divisors until such a division is no longer pos- 
sible. We therefore divide the numerator, 60, by 5 and get 
12 for a new numerator; then we divide the denominator , 75, by 
5 and get 15 for a new denominator. We now have the fraction 
\^ both terms of which are divisible by 3, we therefore divide the 
numeratoTy 12, by 3 and get 4 for the new numerator, then we 
divide the denominator, 15, by 3 and get 5 for the new denom- 
inator. We now have f . Therefore f^ reduced to its lowest 
terms is equal to f . 

118. Rule. — Divide both terms of the fraction by any common 
divisor, continue to do so until the terms have no common di- 
visor. 

119. Problems. — ^Reduce to lowest terms: (1) A* (2) A- (3) A* 

(4) A. (6) il (6) «. (7) iJi. (8) 3»A. (9) il«. (10) m- 

Answers.- (1) *. (2) i. (3) J. (4) f. (5) i. 

(6) 1. (7) IJ. (8) 'If. (9) 1. (10) f 
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TO REDUCE A WHOLE OR MIXED NUMBER TO AN 

IMPROPER FRACTION 

120. Problem. — Reduce 346} to an improper fraction. 

Solution. — 346 

3 



1038 
1 



1039=^^, Ans, 

Explanation. — Whereas, in one whole number there are 3 
thirds, in 346 whole numbers, there are 346 times 3 thirds, or 
1038 thirds. Then to the 1038 thirds we must add the 1 third 
in the fraction of the mixed number making in all 1039 thirds. 
Therefore 346J reduced to an improper fraction equals -^P^. 

121. Rule. — Multiply the whole number by the denominator 
of the fraction f then add the numerator. 

122. Proof. — Divide the numerator by the denominator and 
the result will be the whole or mixed number. 



TO REDUCE AN IMPROPER FRACTION TO A WHOLE 

OR MIXED NUMBER 

123. Pboblxm. — ^Reduce H^ to a whole or mixed number. 
Solution. — H*«»376+ 5=761, -A*w- 

Explanation. — Whereas 5 fifths are equal to one whole num- 
ber, 376 fifths are equal to as many whole numbers as 5 is con- 
tained times in 376, or 75 and \. Therefore ^ = 75^. 

124. Rule. — Divide the numerator of the improper fracHan 
by the denominaior. 

125. Proof. — Multiply the whole number by the denominator 
and add the numerator of the fraction; write the sum over the de- 
nominator. 
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126. Problems. — Reduce the following to whole or mixed numbers: 
(1) V. (2) V- (3) ¥• (4) W- (5) H^. 

Reduce the following to improper fractions: 

(6) 62J. (7) 186J. (8) 9J. (9) 71^- (10) 28f. 

Answers.— (1) 18. (2) 17§. (3) 4|. (4) 19^. (5) 51i 

(6) H'. (7) H'^ (8) ¥• (9) W. (10) H*. 



127. Similar fractions are fractions that have the same de- 
nominator, as f , I, J. 

128. Dissimilar fractions are fractions that have not the same 
denominator, as §, J, f . 

129. A common denominator is the denominator of similar 
fractions; thus 8 is the common denominator of }, f , |. 

130. The least common denominator is the smallest number 
into which all the denominators of a given number of fractions 
can be divided without a remainder. 



TO REDUCE DISSIMILAR FRACTIONS TO SIMILAR FRACTIONS 
HAYING A LEAST COMMON DENOMINATOR 

131. Problem. — ^Reduce the fractions -fff }, J and i, to equivalent 
fractions having the least common denominator. 

Solution. — 



Ist. 



4)16 4 8 3 
2) 4 1 2 3 

2) 2 1 1 3 

3) 1 11 3 
1111 



4X2X2X3 = 48. 



2nd. 3 X 3= 9 
16x1=^ 

3 X 12=36 

4 X 12=48 

6X6=30 

8X6="5" 

1 X 16=16 
3xl6=^ 



Ana. 



Explanation. — 1st. To find the least common denominator 
place the denominators of all the fractions in a horizontal row 
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as shown, and proceed to find the largest factor which will divide 
the greaiest number of denominators and use it as a first divisor. 
In this case we find that 4 will divide 16, 4 and 8; we therefore 
use 4 as the first divisor and divide 16, 4 and 8, by it; 4 is con- 
tained into 16 four times, we place the 4 under the 16; 4 is con- 
tained in 4 once, we place 1 under the 4; 4 is contained in 8 turice, 
we place the 2 under the 8; 4 is not contained in 3 so we bring 
the 3 down. We now have 4, 1, 2 and 3 in the second row. 
We find that 2 will divide 4 and 2, therefore we use 2 as the next 
divisor. 2 is contained in 4 twice; we place the 2 under the 4. 
2 is contained in 2, once, we place the 1 under the 2; 2 is not 
contained in 1, nor in 3 without a remainder, so we bring down 
the 1 and the 3. We now have 2, 1, 1, 3, in the third row. As 
2 and 3 are the only numbers greater than 1 in this row, we again 
divide by 2, and then by 3 as shown. The last row is now 
1, 1, 1, 1. Therefore the factors of the least common denom- 
inator of "A^, f , t, and J, are 4, 2, 2, 3. These multiplied to- 
gether equal 48, the least common denominator. 

2nd. The next step in the solution is to reduce the given 
fractions to fractions whose denominators are 48. To do this 
we must multiply both terms of each fraction by a number 
which will make the denominator 48. The denominator of the 
first fraction is contained in 48 three times, so we must multiply 
both terms, 3 and 16, by 3, which gives ^. The denominator 
of the second fraction is contained in 48 twelve times, so both 
terms, 3 and 4, must be multiplied by 12; each term of the third 
fraction by 6; and each term of the fourth fraction by 16. The 
four given fractions -j^, f, |, and J, are equal respectively to 
A» Hf Uf and a. 

132, Rule. — Find the least common denominator, multiply 
both terms of the fraction by the quotient derived from dividing 
the least common denominator by the denominator of the fraction. 

133. Problbmb. — ^Reduce the following fractions to fractions having a 
least common denominator: 

(1) I, I, A. (2) A,¥.H. (3) A, A,«. (4) +, |,A.A,«. 
Answers.— (1) A, II, A- (2).|a^W, H*. (3) At, AV. «»• 
>4) A»» 4«t» rA» Hf , 4«f • 
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ADDITION 



134. Principle. — Only similar fractions can be added. 



135. Problem. — l + f+J. 
Solution. — | + |+J=-V=1J, Ans. 



Explanation. — In this problem the fractions are similar 
fractions, so to add them the numerators 3, 5 and 7 only, are 
added and their sum 15 is placed over the common denominator 
8. This gives ^ as the sum which reduced to a mixed number 
equals 1|. 

136. Dissimilar fractions must be reduced to similar fractions 
before they can be added. 

137. Problem.— I + t+iV 
Solution.— I +t+A=A+i*+l*=i!, ^ns. 



Explanation. — In this problem the fractions are dissimilar 
80 the first step in the solution is to reduce them to similar 
fractions (Art. 132). The common denominator is found to be 
40, and the given fractions to be equal to ^, H, and ^^^ re- 
spectively. These fractions are similar and can be added by 
adding the numerators 5, 16 and 12, and placing the sum over 
the common denominator 40; this gives |^ as the sum of the 
fractions. 

138. Rule. — First reduce to similar fractions having a least 
common denominaiory then add the numerators. Place the sum 
so obtained over the denominator and reduce the fraction to its 
lowest terms, 

TO ADD WHOLE AND MIXED NUMBERS 

139. When whole and mixed numbers are to be added, add 
the fractions and whole numbers separately, combine the sums 
thus obtained to obtain the total sum. 
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140. Problem.— 121 +6J+ 7. 

Solution. — 

(l8t.) 12 (2nd.) |+}=igO = lj=l}. (3rd.) 25 
6 _!} 

^ 26i, An8, 

25 

Explanation. — (1st). Add the whole numbers 12, 6 and 7, 
which gives 25. (2nd). Add the fractions J and J getting ^ 
or 1 J. (3rd. ) Add the swms of the first and second operations, 
25 and IJ, which gives 26 J as the sum of the mixed numbers. 

141. Rule. — Add the whole numbers. Then reduce the frac- 
tions to similar fractions, adding their sum to the whole number, 
first reducing an improper fraction to a whole or mixed number. 

142. Problems.— (1) 2J+4A. (2) 12} +71. (3) 14»+7|. 

(4) 21 +7} + 31 + 1 A. (5) 9A + 10i+7A+41. 
(6) 10H+8J + 3}+5i. (7) 5A+2i+7J + lii. 
(8) 7}+8l+19i»j. (9) 451 + 371 + 54}. 

Answers.— (1) eiJ. (2) 20}. (3) 22^. (4) 14^. 

(5) 30|}. (6) 28A. (7) 16/ff. (8) 35,V. (9) 137|. 



SUBTRACTION 



143. Principle. — Only similar fractions can be subtracted. 

144. Problem. — ^From {1 subtract }. 
Solution. — ii— }=ii— A=A=1, Ana, 

Explanation. — As the fractions are dissimilar they must be 
reduced to similar fractions before subtracting. The numerator 
of the subtrahend is then subtracted from that of the minuend. 
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145. Problems.— (1) H-*- (2) H-h 

(4) il-i. (5) Jl-Jj. (6) i-f 

(8) H-if. (9) tl-A. (10) H-U- 

Answers.— (1) »»,. (2) }. (3) |. (4) 

(6) A- (7) 8%. (8) ii. (9) H- (10) i. 



(3) 


11- 


-I'r 


(7) 


*J- 


-f- 


AV- 




(5) 



TO SUBTRACT WHOLE OR MIXED NUMBERS 

146. When whole or mixed numbers are to be subtracted, 
subtract the fractions and whole numbers separately. 



147. Problem. — Subtract 7f from 

Solution. — minuend 9| 

subtrahend Tf 

remainder 2|=2}, An8, 



Explanation. — In the problem from 9f subtract 7| we sub- 
tract 7 from 9 which leaves 2, then subtracting | from | we get 
J, combining this with the whole number in the quotient we get 
2J, reducing which we get 2J. 

148. Rule. — Subtract the whole numbers and the fractions 
separately. Combine the results. 



149, Problems.— (1) 147t— 98J. (2) 986iS— 798^ 

(3) 291|-199|. (4) 871—69. (5) 1982Jf— 797J. 

(6) 1231A— 695|. (7) 429A-371/t. (8) 919S— 199^. 

(9) 16425i|-9876g*e. (10) 489,Vo-298ii. 

Answers.— (1) 49^- (2) lSSf^\, (3) 924|. (4) 18J. 

(5) 1185^. (6) 536^. (7) 58ii. (8) 7201i. (9) 654951. 
(10) 191^. 



ISO. When the minuend is a whole number, or the fraction 
in the minuend is smaller than the fraction in the subtrahend, 
one of the whole numbers in the minuend must be reduced to a 
fraction of the same denomination as the fraction in the sub- 
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trahend; in order to have a fraction in the minuend from which 
to subtract the fraction in the subtrahend. 

151. Probubm.— 101— 5|. 
SoLxmoN.— 10l=101=9V 

^, Ana. 

Explanation. — Whereas the fraction in the svbtrahend is 
greater than the fraction in the minuend, one of the whole num- 
bers in the minuend must be reduced to Sths; so reducing gives 
^s l+f, or ^, as the fraction in the minuend and leaves 9 as 
the whole number. Then the new minuend is 9^ instead of 
10| and we can now subtract J from ^ which leaves J, we can 
also subtract 5 whole numbers from 9 whole numbers which leaves 
4 whole numbers. Combining the 4 whole numbers with the 
fraction J we get 4J. 

152. Rule. — Reduce one of the whole numbers in the minu- 
end to a fraction and subtract in the usual way, 

153. Problems.— (1) 81-6}. (2) 15J— 7}. (3) 21^—18*. 
(4) 8i-5f. (5) 24A-23J. 

Answers.— (1) l\\. (2) 7}. (3) 2J. (4) 2\\, (6) ». 



MULTIPLICATION 

TO MULTIPLY A FRACTION BY A FRACTION 

154. To multiply a fraction by a fraction, multiply the num- 
erators for the new numerator and the denominators for the 
new denominator. 

155. Problem. — f^ X A. 

9X8 
Solution.— A X A=^^^^=/A=ft, An«. 
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Explanation. — In this example the numerator j 9, of the first 
fraction is muUiplied by the numerator, 8, of the second fraction 
to get the numerator of the result, which is 72; the denominator, 
16, of the first fraction is muUiplied by the denominator, 15, of 
the second fraction to get the denominator of the result, which is 
240. Then the result -^, is reduced to its lowest terms giving 
^ as the final product. 

156. When possible cancellation should be used before 
multiplying. 

1 57. Problem. — f^ X A. 

Solution. — 

8 1 
9 8 ft t B . 

16^15 U^U 10 

2 5 

ExplaKation. — This problem is the same as in Art. 155. The 
solution given in Art. 155 can be simplified if the factor 8 which 
is common to the first denominator 16, and the second numerator 
8, and the factor 3 which is common to the first numerator 9 and 
the second denominator 15, are cancelled as shown above, be- 
fore the numerators and denominators are multiplied. 

158. In the multiplication of fractions the word "o/" means 
the same as X , or times. Thus A of A = A X A- 

. 159. Rule. — Multiply the numerator by the numerator and 
the denominator by the denominator. 

160. Problems.— (1) |XA. (2) AXA- (3) fxf. 

(4) HXl. • (6) fXH. (6) fXA. (7) HXf. 

(8) «XA. (9) IXi. (10) tXf 

Answers.— (1) f*. (2) jf/,. (3) f. (4) JJ. (5) A*,. 

(6) iVV. (7) iVjr. (8) T%. (9) i. (10) A- 



TO MULTIPLY A FRACTION BY A WHOLE NUMBER 

161. To multiply a fraction by a whole number multiply the 
numerator or divide the denominator by the whole number. 
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162. Problem. — ^Multiply } by 4. 

1st method. Multiplying the numerator by the whole number. 

Solution. — J X 4= V =3i, Ans. 

2nd method. Dividing the denominator by the whole number. 

Solution.-^ X 4= J =3i, Ans. 

Explanation. — Using the 1st method we multiply the num- 
erator 7, by the whole number 4, and get the product ^ which 
equals 3^. Using the 2nd method we divide the denominator 
8, by the whole number 4, and get the quotient ^, which also 
equals 3^. 

163. Rule. — Multiply the numerator or divide the denom- 
inator by the whole number, 

164. Problems.— (1) fX5. 
(4) HX12. (5) HX4. 
(8) 1X42. (9) iSXl7. 

Answers.— (1) 1§. (2) 7}. 
(6) 9. (7) 2A. (8) 21. 



TO MULTIPLY A MIXED NUMBER BY A WHOLE 

NUMBER 

165. To multiply a mixed number by a whole number, 
multiply the whole number and the fraction of the mixed number 
separately, then add the products. 

1 66. Problem. — 4 j X 10. 
Solution. — 4| 

10 



(2) 


JX9. (3) iJX13. 


(6) 


ilX18. (7) JiX7. 


(10) 


11X8. 


(3) 


12 A. (4) 13i. (5) 2J 


(9) 


8J. (10) 7. 



40'y^ thenJyi=6} 

then 40+6J=46}, Ana, 

Explanation. — Whereas the product of a mixed number by 
a whole number is equal to the product of the whole number 
in the multiplicand by the whole number in the multiplier, plus 
the product of the fraction by the multiplier; we may multiply 
the whole numbers 4 and 10 together; this gives us 40. Then 
we multiply the numerator 5 of the fraction | by the multiplier 
10. This gives us ^^ which reduced to a mixed number gives us 
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6 whole numbers and |, or i. Now adding the sums of the oper- 
ations we have 46{. 

167. Rule. — Multiply the whole numbers and the fraction 
separately J reduce the improper fraction, if there is one, to a whole 
or mixed number and find the sum of the two products. 



168. Problems.— (1) 2fX7. (2) 13HX9. (3) 27}X15. 

(4) 123^X37. (5) 14JX21. (6) 32|X19. (7) 63JX6. 
(8) 8AX13. (9) 121X3. (10) 14|X17. 

An8WBR8.~(1) 18J. (2) 125^. (3) 416i. (4) 446^. 

(6) 296|. (6) 6191. (7) 318J. (8) llSi^i^. (9) 38|. (10) 248J. 



TO MULTIPLY A MIXED NUMBER BY A MIXED 

NUMBER 

169. To multiply a mixed number by a mixed number, 
reduce them to improper fractions and then multiply the num- 
erators for the new numerator and the denominators for the new 
denominator and reduce to a whole or mixed number. 



1 70. Problem.— 2 J X 1 J. 

Solution.— 2jXlJ=iXt=tt=»2H, AnB. 



Explanation. — The mixed numbers 2\ and \\ must first be 
reduced to improper fractions. (Art. 121.) These improper 
fractions, \ and f , are then multiplied and the result is reduced 
to a mixed number giving 2^ as the product. 

171. Rule. — Reduce both the multiplicand and multiplier to 
improper fractions, cancel all the factors common to any numr 
erator and any denominator, then multiply the numerators far 
the numerator of the product, and the denominators for the denom- 
inator of the produ^ct. Redu^ce the product to a whole or mixed 
number. 
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172. Problems.— (1) 2fX3i. (2) 81X7}. (3) 9JX6f. 

(4) ISiXHJ. (5) 12}X15A. (6) 18AX19|. 
Answers.— (1) 8A. (2) 65J. (3) 55^- (4) 224}. 

(5) 191 jWr. (6) 366H. 



DIVISION 



TO DIVIDE A FRACTION BY A FRACTION 

173. To divide a fraction by a fraction, multiply the dividend 
by the divisor inverted. 

174. Use cancellation wheh possible. 

175. The fraction f inverted reads |. 

1 76. Problem. — I -?- 1. 
Solution.— iH-|=jX|=|}=2i. Ans. 

Solution.— | h- | « J x f -= | = 2 J. Aim. 

Explanation. — Whereas-the fraction f when inverted reads f , 
and whereas the dividend is multiplied by the divisor inverted, 
we simply multiply 7X8, which gives 56 for the new numerator 
and then multiply 8x3, which gives us 24 for the new denomin- 
ator; then reducing 4^ to a whole or mixed number we get 2J; 
or using cancellation we cancel the 8 in the denominator and 
the 8 in the numerator and get i which reduced to a whole or 
mixed number gives us 2§. 

177. Rule. — Multiply the terms of the dividend by the terms 
of the divisor inverted and reduce to a whole or mixed number, 

178. Problem8.-~(1) i-j-i. (2) f+f (3) i| + |. 
(4) A-*-ft. (5) A + ». (6) f+J. (7) A+f. 
(8) H+|. (9) 4 + |. (10) *+J. 

Answers.— (1) 2|. (2) If. (3) 2J. (4) m (6) 1^. 
(6) lA. (7) H. (8) lA. (9) H. (10) ft. 
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TO DIVIDE A FRACTION BY A WHOLE NUMBER 

179. To divide a fraction by a whole number, either divide 
the numerator or multiply the denominator by the whole number. 



180. Problem. — ft-*- 3. 

let method. By dividing the numerator. 

Solution. — A-*-3=ft=}, Ans. 

2nd method. By multiplying the denominator. 
Solution . — ft -J-3=ft=i, Ans. 



Explanation. — Using the 1st method we divide the numer- 
ator by the whole number 3, getting ^, which reduced to its 
lowest terms equals J. Using the 2nd method we multiply the 
denominator by the whole number 3, getting -^, which reduced 
to its lowest terms, also equals J. 



181. Rule. — Divide the numerator or multiply the denomin- 
ator of the fraction by the whole number and reduce. 



182. Problems.— (1) tt-f-4. (2) «-^10. (3) ft.^7. 

(4) ti-8. (5) H-^13. (6) Hh-15. (7) ^4-2. 

(8) «-^ll. (9) il^2. (10) H-12. 

Answers.— (1) A- (2) ^. (3) /|. (4) AV- (5) A- 

(6) A. (7) ft. (8) iW. (9) A. (10) jij. 



TO DIVIDE A MIXED NUMBER BY A WHOLE 

NUMBER 

183. To divide a mixed number by a whole number, divide 
the whole number as in ordinary division; then reduce the re- 
mainder to an improper fraction and divide the numerator or 
multiply the denominator by the divisor. 
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184. Problem. — ^Divide 18 J by 6. 
Solution.— 18 J 4-5=5) 18J (3 

15 



3J=VaiidV+6=». 
Then3 + |=3|, Ans. 



Explanation. — First we divide the whole number 18 by 5 
and obtain 3 and a remainder of 3; then we reduce the remain- 
der 3 to ^ and add the J in the dividend making ^: we now 
divide the numerator 25, by the divisor 5 and obtain f . Adding 
the fraction f to the 3 in the quotient, we get 3}. 

ft 

185. Rule. — Divide the whole number by the divisor in the 
ttsiMiZ way. Reduce the remainder, if any, to an improper frac- 
tion having the same denominator as the fraction in the mixed 
number, add to this the fraction of the mixed number and divide 
the numerator or multiply the denominator by the divisor. 



186. Problems.— (1) 15l-^7. (2) 24J-*-9. (3) 31ft+5. 

(4) 4J+3. (5) 56HH-5. (6) 27i+4. (7) 32 J +5. 
(8) 365H+8. (9) 97A-^-7. 

Answers.— (1) 2^. (2) 2H. (3) 6H. (4) 1|. 

(5) 11^. (6) 6J. (7) m- (8) 45Hf. (9) 13^^. 



TO DIVIDE A MIXED NUMBER BY A MIXED 

NUMBER 

187, It is necessary to reduce mixed numbers to improper 
fractions before dividing. 

1 88. Problem.— 3| + 2}. 

Solution. — 31 = V • 
2}=f. 

then V-(-! = yxf=fl = lA 4n*. 

f 

Explanation. — Reducing 3J to an improper fraction we get 
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y, and reducing 2 J to an improper fraction we get ^; then in- 
verting the divisor ^ we get f , and multiplying the dividend by 
it, gives us, using cancellation, ^. This reduced to a whole or 
mixed number gives us 1-^. 

189. Rule. — RediLce to improper fractions and divide in the 
VAual manner, using cancellation when possible. 

190. Problems.— (1) 2J-*-li. (2) 3A-*-7t. (3) 4J-f-9i. 

(4) 20A + 3i. (6) 70A+65i. (6) 15|-^7A. (7) 12J+3f. 
Answers.— (1) 2. (2) «*. (3) «. (4) 5^^. 

(5) IrJir. (6) 2AV. (7) 3tt. 



COMPLEX FRACTIONS 

191. Expressions in unexecuted division of fractions are 
frequently written in the form of a fraction. When thus ex- 
pressed they are called complex fractions. As J-^i when ex- 
pressed •*•, and J-^9 when expressed -*-, and 9 -J- J when ex- 

2 9 

pressed -t** *re complex fractions, 
t 

192. When a heavy line separates the parts of a complex 
fraction, it indicates that all below the line is to be divided into 
all ahove the line. 

193. More intricate complex fractions are as follows: 

l-^i 2i-H} 

f+J lj-h2} 

These are solved like other problems in division of fractions. 



194. Fboblemb.— (1) 


3J 


(2) 4 




(3) 41 




5 


i 
3 




6i 


(4) A of 10| 




(5) if o{ 91 






«of9A 




f of2i 






Answers. — (1) |. 


(2) 2|. 


(3) }. (4) 


HI!*. 


(5) i 



46 ARITHMETIC 



(1 
(2 
(3 
(4 
(5 

(6 

(7 

(8 
lars, 
Wha 

(9 



EXAMINATION PROBLEMS 

Give ten different factors of 90. 
Find the sum of J, f, f , \i. 
Find the product of f , |, ^. 
Find the quotient of ^-5-f . 
Find the product of 3 J, ^, 5^. 

Reduce to a simple fraction, ,, ?^^J, ' 

4|ofll0t 

F nd the prime factors of 6,480. 

The signal tower of an interiocking plant cost 945 dol- 
which was VV o^ ^^e total cost of the entire installation, 
was the total cost? 



At signal No. 21, 30 dollars were expended for repairs, 
which is ^ of the first cost of the signal. At signal No. 32, 35 
dollars were expended for repairs which is -f^ of the first cost of 
the signal. On which signal was the first cost the greater, and 
how much? 

(10) Two men, A and B, contract to paint a signal tower 
for 38 dollars. If the rate of pay per day for both men is the 
same, how much will each receive if A works 2 J days and B works 
4J the length of time that A works? 

(11) The difference between I and H of a certain number is 
250. What is the number ? 

(12) A train travelled from noon to a time equal to ^ of 
15 hours. How far did it travel if it maintained a speed of 38^ 
miles per hour? 

(13) A railroad was leased for 99 years for the sum of 
52,864 dollars per year. If f of the total sum is still due, how 
much has been paid? 

(14) A number is equal to two times the difference between 
65i and 141. What is the number? 

2 5 
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(15) The repairs on the signal plant for 1895 cost 3J times 
as much as the repairs in 1893, and the repairs in 1893 were 
equal to -^ the difference between f and i of the total cost of the 
installation. The cost of the installation was 19,500 dollars. 
What was the cost of the repairs in 1895? 

(16) What is the difference in the cost of two automatic sig- 
nals if \ of the total cost is 125 dollars, assuming the cost of one 
of the signals to be i of the total cost? 

(17) Train A travels at the rate of 88 ft. per second for a 
period of 2,130 seconds. Train B travels at the rate of 2,169 ft. 
per minute for a period of 45^ minutes, (a ) Which train trav- 
els the greater distance? (b) How much greater? 

(18) How much will have to be added to 13H in order that 

3 
w^ can subtract 26J and have a remainder of 5? 

4 

(19) A railroad company owes 253,060 dollars. By saving 
f of its earnings for a period of 30 years it can pay the debt and 
have 3,000 dollars left. What are its annual earnings? 

(20) A railroad company paid 235,000 dollars in 1902 for 
signal installations. § of ^ of this sum was for repairs. How 
much did the repairs cost? 
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ANSWERS TO EXAHmATIOR PROBLEMS 



(i; 


1 ? 


(2; 


1 2A. 


(3; 


I A- 


(4; 


1 A. 


(5; 


1 71f 


(6; 


) sIfHs- 


(7: 


1 2, 2, 2, 2, 3, 3, 3, 3, 5. 


(s; 


1 5,040 dollars. 


(9: 


1 Signal No. 32 cost 40 dollars more. 


(10; 


) A, 7^ dollars; B, 30|4 dollars. 


(11 ; 


) 6,000. 


(12 : 


) 462 miles. 


(13: 


) 2,242,944 dollars. 


(h: 


) 59H. 


(15: 


I l,267i dollars. 


(16: 


) 100 dollars. 


(17: 


) (c) Train A. (6) 88,750i feet 


(18: 


) m- 


(19.: 


) 22,7601 dollars. 


(20: 


I 39,166| dollars. 



DECIMALS 

195. The divisions of any thing into tenthsj hundredths, 
thousandths, etc, are called decimal diyisions. 

196. One or more of these decimal divisions, is called a 
decimal fraction, commonly known as a decimal. 

197. A decimal is a fraction whose denominator is ten, or 
some power of ten. As ^, yj^^, io^oo > ®^c. 

198. In expressing decimals we do not write out the denomi- 
nator as in common fractions, but instead, a period, called a 
decimal point, is placed to the left of the numerator. That is 
^ is expressed .1, and -fj^, .5. 

199. If the denominator is higher than ten, as one hundred, 
one thousand, etc., as many ciphers as are necessary are placed 
between the decimal point and the figure, or figures, in the num- 
erator. As -i^ is expressed .01, Yihnf is expressed .001, etc. 

200. The number of figures in the decimal is always eqv^l 
to the number of ciphers in the denominator of the fraction. 
As .003 = Y|/V(r a^d as .034= xtH- 

201. Only figures placed to the right of a decimal point 
are affected by it. As shown in the following table: 

5.5 = 5^ = Five and five tenths. 

5.05 = 5yJ^ = Five and five hundredths. 

5.005 = 5y^^ = Five and five thousandths. 

5-0005 = 5Tnj4Tir = ^^^^ ^^^ fi'^^ ^^^ thousandths. 

5.00005= Sy^xftnnr = ^^^^ ^^^ fi'^^ hundred thousandths. 
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202. Adding ciphers to the right of a decimal does not alter 
the value of the decimal. As .7 = tV> •70 = iVff> but as tV=tW 
.7 must equal .70. 

DECIMAL NOTATION TABLE 

203. The following numeration table shows the relation of 
decimals to whole numbers. 



• 










• 

eo 




2 s» 












• 
00 


ons, 

dreds-millior 

-millions. 

Ions, 

dreds-thousa' 

-thousands, 

isands. 




• 


• 


• 

'^ § s^ s 

^ <» ^ 2 ^ 


II 


millionths, 

dredr-milliorU 

onths. 


oq tt: ^ :^ tt: ^ ^ 




^ 


1 


Q f^ «! f^ E-i 


Hun 
Milh 


Ten- 
Hun 
Billii 


2 2 2 2 2 2 2 


2 


2 


2 


.2222 


2 2 


2 2 2 



204. It will be noted that the decimals decrease by the scale 
of ten to the right of the decimal point, and the whole numbers 
increase by the scale of ten to the left of the decimal point. 

TO REDUCE DECIMALS TO COMMON FRACTIONS 



205. Problem. — Reduce .25 to a common fraction. 
Solution. — 



.26=,W, 

25 __ 25-?- 25 
100 100-^25 



=}, An9. 



Explanation. — The decimal fraction .25 (twenty-five hun- 
dredths), can be written as a common fraction if we use 25 as 
the numerator and 1, with as many ciphers placed to the right 
as there are decimal places in .25, as the denominator; there are 
2 decimal places in .25, so the denominator of the fraction will 
be 100. The first step in the solution of the problem then is to 
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write the decimal fraction .25 as a common fraction, ^Vo. The 
next step is to reduce the common fraction to its lowest terms. 
The highest common divisor of both numerator and denomi- 
nator is 25; so we divide the numerator 25 by 25 and get 1 as 
a numerator of the result, and then divide the denominator 100, 
by 25, which gives us 4 as the denominator of the result. There- 
fore the decimal .25 expressed in a common fraction equals J. 

206. Rule. — Svbstitute the proper denominator for the decimal 
point and reduce the common fraction so obtained to its lowest 
terms, 

207. Problems. — ^Reduce to common fractions: 

(1) .160. (2) .85. (3) .675. (4) .251. (5) .815. (6) .623. 
(7) .7624. (8) .818. (9) .314. (10) .728. 

Answers.- (1) A- (2) «. (3) W. (4) VWW- (5) !«. 
(6) A%. (7) iWV. (8) tH. (9) «J. (10) iVs. 



TO REDUCE COMMON FRACTIONS TO DECIMALS 

208. Problem. — Reduce | to a decimal. 
Solution.— |=A-fflJi= 625, Ans. 

Explanation. — To reduce the common fraction f to a decimal 
we place the decimal point to the right of the numerator, 5, and 
then annex ciphers. Next the numerator with its annexed ciphers 
is divided by the denominator 8; this division is carried on until 
there is no remainder. If the last of the ciphers is reached before 
the division comes out even, more ciphers may be added. In this 
example the division comes out even after three ciphers have 
been used and the quotient is 625. The last step is to point ofif 
in the quotient, 625, three decimal places, beginning at the right, 
because there were three ciphers annexed. 

209. Rule. — Annex ciphers to the numerator and divide by 
the denominator, point off as many decimal places in the quotient 
as there are annexed ciphers. 
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210. Problems. — Reduce to decimal fractions: (1) f* (2 ) |. 
(3) i. (4) i. (5) i^. (6) AWr. (7) }. (8) }J. (9) «. 

ANSWiftis.— (1) .6. (2) .625. (3) .876. (4) .5. (5) .7. 
(6) .12. (7) .375. (8) .925. (9) .5. 

211. It frequently happens in the reduction of a common 
fraction to a decimal that the division is not exact. In such cases 
the remainder may be expressed as a fraction, or by the incom- 
plete division sign plus, as follows: 

i=3) l.Q00 

.333§ or .333 + , Ans. 

212. Rule. — Affix ciphers to the numerator and continue to 
divide until 3 or 4 decimal places are reached. Then affix the plus 
sign. 

213. Problems. — ^Reduce to decimal fractions: 

(1) i. (2) h (3) A. (4) *. (5) W. 

Answers.— (1) .6666 + . (2) .1428 + . (3) .363+. 

(4) .2222 + . (5) .0588 + . 



ADDITION 

214. In adding decimals they are placed, and added, as in 
the addition of whole numbers, care being taken to arrange the 
decimal points beneath one another, 

215. Problem. — ^Add: .3, .9, .7. 

Solution. — .3 

.9 
.7 

1.9, Ans. 

Explanation. — In the above problem the decimals are set 
down as shown, with the decimal points under one another. The 
numbers are then added in the usual way, the sum being 1 unit 
and 9 tenths units. The 9 tenths are placed to the right of the 
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decimal point and the 1 unit to the left of the decimal point. 

216. Rule. — Place the decimals in columns the same as for 
ordinary addition with the decimal points under one another; then 
add in the usv<il vxiy. 



217. Problems. — ( 1) 


.374-.42 + .67 + .1. 


(2) 


.137 + .035 + .61 + .918 4- .001. 


(3) 


.451 + .682 + .312 + . 102 + .02. 


(4) 


.505 + .681 + .984 + .602 + .009. 


(5) 


10.5+8.01 + 510.17 + 36.87. 


(6) 


794.01+851.97 + 381.11 + 425.037. 


(7) 


952.45 + 365.91 + 16.451 + 32.65. 


(8) 


95 + 101.02 + .81 + 3+636.003. 


(9) 


100.02 + 305.2 + 684.82 + 900. 


(10) 


375.75 + 258.5 + 687.25 + 25.366. 



Answers.— (1) 1.56. (2) 1.701. (3) 1.567. (4) 2.781. 
(5) 565.55. (6) 2452.127. (7) 1367.461. (8) 835.833. 
(9) 1990.04. (10) 1346.866. 



SUBTRACTION 

218. In subtracting decimals the minuend and subtrahend 
are placed and subtracted as in the subtraction of whole num- 
bers, care being taken to arrange the decimal points beneath one 
another, 

2 19. Problem.— .326— .125. 

Solution. — .326 minuend. 

.125 subtrahend. 



.201 remainder, Ans. 

Explanation. — In this problem we have to subtract one 
decimal from another. This subtraction is carried on like sub- 
traction of ordinary numbers. The decimal point of the subtra- 
hend is always placed directly under the decimal point of the 
minuend. So the numbers are placed as shown, the figures 1, 2, 
and 5, of the subtrahend coming under the figures 3, 2, and 6, 
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of the minuend. The subtraction is then carried on in the usual 
way and a decimal point is placed in the remainder directly 
under that in the subtrahend. Therefore the result is .201. 

220. Rule. — Place the subtrahend under the minuend^ having 
the decimal point of the subtrahend directly beneaih that of the 
minuend. Subtract as in the subtraction of whole numbers f and 
pUice a decimal point in the remainder directly under that in the 
subtrahend, 

221. Problems.— (1) .427— .225. (2) .126-.085. (3) .964— 
.709. (4) .1239— .0743. (5) .49765— .39827. (6) .4707— .2499. 
(7) .694-.375. (8) .9263-.0905. (9) .7326-.2378. (10) 
.7285— .5287. 

Answers.— (1) .202. (2) .041. (3) .255. (4) .0496. (5) 
.09938. (6) .2208. (7) .319. (8) .8358. (9) .4948. (10) .1998. 



TO SUBTRACT A DECIMAL FROM A WHOLE NUMBER 

222. Annex as many ciphers to the whole number a.^ there 
are decimal places in the decimal, or subtrahend. 

223. Problem. — Subtract .305 from 27. 

Solution. — 27.000 minuend. 

.305 subtrahend. 



26.695 remainder J Ana. 

Explanation. — In this problem a decimal is to be subtracted 
from a whole number. Every whole number may have a decimal 
point placed at its right and have ciphers annexed without 
affecting its value. To subtract the decimal .305 from the whole 
number 27, we first write the 27 with a decimal point to its 
right and three ciphers annexed (27.000) because there are 
three decimal places in the subtrahend. We then place the sub- 
trahend under the minuend so that the decimal point of the 
subtrahend comes directly beneath that of the minuend; then 
subtract as if the numbers 27.000 and .305 were whole numbers. 
The last step in the solution is to place a decimal point in the 
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remainder directly under that in the subtrahend. This gives 
26.695 as the remainder. 

224. Rule. — Place a decimal point to the right of the whole 
number and annex as many ciphers as there are decimal pktces 
in the subtrahend. Place the subtrahend under the minuend so 
that the decimal point of the subtrahend comes directly beneath 
that of the minuend. Subtract as in whole numbers, and point 
off the remainder by putting a decimal point directly under that 
of the subtrahend, 

225. Problems.— (1) 375— .375. (2) 49— .484. (3) 728— 
.42. (4) 4— .785. (5) 7— .975. (6) 38— .4295. (7) 425— 
.9875. (8) 38— .2698. (9) 59— .98765. (10) 46— .23787. 

Answers.— (1) 374.625. (2) 48.516. (3) 727.58. (4) 3.215. 
(5) 6.025. (6) 37.5705. (7) 424.0125. (8) 37.7302. (9) 

58.01235. (10) 45.76213. 



TO SUBTRACT A DECIMAL FROM A DECIMAL WHEN THERE 

ARE A GREATER NUMBER OF DECIMAL PLACES IN 

THE SUBTRAHEND THAN IN THE MINUEND 

226. Add as many ciphers to the minuend as are necessary 
to make the number of decimal places in the minuend and the 
subtrahend equal. 

227. Problem. — Subtract .065 from .3. 

Solution. — .300 minuend. 

.065 subtrahend. 



.235 remainder f Ans. 

Explanation. — In this problem we have to subtract the 
decimal, .065, from the decimal .3 which has fewer decimal 
places. As ciphers may be annexed to the right of a decimal 
without changing its value we annex enough ciphers to the .3 
to make the number of decimal places in the minuend equal to 
the number in the subtrahend. There are three decimal places 
in the subtrahend and one in the minuend so we must annex two 
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ciphers to the minuend .3, which gives us .300. We may then 
finish the subtraction as in Art. 221. This gives a remainder 
of .235. 

228. Rule. — To subtract a decimal from another decimal 
having a smaller number of decimal places, annex sufficient ciphers 
to the minuend to make the number of decimal places in the minuend 
equal to the number in the subtrahend. Place the subtrahend under 
the minuend having the decimal point of the subtrahend beneath 
that of the minuend. Subtract as in whole numbers and point off 
by placing a decimal point in the remainder directly under that in 
the subtrahend. 

229. Problems.— (1) .7— .527. (2) .21— .1856. (3) 43.42— 
7.3479. (4) 249.8—34.729. (5) 64.29—2.7963. (6) 7.6— .928. 
(7) 1.02-.7247. (8) .64— .00266. (9) .023-.01696. (10) 
.1—09976. 

Answers.— (1) .173. (2) .0244. (3) 36.0721. (4) 215.071. 
(5) 61.4937. (6) 6.672. (7) .2953. (8) .63734. (9) .00605. 
(10) .00025. 

MULTIPLICATION 



230. In the multiplication of decimals the decimal point is 
disregarded, until the process of multiplication is completed, 
the procedure being the same as in whole numbers. As many 
decimal places are pointed off in the product commencing at the 
right, as there are decimal places in the multiplicand and multi- 
plier com6ined,prefixing ciphers if necessary. 

23 1 . Problem. — ^Multiply .625 by 1 1 . 

Solution. — .625 multiplicand. 

11 multiplier. 

625 
625 



6.875 productj Ana. 

Explanation. — In this problem we multiply as in whole 
numbers, then point off three decimal places in the product 
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for there are three in the multiplicand and none in the multiplier. 

232. Note. — The ciphers directly to the right of the decimal 
point need not be taken into consideration in multiplying, as they 
merely determine the number of decimal places, 

233. Problem.— Multiply 346 by .004. 

Solution. — 346 

.004 



1.384, Ana. 



234. Problem.— Multiply .346 by .004. 

Solution. — .346 

.004 



.001384, Ana. 

235. Rule. — Multiply as in whole numbers. Then point off 
as mxiny decimal places in the product , as there are decimal places 
in the multiplicand and multiplier combined, 

236. Problems.- (1) 429X.75. (2) 876X2.95. (3) .0405X125. 
(4) .375X96. (5) 4.96X8.05. (6) .987X6.009. (7) 70.693 X 
.827. (8) .0096X.0475. (9) 90.09X7.625. (10) 7.625X98.7. 

Answers.— (1) 321.75. (2) 2584.2. (3) 5.0625. (4) 36. (5) 
39.928. (6) 5.930883. (7) 58.463111. (8) .000456. (9) 686.93625. 
(10) 752.5875. 



DIVISION 



237. In the division of decimals the decimal point is disre- 
garded until the process of division is completed, the procedure 
being the same as in the division of whole numbers. As many 
decimal places are pointed off in the quotient, beginning at the 
right, as the decimal places in the dividend exceed those in the 
divisor, prefixing ciphers if necessary. 
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238. Problems.— (1) Divide .425 by 5. 

Solution. — divisor 5) -425 dividend. 

.085 quotient, Ana. 

Explanation. — In this problem there are no decimal places 
in the divisor and three in the dividend; the number of decimal 
places in the dividend exceeds the number of decimal places in 
the divisor by three, therefore three places must be pointed off 
in the quotient. 

(2) Divide 16.33 by 2.3. 

Solution.— 2.3)16.33(7.1, Ana. 

161 

23 
23 



Explanation. — In this case the number of places in the 
dividend exceeds the number in the divisor by one and one 
place must be pointed off in the quotient. 

239. Rule. — Divide the same as whole numbers and paint off 
as many decimal places in the quotient as those in the dividend 
exceed those in the divisor, 

240. Note. — The number of decimal places in the dividend 
must at least equul the number of decimal places in the divisor, 

TO DIVIDE WHEN THE NUMBER OF DECIMALS IN THE 
DIVISOR EXCEED THOSE IN THE DIVIDEND 

241. Problem. — Divide 13 by .25. 

Solution.— .25)13.00(52, Ana. 

125 



50 
50 



Explanation. — In this problem there are no places in the 
dividend and two in the divisor, so two ciphers must be annexed 
to the dividend; then the number of places in the dividend 
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equals the number in the divisor and none need be pointed off 
in the quotient. 

242. Problem.— Divide .045 by 1.46. 

Solution.— 1.45) .0450000 (.03 103 4-, Ans. 

435 



150 
145 



500 
435 



65 

Explanation. — In this problem we find that the dividend 
.045 will not contain the divisor 1.45 therefore ciphers must be 
annexed to the dividend .045, before we can divide. 

243. Rule. — Annex the required number of ciphers to the 
dividend and proceed as in ordinary decimal division. 

244. Problems.— (1) 86.75^12.5. (2) 70.3-^9.25. (3) 1.8696^ 
3.28. (4) 86.875^-69.5. (5) 24.8^.3875. (6) 48754-6.25. (7) 
.22125-5-59. (8) .91^175. (9) 64.84-. 18. (10) 8.754-.4375. 

Answers.- (1) 6.94. (2) 7.6. (3) .57. (4) 1.25. (5) 64. 
(6) 780. (7) .00375. (8) .0052. (9) 360. (10) 20. 
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SIGNS OF AGGREGATION 

245. The following series of figures show the application of 
the Signs of Aggregation: 

(a) 26X13-J-8 + 4— 1=451, Arts. 

(b) 8 + 4X26^13—1 = 15, Ana. 

(c) 26x13^8 + 4— 1=27J, Ans, 

(d) 26X13h-(8+4)— 1=27J, Ans. 

(e) 26x[(13-i-8)+ 4]— 1 = 1451, Ans. 
if) 26X {[13 -J- (8+4)1—1} =2J, Ans. 

246. The various operations in connection with the series of 
figures as shown in line (a) are performed in order from left 
to right. In all cases the operations of Multiplication and 
Division must precede those of Addition and Subtraction. The 
signs of Addition and Subtraction are of equal importance and 
the operations denoted by them are performed in the order given 
from left to right. 

247. The lines (a ) and (b ) explain the relative values of the 
different signs; for instance, in row (a) 26 is multiplied by 13, 
then the product divided by 8, to this is added 4, and 1 is sub- 
tracted from the sum thus obtained giving an answer of 45 J. 
It will be noted that the figures in line (b ) are the same as those 
indicated in line (a ) but the arrangement is different. In this 
case the first step is to multiply 4 by 26, dividing the product 
by 13, adding 8 to the quotient thus obtained, and subtracting 
1 from this sum, giving an answer of 15. 

248. The series of figures in rows (c), (d), (e) and (/) 
indicate the use of the Signs of Aggregation which are as follows: 

Vinculum . 



Parenthesis ( ). 
Brackets [ ]. 
Braces { } . 
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249. The numbers within the Signs of Aggregation are to 
be regarded as parts or factors of the same quardity, 

250. In performing a series of operations, which operations 
are indicated by Signs of Aggregation and by the signs of Multi- 
plication, Division, Addition and Subtraction, the numbers 
within the Signs of Aggregation should be operated upon first. 
As in problem (c) the first step is to multiply 26 by 13, dividing 
the product thus obtained by the sum of 8 and 4 which are in- 
cluded in the vinculum; the last operation is to subtract 1 from 
the quotient obtained giving an answer of 27 J. The Paren- 
thesis in problem (d), takes the place of the vinculum in problem 
(c ) ; the operations are the same, and consequently the answer 

is the same. Problem (e) shows the use of the Brackets. The 
operations of this problem are as follows; 13 is divided by 8, 
and 4 is added to the quotient thus obtained; the result of these 
operations being multiplied by 26 and finally 1 is subtracted 
from the product obtained, which gives an answer of 145J. 
Problem (/) indicates the use of the Braces. The first operation 
in this problem is to add 4 and 8 together; 13 is divided by the 
sum thus obtained, after which 1 is subtracted from the result 
of these operations; the final step being to multiply the re- 
mainder by 26 which gives an answer of 2J. 

251. Problems. — Find the value of: 

(1) 12X10— 6 H- 2 4-1. 



(2) 12X(10-6)h-2+1. 

(3) 12X[(10-6)-?-2]4-1. 

(4) 12x{10-[6h-(2+1)]}. 

Answers.— (1) 118. (2) 16. (3) 25. (4) 96. 
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PERCENTAGE 



252. The term Percentage is based on the Latin words, 
per centum, and means by the hundred. If a man has 500 sheep, 
and out of each 100, 5 die, his lo'ss would be 5 per hundred, or in 
other words, 5 per cent. 

253. The sign used in percentage is % and means per cent. 
Thus, 6% is read 6 per cent. 

254. Percentage is an arithmetical operation by which some 
result is found by the application of per cent. 

255. Any per cent may be written as a decimal or fraction 
whose denominator is 100. Thus, 5 per cent is equal to the 
decimal .05, or to the fraction ^ J|y. The decimal expression is 
more commonly used. 

256. The Base, the Rate, the Percentage, the Amount, and 
the Diflference are component parts of a problem in percentage. 

257. The quantity of which the per cent is to be found is 
called the Base. 

258. The number of hundreds, or per cent, of the base to 
be taken is called the Rate. 

259. The number obtained by finding a number of hundredths 
of the base is called the Percentage. 

260. The base plus the percentage is called the Amount. 

261. The base minus the percentage is called the Diflference. 
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TO FIND THE PERCENTAGE WHEN THE BASE AND 

RATE ARE GIVEN 

262. Problem.— Find 5% of 300. 

rate. base. 
Solution.— 5% of 300= .05 X 300= 15 percentage^ Ana. 

Explanation. — To find 5% of 300 we first express the rate 
5% as a decimal .05. The percentage equals the base times the 
rate; therefore we multiply the base 300 by the rate expressed 
as a decimal .05 and get 15 as the percentage. 

263. Rule. — The base times the rate equals the percentage. 

264. Problems. — Find the following: 

(1) 8% of 1,500. (2) 3% of 1,424. (3) 16% of 120. 

Answers.— (1) 120. (2) 42.72. (3) 19.2. 



TO FIND THE AMOUNT WHEN THE BASE AND 

RATE ARE GIVEN 



265. Problem. — What is the amount if 500 is increased by 12% of itself? 

Solution.— 12% of 500=60 

base, 
percentage 604-500=560 amount ^ Ans. 

Explanation. — Whereas 12% of 500 is 60, the base 500 is 
increased by 60. The amount is therefore 500 + 60, or 560. 

266. Rulf:. — Find the percentage and add to the base. 

267. Problems. — (1) Find the amount if 1,260 is increased by 10% of 
itself. 

(2) 750 is increased by 12J% of itself. What is the amount? 

(3) 1,785 is increased by 8% of itself. What is the amount? 

Answers.— (1) 1,386. (2) 843.75. (3) 1,927.8. 
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TO FIND THE DIFFERENCE WHEN THE BASE AND 

RATE ARE GIVEN 

268. Problem. — 600 is decreased by 8% of itself. How much is left? 

Solution. — 500 base. then 500 

.08 rate. 48 



48.00 percentage. difference 652, Ans. 

Explanation. — In order to find the difference we must first 
find the percentage. This is 48. Subtracting 48 from 600 we 
get 552, the difference. 

269. Rule. — Find the percentage and subtract it from the base. 

270. Problems. — (1) A man bought a watch for 75 dollars and sold it 
at a loss of 40 per cent. How much did he seU it for? 

(2) A railroad was sold for 15% less than it cost. If the cost 
was 25,000,000 dollars, how much was it sold for? 

(3) A storehouse which cost 25,000 dollars was destroyed by fire. If the 
insurance was 95 per cent of the cost, how much was lost? 

Answers.— (1) 45 dollars. (2) 21,250,000 dollars. (3) 1,250 

dollars. 

TO FIND THE RATE WHEN THE BASE AND 
PERCENTAGE ARE GIVEN 



271. Problem. — If from the given number 360, 240 is taken away, 
what per cent has been taken? 

Solution.- Percentage=240^2^^^ ^^ ^^ ^^ 

base =360 3 



Explanation. — Whereas the percentage divided by the base 
equals the rate, therefore 240 divided by 360 equals 66§%. 

272. Rule. — The percentage divided by the base equals the rate. 
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273. Problems. — (1) What per cent of 700 men are 300 men? 

(2) What per cent of 1,280 is 240? 

(3) Out of 75 compensators 31 were defective. What per cent were in 
good condition? 

(4) I have on hand 890 pipe carriers, and need 958 more. What per cent 
of the whole number required must I order? 

(5) What per cent of 657 is 345? 

Answers.— (1) 42f%. (2) 18i%. (3) 58J%. (4) 51JM%. 
(5) 52m%. 



TO FIND THE BASE WHEN THE PERCENTAGE AND 

RATE ARE GIVEN 

274. Problem. — I have on hand 36 pounds of putty, which is 40% of an 
entire order. How many pounds were there in the whole amount? 

Solution. — percentage. 

rate .40)36.00(90 base, Ana, 
360 





Explanation. — Whereas the percentage divided by the rate 
equals the base, therefore 36 divided by .40 equals 90. 

275. Rule. — Divide the 'percentage by the rate. 

276. Problems.— (1) 75% of the number of miles of a certain railroad 
is 390 miles. How many miles are there in all? 

(2) I find that 3,720 bond wires are 15% of the total number on hand. 
How many are there in all? 

(3) 9,416 is 20% of what number? 

(4) 38 is 70% of what number? 

(5) 782 is 10% of what number? 

Answeks.— (1) 520. (2) 24,800. (3) 47,080. (4) 54f. (5) 
7,820. 
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TO FIND THE BASE WHEN THE AMOUNT AND 

RATE ARE GIVEN 



277. Problem. — ^After adding 50% to a certain sum I had 600. How 
much had I at first? 

Solution. — rate. 

H-.50=1.50 

amount. 
1.50)600.00(400 base, Ans. 

600 



00 



Explanation, — Whereas the amount divided by 1 + the rate 
equals the base, therefore 600 divided by 1.50 equals 400. 

278, Rule. — Divide the amount by 1 plus the rate, 

279. Problems. — (1) To what nimiber must I add 75% of itself to get 
82i? 

(2) What number increased by 75% of itself will make 609? 

(3) A railroad company increased its captial stock 36%. After the in- 
crease was made the capital stock of the company was 2,679,064 dollars. 
What was the original capital stock? 

(4) An inventory of stock shows on hand a supply of 1,105H pounds of 
nails which is an increase of 12% over a previous inventory. What number 
was on hand at the time of the previous inventory? 

(5) To what number must I add 61% of itself to make 59,338iV? 

Answers.— (1) 47|. (2) 348. (3) 1,969,900 dollars. (4) 987. 
(5) 36,856. 



TO FIND THE BASE WHEN THE DIFFERENCE AND 

RATE ARE GIVEN 



280. Problem. — ^From what number can we take 30% of itself and have 
419 left over? 
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Solution. — rate. 

l-.30=.70 



difference. 
.70)419.00(5981 6a«e, Ans. 

350 



690 
630 



600 
560 



i9=4 
70 7 



Explanation. — Whereas the difference divided by 1 — the 
rate equals the base, therefore 419 divided by .70 equals 598f . 

281. Rule. — Divide the difference by 1 minus the rate. 

282. Problems. — (1) What number may be diminished by 25% of 
itself and still have 450 left? 

(2) A railroad company purchased 5,070 pounds of rails, which was 35% 
less than a prior purchase. How many pounds of rails were there in the prior 
purchase? 

(3) From what number can we take 24% of itself and have 446.12 left. 

(4) From what nimiber can we take 31% of itself and have 6,900 left. 

(5) From what number can we take 12i% of itself and have 79,625 left? 

Answers.— (1) 600. (2) 7,800. (3) 587. (4) 10,000. (5) 
91,000. 

283. Formulas. — 

Where, B = Base, Then, P = RxB. 

R = Rate, R = P4-B. 

P = Percentage, B = P -f- R. 

A = Amount, A = B + B X R. 

D = Difference. D = B— B X R. 

B = A-^(l-fR). 
B = D4- (1— R). 
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PROFIT AND LOSS 



284. Gain or loss is reckoned at a certain per cent. 

285. Problem. A bought land for 500 dolbirs and sold it for 425 dollars. 
What was his loss per cent? 

Solution.— (1) 500 (2) 500)75.00(15%, Ans, 

425 500 



75 loss. 2500 

2500 



Explanation. — (1 ) We find the loss in dollars by subtract- 
ing the selling price from the cost. (2 ) We divide the loss in 
dollars, 75, by the cost, 500, to find the loss per cent. 

286. Rule. — Divide the gain or loss by the base. The quo- 
tient expressed in hundredths will be the gain or loss per cent. 

287. Problems. — (1) A man bought property for 1,000 dollars, spent 
200 dollars for improvements and then sold for 1,320 dollars. What was hia 
gain per cent 7 

(2) I pay 45 dollars for a machine and sell it for 49.05 dollars. What ia 
my gain per cent ? 

(3) A railroad company has capital stock amounting to 2,065,725 dollars. 
During a certain year its profits were 247,887 dollars. What was the per 
cent gain for the stockholders? 

(4) What per cent is lost if goods costing 125 dollars are sold for 115.62) 
dollars? 

(5) A man bought a house for 7,000 dollars; he spent 125 dollars for 
painting and 650 dollars for other repairs. He then sold it for 7,000 dollars. 
What wa.« his loss per cent ? 

Answers.— (1) 10%. (2) 9%. (3) 12%. (4) 7i%. (6) 
9|H%. 
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EXAMINATION QUESTIONS AND PROBLEMS 

(1 ) Add 29.0146, 3146.5, 2109, .62417, 14.16. 

(2 ) Subtract 2.138 from 91.73. 

(3) Multiply 79.347 by 23.15. 

(4) Divide 12 by .7854. 

(5 ) (a) Reduce -^ to a decimal. 

(b ) Reduce .625 to a common fraction. 

(6) The circumference of a circle is 3.1416 times the 
diameter. What is the circumference of a circle whose diameter 
is 28 inches. 

(7 ) A rod is equal to 16.5 feet. How many rods in 396 feet? 

(8) A locomotive wheel is eight feet in diameter. How 
many times will it turn in going 5,280 feet if the circumference 
is 3.1416 times the diameter? 

(9) Find 16% of 52.87. 

(10) A company which had stock amounting to 2,500,000 
dollars increased its stock 17%. What was the total amount of 
stock after the increase? 

(11) A man had 125 pounds of nails and used 37^% of 
them. How many pounds has he left? 

(12) A earned 55 dollars per month and saved 10 dollars. 
What per cent did he save? 

(13) 8,789 is 17% of what number? 

(14) What number increased by 13% of itself is equal to 
3,248J? 
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(15) After a man had lost 15% of his property he had 
5,525 dollars. What was his original property? 

(16) Explain the difference between common fractions and 
decimals. 

(17) (a) What is the effect if ciphers are annexed to the 
right of a decimal? (b) What is the effect if they are placed 
directly to the right of the decimal point, before the figures of the 
decimal? 

(18) What is percentage? 

(19) What are the component parts of an example in per- 
centage? 

(20 ) A man had 2,500 dollars and lost 375 dollars. What 
per cent did he lose? 



ANSWERS TO EXAMINATION PROBLEMS 



(1) 


5,299.29877. 


(2) 


89.592. 


(3) 


1,836.88305. 


(4) 


15.278 + . 


(5) 


(a) .12. 




(b) i 


(6) 


87.9648 inches. 


(7) 


24 rods. 


(8) 


210 + . 


(9) 


8.4592. 


(10) 


2,925,000 dollars. 


(11) 


78i pounds. 


(12) 


18T«r%. 


(13) 


51,700. 


(14) 


2,875. 


(15) 


6,500 dollars. 


(16) 


? 


(17) 


? 

• 


(18) 


? 


(19) 


? 


(20) 


15%. 



DENOMINATE NUMBERS 

288. A denominate number is a concrete number in which 
the unit of measure is established by law or custom. As 10 
quarts, 3 pints, 5 yards, 2 feet, or 10 inches. 

289. There are two kinds of denominate numbers, simple and 
compound. 

290. A simple denominate number is a number which is 
composed of units of one denomination only. As 10 quarts, 3 
pints, 7 dollars, 10 hours, or 4 feet. 

291. A compound denominate number is a number composed 
of units of two or more denominations that are related to each 
other. As 5 yards 2 feet 10 inches; 10 quarts 3 pints; 1 hour 
20 minutes 10 seconds. 

292. Only denominate numbers of the same denomination 
can be combined into one term; that is, we cannot add 6 quarts 
and 5 pints, but we can add 6 quarts and 5 quarts. 

293. A standard unit is a unit of measure from which other 
units of the same kind can be derived. The standard unit of 
length is the yard; of dry measure, the Winchester bushel. 

294. The ratio by which numbers increase and decrease is 
called a scale. 

295. The scale is either uniform or varying. In United 
States currency the scale is uniform. In square measure it is 
varying. 144 sq. in. equal 1 sq. ft., 9 sq. ft. equal 1 sq. yd., etc. 

296. There are six kinds of measures: 

1st. Measures of Extension. 

2nd. Measures of Capacity. 

3rd. Measures of Weight. 

4th. Measure of Money, or value. 

5th. Measure of Time. 

6th. Measure of Angles. 
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MEASURES OF EXTENSION 

297. There are three measures of extension; Linear Measure, 
Square Measure, and Cubic Measure. 

LINEAR MEASURE 

298. Linear measure is used in measuring length only. 

Table 

12 Inches (in.) make 1 Foot (ft.) 

3 Feet make 1 Yard (yd.) 

5i Yards or 16} Feet make 1 Rod (rd.) 

320 Rods make 1 Mile (mi.) 

SQUARE MEASURE 

299. Square measure is used for measuring surfaces. Any- 
thing having length and breadth is a surface. 

Table 



144 square inches (sq. in.) 


make 1 square foot 


(sq. ft.) 


9 square feet 


make 1 square yard 


(sq. yd.) 


30i square yards 


make 1 square rod 


(sq. rd.) 


160 square rods 


make 1 Acre 


(A.) 


640 Acres 


make 1 square mile 


(sq. mi.) 



CUBIC MEASURE 

300. Anything that has length, breadth, and thickness is a 
solid. 

301. Cubic measure is used in measuring the contents of solids. 

Table 



1,728 cubic inches (cu. in.) 


make 1 cubic foot 


(cu. ft.) 


27 cubic feet 


make 1 cubic yard 


(cu. yd.) 


128 cubic feet 


make 1 cord 


(C.) 



SURVEYOR'S LINEAR MEASURE 

302. Gunters chain is the unit employed in survetying. It 
is 66 feet long. 
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TaUe 

7.92 Inches make 1 Link (1.) 

25 Links make 1 Rod (rd.) 

4 Rods, or 100 Links make 1 Chain (ch.) 

80 Chains make 1 Mile (mi.) 

SURVEYOR'S SQUARE MEASURE 

Table 

625 square links (sq. 1.) make 1 square rod (sq. rd.) 

16 square rods make 1 square chain (sq. ch.) 

10 square chains make 1 Acre (A.) 

640 Acres make 1 square mile (sq. mi.) 

MEASURES OF CAPACITY 

303. There are two measures of capacity; Liquid Measure 
and Dry Measure. 

LIQUID MEASURE 

304. Liquid measure is used in measuring liquids. 

Table 

4 Gills (gi.) make 1 Pint (pt.) 

2 Pints make 1 Quart (qt.) 

4 Quarts make 1 Gallon (gal.) 

DRY MEASURE 

305. Dry measure is used in measuring grain, roots, fruit, etc. 

Table 

2 pints (pt.) make 1 Quart (qt.) 

8 Quarts make 1 Peck (pk.) 

4 Pecks make 1 bushel (bu.) 

MEASURES OF WEIGHT 

306. There are three measures of weight in common use. 
Avoirdupois, Troy, and Apothecaries' weight. 
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AVOIRDUPOIS WEIGHT 

307. Avoirdupois weight is used for determining the quantity, 
of all ordinary objects, as iron, steel, hay, grain, etc. 

Table 

16 Ounces (oz.) make 1 Pound (lb.) 

100 Pounds make 1 Hundred-weight (cwt.) 

20 Hundred-weight make 1 Ton (T.) 

TROY WEIGHT 

308. Troy weight is used in weighing gold, silver, and jewels. 

Table 

24 Grains (gr.) make 1 Pennyweight (pwt.) 
20 Pennyweights make 1 Ounce (oz.) 

12 Ounces make 1 Pound (lb.) 

APOTHECARIES' WEIGHT 

309. Apothecaries' weight is used by apothecaries in weighing 
medicines, and has been purposely omitted. 

MEASURE OF VALUE 

310. The ordinary measure of value is money. 

UNITED STATES MONEY 

311. The unit of United States Money is the Dollar. 

Table 

10 Mills (m.) make 1 Cent (ct.) 

10 Cents make 1 Dime (d.) 

10 Dimes make 1 Dollar ($) 

10 Dollars make 1 Eagle (E.) 

MEASURE OF TIME 

312. The ordinary divisions of time are given in the following 
table. 
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Table 



60 Seconds 


(sec.) make 1 Minute 


(min.) 


60- Minutes 


make 1 Hour 


(hr.) 


24 Hours 


make 1 Day 


(da.) 


7 Days 


make 1 Week 


(wk.) 


365 Days 


. make 1 Year 


(yr.) 


366 Days 


make 1 I^ap Year 


(yr.) 


100 Years 


make 1 Century 


(cen.) 



MEASURE OF ANGLES 

313. Circular, or Angular Measure is used to measure arcs of 
circles, and angles. 

Table 

60 Seconds (") make 1 Minute (') 

60 Minutes make 1 Degree (°) 

360 Degrees make 1 Circle (Cir.) 



REDUCTION 



314. Reduction of denominate numbers is the process of 
changing their denomination without changing their value. They 
may be changed from a lower to a higher, or from a higher to a 
lower denomination. As pounds may be changed to ounces, or 
ounces changed to pounds. 

315. Denominate numbers are changed to a lower denomina- 
tion by multiplying, and to a higher denomination by dividing. 

316. Problem. — Change 2 hours to minutes. 



SOLUTION.- 



60 min. 
2 

120 min.f Ans. 



Explanation. — Whereas there are 60 minutes in 1 hour, in 2 
hours there are 2 times 60 minutes, or 120 minutes. There- 
fore 2 hr. equal 120 min. 
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317. Problem. — Change 7,200 seconds to hours. 

Solution.— 60)7200(120 min. 

60 

120 ' 
120 

~0 

60)120(2 ^r., Afu. 
120 



Explanation. — Whereas there are 60 seconds in one minute 
and 60 minutes in one hour, therefore 7,200 seconds divided by 
60 and the quotient thus obtained again divided by 60 will give 
the number of hours. 

318. Problem. — Reduce 9 yd. 7 ft. 2 in. to inches. 

Solution. — 9 yd. 

3 

~^ ft. 
J_ft. 

34 ft. 
12 

68 
34 

408 in. 
2 in. 

410 in.f Ans. 

Explanation. — Whereas there are 3 feet in one yard, in 9 
yards there are 9 times 3 feet, or 27 feet, to which are added the 
7 feet given in the problem, making 34 feet. Then, whereas 
in 1 foot there are 12 inches, in 34 feet there are 34 times 12 
inches, or 408 inches; to this 408 inches are added the 2 inches 
given in the problem, making 410 inches. Therefore 9 yards 
7 feet 2 inches equal 410 inches. 

319. Problem. — Reduce 4,690 sq. in. to higher denominations. 

Solution.— Ist 144)4690 sq. in.(32 aq. ft. 

432 

^70 

288 

82 sq. in. 
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2nd 9)32 aq. ft.(Z aq. yd. 

27 
5 aq. ft. 

Then 4,690 sq. in.=3 sq. yd. 5 sq. ft. 82 sq. in., Ans. 

Explanation. — We first find how many square feet there are 
in 4,690 square inches. Whereas in 1 square foot there are 144 
square inches, in 4,690 square inches there are as many square 
feet as 144 is contained in 4,690. 144 is contained in 4,690, 32 
times with a remainder of 82. Therefore in 4,690 square inches 
there are 32 square feet and 82 square inches. The next thing 
to find out is how many square yards there are in 32 square 
feet. Whereas in 1 square yard there are 9 square feet, in 32 
square feet there are as many square yards as 9 is contained 
in 32. 9 is contained in 32, 3 times with a remainder of 5. 
Therefore in 32 square feet there are 3 square yards and 5 square 
feet to which we add the remainder of 82 square inches, getting a 
result of 3 square yards 5 square feet 82 square inches. 

320, Rule. — To reduce, or change, from a higher to a lower 
denomination: 

(1) Multiply the number in the highest denomination by as 
many of the next lower denomination as are equal to 1 in the 
higher denomination. 

(2 ) To the product add the number, if any, which was in the 
lower denomination, and set down the amount. 

(3) Reduce this amourU in the same way multiplying by as 
many units of the next lower denomination as are equal to 1 unit of 
the amount. 

(4) Proceed in this manner until all the denominations have 
been reduced to the lowest denomination. 

321. Rule. — To reduce, or change, from a lower to a higher 
denomination: 

(1 ) Divide the lowest denomination by as many units as are 
contained in the next higher denomination, and reserve the remain- 
der. 
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(2) Divide the quotient so obtained by as many units as are 
contained in the next higher denomination^ and reserve the remain- 
der, 

(3) Continue in this manner until the quotient represents the 
highest denomination and vrrite it as such; then successively write 
the several remainders as the succeeding lower denominations, 

322. Problems. — (1) How many square inches are there in a board 14 
inches wide and 12} feet long? 

(2) How many bushels are there in 10,080 pints? 

(3) How many cubic inches are there in 1 cubic yard 4 cubic feet 6 cubic 
inches? 

(4) How many } mile lengths are there in 11,120 feet of wire? 

(5) Reduce 9 tons 3 hundred-weight 7 pounds 9 ounces to ounces. 

Answers.— (1) 2,100 sq. in. (2) 157J bu. (3) 53,574 cu. in. 

(4) 8H- (d) 292,921 oz. 

323, In the processes of adding, subtracting, multiplying, and 
dividing compound denominate numbers, the principles of opera- 
tion involved are the same as in ordinary processes, the only 
difference being that caused by the varying scale of the denomina- 
tions. 

ADDITION 

324, In adding compound numbers the several denominations 
are written in columns, like denominations under one another, as 
in ordinary addition. They are then added separately and the 
sum of the lower denominations reduced to terms of the next 
higher denominations. 

325. Problem.— Add 30 rd. 7 yd. 2 ft. 9 in. to 18 rd. yd. 1 ft. 5 in. 

Solution. — rd. yd. 

30 7 

18 



ft. 


in. 


2 


9 


1 


5 



48 7 3 14 



49 2 2 8, Ana. 

(o) 9 in. + 5 in. =14 in. and 14 in.= 1 ft. 2 in. 
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(6) 2 ft. + 1 ft.=3 ft. and 3 ft. + 1 ft. 2 m.=4 ft. 2 in.=l yd. 1 ft. 2 in. 

(c) 7 yd. + yd.=7 yd. and 7 yd. + 1 yd. 1 ft. 2 m.=8 yd. 1 ft. 2 m. = l rd. 
2 yd. 2 ft. 8 in. 

id) 30 rd. + 18 rd.=48 rd. and 48 rd. + 1 rd. 2 yd. 2 ft. 8 in. = 49 rd. 2 yd- 
2 ft. 8 in. 

Explanation. — In solving a problem in the addition of de- 
nominate numbers the quantities are first written in columns, 
like denominations under like denominations, as shown. We 
then add, beginning for convenience with the column of lowest 
denomination, in this case inches. 

(a) The sum of the inches, 14, is greater than a foot, so we 
reduce the 14 inches to 1 foot 2 inches. 

(6 ) We then add the feet, getting 3 feet, and to this add the 
1 foot 2 inches obtained from the inches, making in all 4 feet 2 
inches. 4 feet is more than a yard so we change 4 feet to yards, 
which makes 1 yard 1 foot; to this is added the inches, giving 
in all 1 yard 1 foot 2 inches. 

(c ) The sum of the yards is 7 and to this must be added the 
1 yard 1 foot 2 inches obtained from the previous additions 
making in all 8 yards 1 foot 2 inches. 8 yards equal 1 rod 2^ 
yards; and i yard equals 1 foot 6 inches, that is 8 yards equal 

1 rod 2 yards 1 foot 6 inches. To this must be added the 1 foot 

2 inches we had previously, making 1 rod 2 yards 2 feet 8 inches. 

{d) The sum of the rods is 48 and to this must be added the 
1 rod 2 yards 2 feet 8 inches obtained from the previous oper- 
ations, making in all 49 rods 2 yards 2 feet 8 inches. 49 rods 
cannot be reduced to any higher denomination so the solution 
is complete and the result is 49 rods 2 yards 2 feet 8 inches. 

326. Rule. — Write the numbers under one another as in ordin- 
ary addition, vnth like denominaiions under like denominations. 
Add each column of denominations separately and reduce the several 
results to their proper denominations. 
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327. Problems. — ^Find the sum of: 

(1) cu. yd. cu. ft. cu. in. 

36 20 1320 

15 . 14 780 

10 607 



(2) 



(3) 



Da. 


hr. 


min. 


sec. 


27 


23 


45 


30 


30 


10 


8 


17 


45 


21 


31 


49 


10 


5 


14 


58 


T. 


cwt. 


lb. 


oz. 


15 


8 


96 


12 


28 





72 


5 


14 


18 


81 


15 


71 


1 


35 


10 



Answers.— (1) 62 cu. yd. 8 cu. ft. 979 cu. in. (2) 114 da. 12 hr. 40 min. 
34 sec. (3) 129 T. 9 cwt. 86 lb. 10 oz. 



SUBTRACTION 

328. In subtracting denominate numbers they are set down 
as in the ordinary subtraction of whole numbers, care being taken 
to have the denominations in the subtrahend under the denomin- 
ations of a similar kind in the minuend. 

329. Problem. — ^From 30 yards 1 foot 6 inches take 25 yards 2 feet. 
5 inches. 



Solution. — 


yd. 


ft. 


in. 




30 


3+1 


6 




25 


2 


5 



1, Ans. 

Explanation. — We begin at the lowest denomination to sub- 
tract. In this case it is inches therefore we subtract the 5 inches, 
in the subtrahend from the 6 inches in the minuend and write 
the remainder as a part of the answer. We now find that we 
cannot subtract 2 feet from 1 foot, therefore we reduce one of the 
yards, of the 30 yards, to feet; 1 yard is equal to 3 feet, which 
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we add to the 1 foot in the minuend. This gives us 4 feet; we 
may now subtract the 2 feet in the subtrahend from the 4 feet 
in the minuend and get a remainder of 2 feet which we write as 
a part of the answer. Having previously taken 1 yard from the 
30 yards we now have 29 yards in the minuend; subtracting 
25 yards from 29 yards leaves 4 yards, this we write as the last 
figure in the answer and now have 4 yd. 2 ft. 1 in. 

330. Rule. — Write the numbers under one another as in ordin- 
ary subtraction, with like denominations under like denominations. 
Subtract ea^h denomination separately and reduce the several results 
to their proper denominations, 

331. Problems. — 

(1) From 49** 52' 51" take 38° 53' 40". 

(2) From 5 cwt. 38 lb. 5 oz. take 96 lb. 15 oz. 

(3) From 9 mi. 1 rd. 1 1 ft. 6 in. take 57 rd. 

(4) From 4 yr. 19 wk. 8 da. take 3 yr. 41 wk. 9 da. 

Answers.— (1) 10° 59' 11". (2) 4 cwt. 41 lb. 6 oz. (3) 8 mi. 264 rd. 
11 ft. 6 in. (4) 29wk.6da. 

MULTIPLICATION 

332. In multiplying denominate numbers each denomination 
is multiplied separately and then the lower denominations are 
raised to higher denominations if possible. The multiplier must 
be an abstract number, 

333. Problem. — Multiply 5 bu. 3 pk. 4 qt. 1 pt. by 5. 



Solution. — 


bu. 
5 


pk. 
3 


qt. 
4 


pt. 

1 
5 




25 


15 


20 


5 


reduced gives 


29 


1 


6 


1, 



1, Ans. 

Explanation. — In this problem the denominate numbers are 
set down in the usual way; then each number is multiplied by 
the multiplier. Beginning with the lowest denomination, which 
is pints, we multiply the 1 pint by 5, this gives us 5 pints; then we 
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multiply the 4 quarts by 5 and get 20 quarts; then we multiply 
the 3 pecks by 5 and get 15 pecks; lastly we multiply the 5 
bushels by 5 and get 25 bushels. We now have 25 bushels 15 
pecks 20 quarts 5 pints which reduced to proper denominations 
gives us 29 bushels 1 peck 6 quarts 1 pint. 

334. Rule. — Multiply each denomination separately. Then 
reduce the products to proper denominations. 

335. Problems. — (1) Multiply 4 days 9 hours 40 minutes 20 seconds 
by 16. 

(2) Multiply 40 acres 90 square rods 56 square feet by 13. 

(3) How much is 5 times 9 gallons 3 quarts 1 pint? 

(4) Multiply 93 cubic yards 26 cubic feet 735 cubic inches by 9. 

Answers.— (1) 70 da. 10 hr. 45 min. 20 sec. (2) 527 A. 52 sq. rd. 183 
sq. ft. 72 sq. in. (3) 49 gal. 1 qt. 1 pt. (4) 845 cu. yd. 21 cu. ft. 1431 cu. in. 

DIVISION 

336. In dividing denominate numbers each denomination is 
divided separately, beginning with the highest. Where there is 
a remainder resulting from any such division it is reduced to 
terms of the next lower denomination. This operation is re- 
peated until the last denomination is reached. If there is a 
remainder after the last denomination has been divided, this 
remainder forms a fractional part of the last denomination. 

337. Problem. — Divide 28 bushels 3 pecks 7 quarts 1 pint by 6. 

Solution. — 6)28 bu. 

4 bu 4 + 4 6m. 

4 6u.=16 pk. 

3 pk. 

6)19 pk. 

i3 pk 3 + 1 pk. 

1 1 pk.=S qi. 

Ana. / 7 qt. 

6)15 qt. 

\2 qt 2 + 3 qt. 

3 ^(.=6 pt. 
1 pt. 

6)7_p(. 
IJ pt li pt' 
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Explanation. — In this problem the 28 bushels 3 pecks 7 
quarts 1 pint are set down as shown. We then divide 28 bushels 
by 6 and find it gives us 4 and a remainder of 4 bushels; the 
quotient 4 is set down as the first denomination of the answer, the 
remainder of 4 bushels is reduced to pecks and added to the 3 
pecks in the problem making 19 pecks. The 19 is now divided 
by 6 getting a quotient of 3 and a remainder of 1 peck. The 
quotient 3 is written as the second denomination in the answer, 
and the 1 peck is reduced to quarts and added to the 7 quarts 
in the problem, making in all 15 quarts; we now divide the 15 
quarts by 6 and get a quotient 2 and a remainder of 3 quarts. 
The quotient 2 is written as the third denomination of the answer 
and the remaining 3 quarts are reduced to pints and added to 
the 1 pint in the problem, making in all 7 pints. We now divide 
7 by 6 and get a quotient 1 and a remainder of 1. We write the 
quotient 1 as the last denomination of the answer, and, whereas 
there are no lower denominations in the problem, the remainder 
1 together with the divisor 6 is written as a fractional part of the 
last denomination. 

338. Rule. — Divide each denomination separately. • Begin 
at the highest denomination. If there is a remainder reduce it to 
terms of the next lower denomination and add it to the number in 
the next lower denomination. Then divide as before. Repeat the 
process until all the denominations have been divided. If any de- 
nomination be less than the divisor reduce it to terms of the next 
lower denomination before dividing. 

339. Problems.— (1) Divide 360° 40 ' 32" by 9. 

(2) Divide 90 acres 87 square rods 42 square feet by 16. 

(3) Divide into 5 parts, a wire 9 miles 87 rods 14 feet 10 inches long. 

(4) Divide 9 days 20 hours 41 minutes 56 seconds by 4. 

Answers.— (1) 40° 4' 30J". (2) 5 A. 105 sq. rd. 121 sq. ft. lOSJ sq. in. 
(3) 1 mi. 273 rd. 3 yd. 6t in. (4) 2 da. 1 1 hr. 10 min. 29 sec. 
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THE METRIC SYSTEM 

340. The metric system is based on the meter as a unit, all 
the other units of measure employed in the system being derived 
from it. It is used by nearly all the civilized countries of the 
world with the notable exception of the United States and Great 
Britain. The system has a decimal scale. 

341. The unit of measure, the Meter, is very nearly one ten 
millionth part of the distance from the equator to the poles. 

342. By using Greek and Latin prefixes the several other 
denominations are formed. Deci means ^; Centi, y^; Milli^ 
^^^. While Deka means 10; Hekto, 100; Kilo, 1,000; Myria» 
10,000. 

343. Therefore, Decimeter means one-tenth of a meter; 
Centiliter, one-hundredth of a liter, etc. While Hektometer 
means one hundred meters; Elilometer, one thousand meters; 
Dekaliter, ten liters, etc. 

344. There are five kinds of metric measures: 

1st. Measures of Length. 

2nd. Measures of Surface. 

3rd. Measures of Volume. 

4th. Measures of Capacity. 

5th. Measures of Weight. 

MEASURES OF LENGTH 

345. The meter is the unit of length and equals 39.37 inches. 

Table 

10 Millimeters (mm.) make 1 Centimeter (cm.) 

10 Centimeters make 1 Decimeter (dm.) 

10 Decimeters make 1 Meter (m.) 

10 Meters make 1 Dekameter (Dm.) 

10 Dekameters make 1 Hektometer (Hm.) * 

10 Hektometers make 1 Kilometer (Km.) 

10 Kilometers make 1 Myriameter (Mm.) 
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MEASURES OF SURFACE 

346. The unit of a surface is a square whose sides equal the 
linear unit. Therefore in the metric system of surface measures 
the area of a square whose side is 10 millimeters^ is 100 sq. 
millimeters, or 1 sq. centimeter. 

One square meter equals 1.196 -f- sq. yd. 

Table 

100 Sq. Millimeters make 1 Sq. Centimeter 

100 Sq. Centimeters make 1 Sq. Decimeter 

100 Sq. Decimeters make 1 Sq. Meter 

100 Sq. Meters make 1 Sq. Dekameter 

100 Sq. Dekameters make 1 Sq. Hektometer 

100 Sq. Hektometers make 1 Sq. Kilometer 

MEASURES OF VOLUME 

347. The unit of volume is a cube whose height, breadth, 
and thickness, is equal to the linear unit. Therefore in the 
metric system of volumes, the volume of a cube whose edge is 
10 millimeters, is 1,000 cu. millimeters, or 1 cu. centimeter. 

One cubic meter equals 1.308 cu. yd. 

Table 

1,000 Cu. Millimeters make 1 Cu. Centimeter 
1,000 Cu. Centimeters make 1 Cu. Decimeter 
1,000 Cu. Decimeters make 1 Cu. Meter 

MEASURES OF CAPACITY 

348. The unit of capacity is the liter and contains a volume 
equal to a cubic decimeter. 

One liter is equal to 1.0567 qt. 

Table 

10 Milliliters (ml.) make 1 Centiliter (cl.) 

10 Centiliters make 1 Deciliter (dl.) 

10 Deciliters make 1 Liter (1.) 

10 Liters make 1 Dekaliter (Dl.) 

10 Dekaliters make 1 Hektoliter (HI.) 

10 Hektoliters make 1 Kiloliter (Kl.) 
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MEASURES OF WEIGHT 

349. The gram is the unit of weight and is equal to a cubic 
centimeter of distilled water at its greatest density. 

One gram equals 15.43248 grains. One kilogram equals 
2.20462 lb. 

Table 

10 Milligrams (mg.) make 1 Centigram (eg.) 

10 Centigrams make 1 Decigram (dg.) 

10 Decigrams make 1 Gram (g.) 

10 Grams make 1 Dekagram (Dg.) 

10 Dekagrams make 1 Hektogram (Hg.) 

10 Hektograms make 1 Kilogram (Kg.) 

10 Kilograms make 1 Myriagram (Mg.) 

10 Myriagrams make 1 Quintal (Q.) 

10 Quintals make 1 Tonneau (T.) 

REDUCTION 

350. In the metric system reduction to higher or lower 
denominations is accomplished by changing the position of the 
decimal point. 

351. In measures of volume it requires 1,000 units of a lower 
denomination to make 1 unit of a higher denomination. There- 
fore the decimal point must be removed three places. As 1,000. 
cu. mm. = 1.000 cu. cm. 

352. In measures of surfaces it requires 100 units of a lower 
denomination to make 1 unit of a higher denomination. There- 
fore the decimal point must be removed two places. As 100. 
sq. dm. = 1.00 sq. m. 

353. In other metric measures the decimal point is removed 
one place. As 10. Hm. = 1.0 Km. 

354. Problem. — How many gallons of oil will a tank 8 meters long, 
5 meters deep, and 4 meters wide, hold? 

Solution. — Whereas 8X5X4=160 (cu. m.), 
and 1 (cu. m.)= 1,000 (cu. dm.). 
Therefore, IftO (cu. m.) = 160,000 (cu. dm.), 
and whereas 1 (l.) = l (cu. dm.). 
Therefore, 160,000 (cu. dm.) = 160,000 (1.), 
and 160,000X 1.0567 -i-4=42,268 gallons. Ana. 
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Explanation. — Whereas a tank 8 meters long, 5 meters wide, 
and 4 meters deep contains 160 cubic meters, and whereas 1 
cubic meter is equal to 1,000 cubic decimeters; therefore, 160 
cubic meters equals 160,000 cubic decimeters, and whereas 1 
liter is equal to 1 cubic decimeter; therefore, 160,000 cubic 
decimeters equals 160,000 liters, and whereas 1 liter equals 1.0567 
quarts, 160,000 liters equals 169,072 quarts, and whereas 1 gallon 
contains 4 quarts, therefore a tank 8 meters long, 5 meters deep 
and 4 meters wide contains 42,268 gallons. 

355. Problems. — (1) What is the area in square feet of a surface 8 
decimeters long and 9 centimeters wide? 

(2) A cubic inch of cast iron weights J lb. What will be the weight in 
metric measures of a piece of cast iron 10 in. long, 4 in. wide, and 2i in. thick? 

(3) If a pipe discharge into a tank 5.1 Dl. per minute how long will it take 
to fill a tank § full providing it is 5 m. long, 3 m. wide and 4 m. deep? 

(4) How many gallons of water will the above tank contain when it is 
half full? 

(5) One cubic centimeter of water weighs 1 gram; the weight of mercury 
is 13.5 times that of water. What is the weight of 9 deciliters of mercury? 

Answers.— (1) .775+ sq. ft. (2) 11.339+ (Kg.). (3) 13 hr. 4 min. 
18H sec. (4) 7,925i gal. (5) 12.15 (Kg.). 
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EXAMINATION QUESTIONS AND PROBLEMS 

(1 ) What is a denominate number? 

(2) In what way does the metric system of weights and 
measures differ from the ordinary, or English system? 

(3 ) How many cubic feet are there in a box 2 meters long. 
12 decimeters wide, and 98 centimeters deep? 

(4) Reduce J mi. to inches. 

(5 ) Reduce 1.9 bu. to pints. 

(6) Reduce 14,849,500 sq. in. to higher denominations. 

(7 ) Reduce to cu. yd. 575,424 cu. in. 



(8) Add: 


rd. 


yd. 


ft. 


in. 




27 


4 


2 


8 




19 


5 


2 


7 




8 


2 


1 


11 




17 


3 





8 


(9) Add: 


gal. 




qt. 


pt. 




14 




3 


1 




9 




2 


1 




27 




1 







25 




2 


1 



(10) Subtract 7 bu. 3 pk. 3 qt. 1 pt. from 10 bu. 

(11 ) Find the difference between 10 T. 2 cwt. and 124,760 oz 

(12) Multiply 7 da. 15 hr. 25 min. 34 sec. by 15. 
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(13) If a box contains 4 bu. 2 pk. 3 qt. 1 pt. how much will 
75 such boxes contain? 

(14 ) A circle is to be divided into 17 equal parts. What will 
be the number of degrees, minutes and seconds in each part? 

(15) A train running 90 mi. makes the distance in 1 hr. 
25 min. What is its rate per hour? 

(16) What will it cost to build 1.75 mi. of fence at 55 cents 
per yard? 

(17 ) How many steel rails 30 ft. long will be needed to build 
4 mi. of double track railway? 

(18) A locomotive burns 15 T. 2 cwt. 21 lb. of coal in going 
80 mi. How much does it burn in going 1 mi? 



ANSWERS TO EXAMINATION PROBLEMS 



(1 
(2 
(3 
(4 
(5 
(6 
(7 
(8 
(9 
(10 

(11 
(12 

(13 
(14 
(15 
(16 
(17 
(18 



83.063 + cu. ft. 

47,520 in. 

121.6 pt. 

2 A. 58 sq. rd. 23 sq. yd. 4 sq. ft. 4 sq. in. 

12J cu. yd. 

73 rd. 5 yd. 1 ft. 10 in. 

77 gal. 1 qt. 1 pt. 

2 bu. 4 qt. 1 pt. 

6 T. 4 cwt. 2 lb. 8 oz. 

16 wk. 2 da. 15 hr. 23 min. 30 sec. 

345 bu. 2 pk. 6 qt. 1 pt. 

21° 10' 35,'V''. 

63^ mi. per hr. 

$1,694. 

2,816 rails. 

3 cwt. 77 lb. 12i oz. 
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356. The process of multiplying a number by itself a number 
of times is called involution. As 2x2x2, etc., and 3x3x3 
X3, etc. 

357. The result obtained by this process is called a power of 
the number. As in 2x2x2 = 8, 8 is a power of 2. 

358. The power of a number varies according to the number 
of times the number has been multiplied by itself. When a 
number is multiplied by itself oncey the'result is called the second 
power of the number. As 2x2 = 4, 4 is the second power of 2. 
When a number is multiplied by itself 3 times the product is 
called the fourth power of the number. As 3x3x3x3 = 81, 
81 is the fourth power of 3. Or 5x5x5x5 = 625, 625 is the 
fourth power of 5. 

359. Any power of any number can be found by multiplying 
the number by itself the required number ot times. As 2x2x2 
X2X2X2X2X2 = 256, 256 is the 8th power of 2. Therefore, 
a power is a quantity produced by multiplying a given number 
by itself a number of times. 

- 360. The first power of a number is called the root. As in 
2 X 2 = 4, 2 is the rootj or first power. 

361. The following table shows the number 4 raised to the 
first, second, third, and fourth powers. 

4 = 4; 4: is the root or first power of 4. 
4 X4 = 16; 16 is the second power or square of 4. 
4 X 4 X 4 = 64 ; 64 is /Ae third power or cube of 4. 
4 X 4 X 4 X 4 = 256 ; 256 ts the fourth power of 4. 

362. In writing problems in involution they are not usually 
expressed by writing them as in 3x3x3 = 27, but a. small index 
figure called the exponent is used. It is written to the right and 
above the root and indicates the power required. As 3* indicates 
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that the third power (or cube) of 3 is required; 3* indicates that 
the fifth power of 3 is required; etc. 

363. The powers of a whole number, 'except the first power, 
are always greater than the number; while the powers of a 
fraction, except the first power, are always less than thfc fraction. 
As 2X2=4, while iXi = i. 

364. The principle of decrease is the same in decimals. As 
in .6X.6X.6X.6 = .1296. 

365. Problem. — .5*. 

Solution. — .5 first power, 

.25 second power. 

.125 third power. 
.5 



.0625 fourth power ^ Ans. 

Explanation. — Multiplying the decimal root by itself we 
obtain the second power, which is .25; then multiplying the 
second power by the decimal root .5 we obtain the third power; 
then multiplying the third power by the decimal root .5 we 
obtain the fourth power which is .0625, a cipher having been 
prefixed to the 625 to obtain the right number of decimal places. 

366. Rule. — Multiply the root by itself until it has been v^ed 
as a factor the number of times indicated by the exponent. 

367. Problems.— Find the foUowing: (1) 12". (2) 10». (3) 5*. 

(4) 3». (5) (i)». (6) (i)*. (7) (f)*. (8) (i)». 

Answers.— (1) 1,728. (2) 100,000. (3) 78,125. (4) 19,683. 

(5) liz- (6) mi (7) A^. (8) z,h4,. 
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EVOLUTION 

368. Evolution is the process of finding the roots of numbers. 

369. It was demonstrated in involution that the root of a 
number, is that number which multiplied by itself a certain 
number of times produces the number. The square root of 4 
is 2, because 2x2 = 4; the cube root of 27 is 3, because 3x3x3 = 
27; the fifth root of 32 is 2, because 2x2x2x2x2 = 32, and so 
on. 

370. From this it is seen that involution is the process of 
raising numbers to required 'powers by the multiplication of 
equal factors, while evolution is the process of finding roots by 
the analysis of numbers. 

371. When the root of a number is to be found a sign called 
the radical sign is used. It is written thus \/ and is placed before 
the number and the vinculum is used in connection with it. 
Thus, i/49. 

372. To indicate what root of a number is to be found a small 
figure called the index is placed above and to the left of the radical 

1 8_ 4 

sign. Thus i/4; /9; v^243, etc. 

• 

|/ 4 indicates that the second, or square root of 4 is to be found. 

8 

\/% indicates that the third, or cube root of 9 is to be found. 

4 

V^243 indicates the fourth root of 243 is to be found. 

373. When the second, or square root of a number is to be 
found the index figure is omitted and the sign only is used. 
Thus i/i6; |/8, etc. p/lB^indicates that the square root of 16 is 
to be found. |/8 indicates that the square root of 8 is to be 
found, etc. 

374. When we wish to extract the root of a number we must 
first separate the number into certain groups, or periods, be- 
ginning at the right. The number of figures contained in each 
group will depend on the nature of the root to be found. If the 
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square root is to be found the number must be separated into 
groups of ^ figures each. 



375. In the problem |/275, we separate the number 275 into 
groups of 2 figures beginning at the right. This gives us 2'75. 
We find that the first group we pointed off contains two figures^ 
7 and 5. The last contains but one figure, 2. In the problem 
|/1,375 we point off into groups of two figures each, and then 
have two figures, 7 and 5, in the first group and 1 and 3 in the 
last group, as 1375. 

376. Problem. — Find the square root of 729. 
Solution. — 



Space 1. 


Space S. 


Space S. 


2 com. diviaor. 


7 '29 


27, Ans. 


2 


4 




40 trial divisor. 


329 




7 


329 




47 com. divisor. 


000 





Explanation. — For convenience in explaining, a diagram has 
been constructed, divided into three spaces numbered 1, 2 and 3. 
The number 729 whose square root is to be found, is written in 
space 2 and separated into periods, or groups, of two figures each 
beginning at the right. This operation gives us one group of two 
figures, 2 and 9, and the 7 is then the only figure in the next 
group. We now find that there is no whole number which when 
once multiplied by itself will produce 7; therefore, we find the 
highest number whose square is less than 7; this number we 
find to be 2, as 2x2 = 4; we therefore use 2 as the first divisor. 
This we call a complete divisor. We write 2 in space 1, and in 
space 5 as a part of the answer. Then squaring 2, we write the 
product 4, under the 7 in spa/^e 2. We next subtract the 4 from 
the 7 in space 2 and bring down the next group of figures. We 
now have 329 as a new dividend in space 2. We next add another 
2 to the 2 in space 1 and get 4, to this 4 we affix a cipher and 
thus obtain 40; we use the 40 as a trial divisor and divide it 
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into 329. We find that it is contained in 329, 8 times; we add 
the 8 to the forty in space 1 and multiply the 48 thus obtained 
by 8. This gives us 384. Whereas 384 is larger than 329, the 
quotient 8 is larger than the required figure in the root. We then 
take the next number smaller than 8 and add it to the 40 in the 
place of 8, this gives 47 as the complete divisor, we now multiply 
the 47 in space 1 by 7 and place the product 329 under the 
dividend in space 2 and subtract it. The last product 329 not 
being greater than the dividend 329, it follows that 7 is the 
next figure of the root sought. We therefore place it in spa^ce 3 
as the second figure in the root. There being no more groups of 
figures to bring down, and no remainder after subtracting the 
product of 7 and 47, we find that the extraction of the square 
root of 729 is completed and that the said root is 27. 



377. Problem.— V17,424. 
Solution. — 



Space 1. 


S^ce 2. 


Syace 3. 


1 


174*24 


132, Arts. 


1 
20 


1 

74 




_3 
23 


69 
524 




3 
260 


524 
000 




2 
262 




1 
1 



Explanation. — Proceeding as in the previous problem we 
write the number whose root is to be found in space 2 and point 
off into periods of 2 figures each, beginning at the right. We find 
that we have two periods of two figures each, 2 and 4, and 7 and 4^ 
and one period of one figure. The only figure in the first group 
to the left is 1. The root of 1, is 1, because 1X1 = 1. We place 
a 1 in space i, and as the first figure in our answer in space 3; 
we also write it under the 1 in space 2, We write another 1 
under the 1 in space i, add them and get 2, to this we annex a 
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cipher and get 20. We next, subtract 1 from 1 in apace 2 and 
get no remainder. We then bring down the next group 74; using 
20 as a trial divisor we divide it into 74 and get 3; we add the 
3 to the trial divisor, 20, which gives us 23 as a complete divisor. 
We write a 3 as the second figure in our answer. Then multiply- 
ing 23 by 3 we obtain 69, which we subtract from 74, getting a 
remainder of 5; we bring down the next period of figures which 
is 24 and annex it to the 5 getting 524. We next add a 3 to the 
complete divisor, 23, getting 26. We now affix a cipher to the 
26, making 260. We use 260 as a trial divisor and divide the new 
dividend 524 by it. We find that 260 is contained in 524 twice, 
we therefore place a 2 in the answer in space S and also add a 
2 to the trial divisor 260; this gives us a complete divisor of 
262; we now multiply 262 by 2 and find that it is equal to 524. 
We write the 524 under the new dividend in apace 2 and subtract 
it, getting no remainder. Whereas there are no more groups of 
figures to bring down the extraction of the square root of 17,424 
is now complete and we find it to be 132. 

378. Rule. — (1 ) Separate the number into perioda of two 
figures ea^h, beginning at the right. 

(2 ) Find the greatest square in the left hand periody and wrUe 
the root of this period for the first figure in the answer. 

(3 ) Sqvxire this root and subtract the result from the left hand 
period. 

(4 ) Bring down the next period and annex it to the remainder 
obtained, and use it as a new dividend. 

(5 ) Add the root already found to itself, and affix a cipher. 

(6 ) Use the number thv^ formed as a trial divisor and divide 
the new dividend by it, add the quotient thus obtained to the trial 
divisor and also place it in the root. Multiply the complete divisor 
thus obtained by the figure just placed in the root and subtract the 
product from the dividend. 

(7 ) Bring down the next period of figures and annex it to the 
remainder. 

(8 ) Proceed as before until all the periods have been operated 
upon. 
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(9) // the number of which the square root is sought is not a 
perfect square, annex periods of decimal ciphers and continue the 
process as before, 

379. The square root of a decimal is found by first separating 
the decimal into groups of two figures each, beginning at the 
decimal point and passing to the right, and then proceeding with 
the operation the same as in whole numbers. If necessary a 
cipher is added to complete the last group. 

380. Problem. — Find the square root of .000625. 
Solution. — 



Space 1. 


Space 2. 


Space S. 


2 


.00W25 


.025, Ans. 


2 


00 




40 


06 




5 


4 




45 


225 
225 

000 





Explanation. — After setting down the decimal .000625 as 
shown in the solution we find the root of the first group. This 
group is all ciphers, therefore the first figure of the root is a 
cipher. We place a cipher in the answer, and bring down the 
next group which consists of a cipher and a 6; we find the next 
figure in the root to be 2 because 2x2 = 4 and 4 is less than 6. 
We write a 2 in the root and also in space 1; we subtract the 
square of 2 which is 4 from the 6 in space 2 and bring down 
the next group of figures and affix it to the remainder 2, getting 
225. We then add a 2 to the 2 in space 1 getting 4; we now 
affix a cipher to the 4 and get 40, which we divide into 225 and 
get 5 as the third figure of the root; we now add the 5 to the 40 
in space 1 and get 45 for a complete divisor. Multiplying 45 
by 5 we get 225; subtracting this from the 225 in space 2 we 
have no remainder and as there are no more periods to bring 
down, the extraction of the square root of .000625 is completed 
and the root is .025. 
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381. Rule. — (1 ) Separate into periods of two figures each 
beginning at the decimal point. 

(2 ) Proceed as in extracting the square root of whole numbers. 

(3) Point off as many decimal places in the root as there are 
groups of figures in the decimal part of the power. 

382. Problems.— (1) v^^SS. (2) x/lfi24. (3) ^/T5B76". 

(4) v^iTTsose: (5) x/r 

Answers.— (1) 45. (2) 32. (3) .26. (4) 4.16. (5) .790-1-. 
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RATIO 

383. Ratio is the numerical measure of the relation of numbers. 

384. Certain relations exist between numbers. When we 
compare 2 to 4 we find that 2 is ^ of 4. When we compare 8 to 
16 we find that 8 is ^ of 16. Comparing 8 and 24 we find that 
8 is i of 24. 

385. The process of comparing one number with another 
is called finding the ratio of the two numbers compared. In 
making such a comparison the numbers must always be of the 
same kind. That is, both numbers must be either abstract 
numbers, or concrete numbers of the same denomination. 

386. The two numbers compared are called the terms of the 
ratio. 

387. When the terms of a ratio are considered together they 
are called a couplet. 

388. The first term is called the antecedent^ and the second 
term the consequent. 

389. In the ratio 10 to 2, 10 and 2 form the couplet of which 
10 is the antecedent and 2 the consequent, 

390. In the ratio 2 to 10, 2 and 10 form the couplet of which 
2 is the antecedent and 10 is the consequent. 

391. In a ratio the antecedent is the dividend, and the con- 
sequent is the divisor. 

392. There are three ways of expressing the ratio between 
two numbers, as 2 : 4, or 2 4- 4, or f, all of which mean the same 
thing and may be read "2 is to 4.'' 
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393. The reciprocal of a number is 1 divided by the number. 
The reciprocal of 1 is 1, because 1-^-1 = 1, but the reciprocal of 2 
is i because 1 -^2 = ^; the reciprocal of 10 is t^; the reciprocal of i 
is f, or 2, because 1-^-^ = 2; the reciprocal of J is | or 1 J, because 

394. Question. — ^What is the ratio of 10 to 2? 

Answer. — 10 is 5 times 2. As will be seen by this the measure of relation 
between 10 and 2 is 5; therefore, the ratio of 10 to 2 is five. 

395. Question. — ^Wbat is the relation of 2 to 10? 
Answer. — 2 is J of 10; here the ratio is one fifth. 

396. In both of these cases we divided the antecedent by the 
conseqiient and obtained the ratio. In the first case we sought the 
ratio of 10 to 2 and found it to be five; here 10 is the antecedent 
and 2 is the consequent. In the second case we sought the ratio 
of 2 to 10 and found it to be one fifth. Here 2 is the antecedent 
and 10 the consequent. 

Principle. — The antecedent divided by the consequent eqiuils 
the ratio. 

397. In comparing, or finding the ratio of, two quantities, one 
of which weighs 75 lbs. and the other 35 lbs., the heavier is to 
the lighter in the ratio of 75 : 35. 

398. Changing this expression to the fractional form as shown 

in Art. 392 we have J^, then dividing both terms by 35, the 

24. 
resulting consequent is-y-, or 2^ : 1. Therefore, the larger is 2\ 

times as large as the smaller. 

399. If the comparison is to be made in the reverse sequence; 
that is, if we compare the lighter to the heavier quantity then 
the expression becomes 35 : 75. 

400. Changing the expression to the fractional form we have 
f J then reducing this to its lowest terms we have-^- or ^^ : 1 



RATIO 103 

Therefore, the smaller quantity is ^ times as large as the larger 
quantity. 

401. A ratio may be squared, cubed, or raised to any power. 

If we take the ratio 3 : 7 and cube it we get 3* : 7* from the 

38 
fact that a fraction may be cubed; as (f) = — = 3*: 7*. 

402. Rule. — Divide the antecedent by the consequent. 

403. Problems. — 

(1) How many times greater is 96 than 42? 

(2) What is the ratio of 3 to 42? 

(3) What is the ratio of 10 to 5? 

(4) What is the ratio of 25 to 80? 

(5) How many times greater than 78 is 100? 

(6) What is the ratio of i to 3? 

(7) What is the ratio of J to i? 

Answbhb.— (1) 2f times. (2) 1 : 14. (3) 2 : 1. (4) fg- 

<5) lit greater. (6) 1:6. (7) f. 
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PROPORTION 

404. A proportion is an expression of the equality of two equal 
ratios; the sign of proportion being the double colon (::). The 
sign of equality ( = ) is sometimes used. 

405. A proportion must have four terms. 

406. The terms of proportion are called the ardecederds and 
the consequents. 

407. The first and third terms are called the antecedents 
the second and fourth terms are called the consequents. As in 
the proportion 2: 4:: 3: 6, 2 and 3 are the antecedents and 4 and 6 
are the consequents. 

408. The first and last terms are called the extremes and the 
second and third terms the means. As in the proportion 2 : 4 : : 3 : 6, 
2 and 6 are the extremes and 4 and 3 are the means. 

Principles. — (1 ) The product of the means and the product 
of the extremes are equal. 

(2 ) The product of the means divided by either extreme equals 
the other extreme. 

(3 ) The product of the extremes divided by either mean equ^als 
the other mean. 

409. In every proportion there are at least two causes and 
two effects. The effects are proportional to the causes. To 
illustrate; if 5 men can dig 9 rods of ditch in 2 days, how many 
rods can 10 men dig in the same time? 

410. The reasoning is as follows. Here we have two causes 
and two effects, the first cause is 5 men, the effect is 9 rods of 
ditch in 2 days. This is the first effect and the result of the first 
cause. The second cause is 10 men, and the unknown effect is 
the second effect. It now follows, that 5 men as a cause, have 
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the same relation to 10 men as a cause, that 9 rods of ditch as 
an effect have to the unknown effect. 

411. The unknown term of a proportion ftiay be expressed 
by the letter x, 

412. An example in proportion would give three of the terms 
leaving the other term to be found, thus, 2 : 4 : : 3 : z. The problem 
is then solved on the principle of proportion. The product of the 
means divided by the known extreme equals the other extreme. 
Then in this case 4x3-^2 = x, or 6. 

413. Problem.— 25 : 45 :: 35 : x. 

Solution.— (D 45X35-5-25=x. 

9 7 
(2) /a xXS ^eZ Ans. 

Z6 

r 

• Explanation. — Whereas, the product of the means of a pro- 
portion divided by one of the extremes is equal to the other 
extreme, therefore in the proportion 25 : 45:: 35 : x, x equals 45 
times 35 divided by 25. The problem may be solved by writing 
the two means above a horizontal line and writing the known 
extreme under the line as in (2) and employing cancellation. 
First dividing 25 and 35 by 5 we get 5 and 7. Then dividing 
45 by 5 we get 9; filially multiplying 9 by 7 we obtain 63. 

414. Rule. — Multiply the two means together and divide the 
product by the given extreme, 

415. Problems.- (1) 30 : 25 :: 26 : x. (2) 49 : 56 :: 35 : x. 
(3) 63:40::90:x. (4) 35 : 49 :: 50 : i. (5) 75 : 82 :: 40 : t. 

Answers.— (1) 21§. (2) 40. (3) 57^. (4) 70. (5) 43H. 
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EXAMINATION QI^STIQNS AND PROBISHLS 



(1 

(2 

(3 

(4 

(5 

(6 

(7 

(8 

(9 

(10 
rods o 

(11 

(12 



What is, (a) involution; (fc) evolution? 
Define, (o) power; (b) root. 



What is the value of 7«? 



What is the value of 27«? 



What is the square root of 65,536? 



What does v 5>764,801 equal? 
Express yj as a decimal. 
Find the square root of 9.150625. 



Find the value of v/.009801. 

A square field contains 490 A. What is the length in 
each side? 

What is the ratio of 1,320 feet to 1 mile? 

What is the ratio of 12 pounds to 8 ounces? 

Supply the unknown extreme in the proportion 



(13 
12:8::8:a:. 

(14 ) Supply the missing mean in the proportion 25 : 35 : : a; : 56. 

(15) If a man can do a piece of work in 10 days, working 
6 hours a day, how long will it take him to do the work if he 
works 8 hours a day? 



ANSWERS TO EXAHINATIOIT PROBLEMS 

(1) ? 

(2) ? 

(3) 117,649. 

(4) 19,683. 

(5 ) 256. 

(6) 2,401. 

(7 ) .866 + . 

(8 ) 3.025. 

(9 ) .099. 

(10) 280 rods. 

(11) 1:4. 

(12) 24:1. 

(13) 5J. 

(14) 40. 

( 15) 7i days. 



ALGEBRA 

DEFINITIONS AND NOTATIONS 



1. That which gives the idea of size or extent is called 
magnitnde. 

2. A quantity is a definite amount of some magnitude 
actually expressed as measured in terms of some unit. 

Thus, the distance between two cities is a measurable magni- 
tude; but when we say the distance is 100 miles we express 
the magnitude as a definite quantity. 

3. Mathematics treats of the relation between magnitudes. 

4. Arithmetic is a branch of mathematics in which the 
relations between the magnitudes are expressed by means of 
numbers. 

5. Algebra is a branch of mathematics which differs from 
Arithmetic in that it employs letters of the alphabet in addition 
to the numbers of Arithmetic to express the relation between 
magnitudes. The letters are ased as symbols to represent numbers 
or quantities. 

6. Figures used as symbols* to represent numbers are called 
numerical expressions; and letters used as symbols to represent 
numbers are called literal expressions. 

Thus 9 books is a numerical expression and x books is a 
literal expression. 

In the expression x books the number that x represents is not 
known but in any given problem it can be determined. 

7. The number that a letter represents is called its value, 
or more frequently its numerical value. Thus, if in the literal 
expression above x stands for the number 7, then 7 is the value, 
or numerical value of x. 
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SIGNS USED IN ALGEBRA 

8. The principal signs used in Algebra are the same as those 
used in Arithmetic. They are divided into four general classes. 

(1 ) Signs of operation which show that addition, subtraction, 
multiplication, or division is to be performed. 

(2) Signs of relation which express a comparison between 
two quantities. 

(3) Signs of aggregation which indicate that a group of 
symbols is to be treated like a single quantity. 

(4) Signs of abbreviation. 

SIGNS OF OPERATION 

9. The signs of addition +, subtraction — , multipli- 
cation X^ And division -f-, are the same signs as those used in 
Arithmetic. Thus a -\- h means that h is to be added to a and 
is read a plus b; a — b means that b is to be subtracted from a 
and is read a minus 6 ; o X 6 means that a is to be multiplied 
by b and is read a times b; a -^b moans that a is to be divided 
by b and is read a divided by b. 

10. In Algebra the sign X is commonly omitted. Thus 
a \ b, which is read a times 6, may be written ab and be road ab. 

11. Note. — The sign X is the only sign of operation that is 
ever omitted, 

12. Sometimes a dot (•) is iLsed in place of the sign X. 
Thus o X ^ JT^ay be written a • b and is read a times b. 

13. The sign -\- is used less in Algebra than in Arithmetic. 
The quotient a -f- 6 is usually expressed by the fractional form -r 
which is read a divided by b. 

14. Note. — In Arithmetic the results of the operations 
() + 3, 6 — A, 6 X 'i and 6 -f 8 can b(^ expressed by a single 
quantity, but this is not always possible in Algebra, a + 6» 

— b, ab and ^ indicate that in order to add, subtract, multiply 
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or divide two quantities, such as a and b, they must be expressed 
in the above forms, unless definite values are assigned to them, 
in which case the results can be expressed by a single quantity 
as in Arithmetic. 

SIGN OF RELATION 

16. The equality sign =, is read equals, or is equal to, and 
means that the niimbers or quantities preceding and following 
the sign have the same value. 

Thus 5 -}- 3 = 8 and is read 5 plus 3 equals 8. x -\- y = m 
and is read x plus y equals m. 

If x = 3 and t/ = 4 then m^l. 

SIGNS OF AGGREGATION 

16. The signs of aggregation, the parenthesis ( ) , brackets 

[ ] , braces ! ( , and vinculum , are the same as those 

used in Arithmetic and have the same meaning. 

Thus (a -\-b) X c, or (a + 6)c, means that b is to be added 
to a and the sum multiplied by c; and is read, the expression 
a -\- b multiplied by c. 

17. The parenthesis is used in such expressions as a X ( — b) 
and a -\- ( — b) to avoid confiLsion between the signs X and — 
or -\- and — . If — b were written first no parenthesis would be 
required, thus — b X a and — b -\-a, 

18. An expression within a parenthesis is often called a 
parenthetical expression. 

SIGNS OF ABBREVIATION 

19. The principal signs of abbreviation are . • . read there- 
fore, or hence ; and .... read so on. 

FACTORS 

20. When a number is considered as the product of two or 
more numbers each of these numb(»rs is called a factor of the 
given number. 
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Thiis 6 is the product of 2 and 3. 2 and 3 are therefore called 
the factors of 6. a and 6 are the factors of the quantity ab, 

COEFFICIENTS 

21. In the product, any factor which may be considered the 
multiplier is called the coefiScient of the product of the remaining 
factors. 

In the product lab, 7 is the coefficient of ab; or 7a is the 
coefficient of b; or 76 is the coefficient of a. Usually, however, 
the first factor is considered the coefficient. Thus in the product 
xi/, X is considered the coefficient of y, 

22. Letters used as coefficients are called literal coefficients; 
and Arabic numerals used as coefficients are called numerical 
coefficients. 

Thus in 9ax, 9 is the numerical coefficient of ajr. In ax, a is 
the literal coefficient of x. The numerical coefficient of any literal 
(luantity as ax, or x, is understood to be 1. When 1 is the 
numerical coefficient it is not written. 

MULTIPLES 

23. The product obtained by multiplying a (juantity either 
by itself or by any other quantity is called a multiple of the 
quantity. 

Thus 9 and 12 are multiples of 8. 

12 is a multiple of 2, 8. 4. and 6. 

Axy is a multiple of 4, x, and y. 

The given quantity is thus a factor of the multiple. 

POWERS 

24. A power of a (juantity is the product ohtaiii(»d by using 
the quantity a number of times as a factor. 

Thus 32 is the 5th power of 2, as 2 X 2 X 2 y 2 X 2 = 82. 

26. The operation of forming a power is called involution. 

26. Tht» (|uantity used as a factor is called the base or root 
of th(* power. 
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27. The number of times that the base is used as a factor * 
is called the degree of the power and is indicated by a number 
ealled the exponent or index of the power, which is written in 
small characters a little above and to the right of the base. In • 
the expression a X « X a, a is the base, and the power is said 
to be the third power, or the power is of the third degree (since 
the base is used three times as a factor) and the degree is 
indicated by the index ^ thus a^, 

28. A power of the second degree is called the square, and 
a power of the third degree is called the cube. 

Thus X' is read x square, and y' is read y cube. 

29. When the exponent is higher than 3 as in x\ s^y (»tc., the 
quantities x*, x'\ etc., are usually read x to the fourth power, 
X to the fifth power, etc. 

30. The second power is said to be higher than the first, 
the third higher than the second, etc. 

31. Distinction betw(H*n coefficient and exponent. In 3.r 

the coefficient 3 is a multiplier of ./• and m(»ans that x is added 
together 3 times. Thus 3^- = x + x + a*. But in x ', x is its own 
multiplier and the exponent 3 means that x is taken 3 times 
as a factor. Thus x'' = j- X ^ X a?. 

ROOTS 

32. A root of a power is that quantity which wh(»n used a 
given number of times as a factor produces the power. 

33. A root, then, is one of the equal factors of a quantity. 
For example, the factors of 36 are 2 and 18 ; 3 and 12 ; 4 and 9 ; 

6 and 6. 6 is said to be a root of 36. 

34. The operation of finding a root is the r(^v(*rse of finding 
a power and is called evolution. If the quantity has two equal 
factors, (as 9 = 3 X 3) each factor is called a square root; if 
the quantity has three equal factors (as 8 = 2X2X2) each 
factor is called a cube root. If the quantity has more than 
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three equal factors each factor is called the foiuth root, the 
fifth root, and so on. 

36. In expressing a root the sign V called the radical sign 
is used. For all roots higher than square root a number to 
indicate which root is to be taken, called the index of the root 
is written oyer the sign. 

Thus \/25^ means the square root of 25. ^2T means the cube 
root of 27. ^^7 ^^ and so on, mean the fourth root of jr, the 
fifth root of X, and so on. In "^a^ + 2ai/ — y^ the radical sigu 
includes the whole expression a^ -\- 2ay — y^. That is the oper- 
ations under the sign must be^ performed first and then the 
cube root taken of the result. 

ALOEBRAIOAL EXPRESSIONS 

36. An algebraical expression is any number or quantity 
written with one or more algebraical symbols. 

Thus a, 2cd, xy — 2z are algebraical expressions. 

37. A term is an algebraical expression consisting of one 
symbol, or, of two or more symbols when not separated by the 
signs + or — . 

Thus a, 2cd, 2xy • z, Sxy -r- z^ are terms. 

38. In the expression 2x -}- y — z the quantity is considered 
as a succession of operations upon the individual terms, 2x, t/, 
and z. But since the expression 2xy • z and Sxy -f- z^ are usually 

written 2xyz and -^-, these quantities are considered as com- 
pleted operations and are therefore regarded as terms. Hence 
any quantity in the form of x + !/ or x — y is an expression 

and any quantity in the form of xt/ or is a term, 

39. Terms having the same letters with the same exponents 
are called similar terms. 

Thus, 7a6^a*, 3a6^a* are similar terms. Terms having diflferent 
literal coefficients may be considered similar terms. Thus the 
terms ab^x^ and c6"*x^ having the factor b^x^ in common may be 
called similar terms. 
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40. An algebraical expression of one term is called a simple 
expression, or monomial. 

Thus X, Tx^y, t-, are monomials. 

41. An algebraical expression of two or more terms is called 
a compound expression, or polynomial. 

Thus, 3a6 + 4c, 2j—Sy-\-z% a*^ + 3a*6 + 3a'6-* are poly- 
nomials. 

42. A polynomial of two terms is called a binomial. 
Thus, a- — 6% Sx^ + 27f/* are binomials. 

4S. A polynomial of three terms is called a trinomial. 
Thus, a^ — 2ab + b^, 4a:^ + ^2xy + 9i/^ are trinomials. 

44. A term used to denote an increase is called a positive 
term and is preceded by the + sign; a term used to denote a 
decrease is called a negative term and is preceded by the — sign. 

Thus + (^^^^ is a positive term, and — Sx^y is a negative term. 

45. The + sign is often omitted before a positive term. 
Thus a^b'^ means the same as + a^b^. 

46. The result obtained by putting a particular value for 
each of the letters of an expression and performing the oper- 
ations indicated is called the numerical value of the expression. 

Thus if x has the value 2, and y the value 3, in the expression 
x^ 4" 2a:t/ + y^f t^^^ the numerical value of the expression is 
2» + 2 . 2 • 3 + 3* = 4 + 12 + 9 = 25. 

47. The act of putting value for a letter in an expression 
is called substitution. 

Thus 2 was substituted for x and 3 for y in the expression 
in Art. 46. 

48. Problem. — Assuming a; = 3 find the numerical value of 20^. 
Solution. — 2x* = 2 . 3» ^ 2 . 27 = 54, Ana. 

Explanation. — We substitute the given value of x which is 3 
in the expression 2x' and get 2 • 3'. We then simplify this ex- 
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preasion by finding the third power of 3, which is 27, and 
multiplying it by 2, getting 54, the result. 

48. Problem. — AsBuming x = i and y = 3 find the numerical value 
of 8«* — 6y. 

Solution.— 3a:* — 6y = 3.4' — 6.3 = 3*16 — 6.3 = 48 — 18 = 30, Ans. 

Explanation. — Substituting the given values of x and y in 
the expression 3a;* — 6y we get 3-4* — 6 • 3. We now simplify 
the expression. First we raise 4 to the second power as indicated 
by the exponent 2, getting 16 in the place of 4*; second we 
multiply 3 by 16 and 6 by 3 as indicated by the signs of multipli- 
cation getting 48 and 18 as products; lastly we subtract 18 
from 48 as indicated by the sign of subtraction getting 30 as 
the numerical value of the given expression. 

60. Rule. — Put the number expressing the value of each 
letter in the place of the letter. Simplify the resulting ex- 
pressions, 

61. Pbobl£M8. — Find the numerical value of the following ex- 
presBions in which a = 2, b^^Z, x = i and y ^ 5 : 



(1 

(3 

(5 

(7 

(9 

(11 

(13 

(15 

(17 

(19 



lax. 

2xy^, 

36* — xy. 

o*b — 6* 

o*** -f by — y*. 

^a^h + 3a; —"5^. 
^4y' - (W-d) 
6o -f 41) — ix. 

a?^ — 2\ 



(20) 



x'y 



ahxy - a'y + &»x - ^^^j^^. 



(2) 
(4) 
(6) 
(8) 

(10) 

(12) 

(14) 
(16) 

(18) 



8b*. 

a + bx. 
2(i*b -f a:*. 
a*X"\- ay* -f- b. 
7ai^ 
2y -h a? 

a^ 

Vaxy*. 

3ab 2aa; 

-6- + 



X — a 



Answebs. — (1) 
(7) 3. (8) 69. 

(14) A. (15) 
(20) 



40* 

128. 



56. (2) 72. (3) 200. (4) 14. (5) 7. (6) 40. 
(9) 54. (10) 10. (11) 10. (12) 5. (13) 3. 
3. (16) 1,800. (17) 8. (18) 14. (19) 0. 
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PARENTHESIS* 

62. The Parenthesis preceded by a + sign. In the expression 
10 + (4 + 5 — 3) it makes no difference whether the operations 
within the parenthesis are performed first and the result then 
added to 10, or the parenthesis removed first and the operations 
then performed in their order from left to right. 

Thus by the first process, performing the operations within 
the parenthesis first, we obtain 4 + 5 — 3 = 6; then adding 
this result to 10 we obtain 10 + 6 = 16 ; and by the second 
process performing the operations in their order we obtain 
10 + 4 + 5 — 3 = 16. Hence 10 + (4 + 5 — 3) = 10 + 4 + 5~3. 
Or in algebraical symbols a + (6 — c + d) = a-f-& — c -^ d. 

63. Rui.E. — If an expression within a parenthesis he preceded 
by a -\- sign, the parenthesis may be removed and the operations 
performed in their order from left to right. 

64. The Parenthesis preceded by a — sign. In the expression 
12 — (4 + 2) the same results will be obtained whether 4 is 
first added to 2 and the result then subtracted from 12; or 
whether 4 is first subtracted from 12 and then 2 is subtracted 
from the result. By the first process 12 — (4 + 2)=12 — 6=6; 
and by the second process 12 — (4 + 2)=12— 4— 2=6. This 
will be clear by considering that the expression 4 + 2 included 
within the parenthesis means that both 4 and 2 are to be sub- 
tracted from 12. It evidently makes no difference whether 4 
and 2 are added together and this sum subtracted in one op- 
eration, or whether 4 is subtracted first and 2 afterwards. 
Similarly 12 — (4 — 2) = 12 — 4 + 2. Or in algebraical sym- 
bols a — {b-\-c) = a — h — c and a — {b — c) = a — 6 + c. 

66. Rule. — If an expression within a parenthesis is preceded 
by a — sign the parenthesis may he removed provided the sigii 



*A11 rules for the parenthesis apply to the other signs of aipgrregation also. 
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of each temi within the parenthesis be changed. The operations 
may then he performed in their order. 

66. Problem. — Remove parenthesiB and combine, 4 — (2 + 1)- 
Solution.— 4 — (2 -hi) = 4 — 2 — 1 = 1, Am. 

Explanation. — We first remove the parenthesis including 
2 -}- 1. As this parenthesis is preceded by a — sign we must 
change the signs of 2 and 1; this makes the whole expression 
4 — 2 — 1. Carrying out the operations indicated by the signs 
we get 1 as a result. 

57. Problems. — Remove the parentheses and combine: 



(1) 


8 — (6 — 2). 




(2) 


8-f-(6-2). 


(3) 


9-(4-f-2). 




(4) 


8-h(6-h3). 


(5) 


7-(5 — 3). 




(6) 


8-(6-ha). 


(7) 


(ll-6)-(7- 


-4). 


(8) 


(10 -4) -(2 + 3). 


(9) 


(16-6) -h(8- 


-6). 


(10) 


(7 4-3) -(4 -2). 



Answers.— (1) 4. (2) 12. (3) 3. (4) 17. (5) 5. (6) 0. 
(7) 2. (8) 1. (9) 12. (10) 8. 

68. Problem. — Remove parenthesis from the expression {a •\- x) — 
(y — &). Assuming a = 3, 5 = 2, j: = 5 and y = A, find the numerical 
value. 

Solution. — (o-fa?) — (y — &) = a-har — i/-f-l). a-j-a? — y-h&5= 
3 + 5 — 4 + 2 = 6, Ans. 

Explanation. — We must first remove the parenthesis from 
the expression. The parenthesis including the a + a: can be 
left out at once as it is preceded by a + sign (understood). To 
remove the parenthesis including the y — h we mtist change 
the signs of the terms within as the parenthesis is. preceded by 
a — sign. The whole expression then becomes a -\- x — J/ + 6. 
We next substitute the given numerical values for the letters 
and simplify, getting 6 as a result. 

69. Problems. — Remove parentheses; assuming a = 3, & = 2, 2;=: 5, 
2^ = 4, find the numerical value: 



(1) (a-h&)-f («-a). 

(3) (3i/-hb»)-(5&-j:»). 

(5) x^^iti'x -foy* — By). 

(7) lOar — \a*y — ab -f xy\. 

(9) ixy -h 06) — ay'-^Txr 



(2) {y-h-\'X)^a. 

(4) 2y»-- [40? — ab-f. hx}. 

(6) ocy* — (3a?» — ahx — ay). 

(8) {ahxy — ab) — (y -|- hx) 

(10) (o»-f-«")-(6*-F"). 
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Answers.— (1) .7. (2) 4. (3) 31. (4) 8. (5) 56. (6) 47. 
(7) 0. (8) 100. (9) 24. (10) 46. 

60. To insert parenthesis. If we remove the parenthesis from 
the expression 8 + (5 + 2) we get 8 + 5 + 2. The only differ- 
ence in these two expressions is that one contains the parenthesis 
while the other does not. So if we wish to insert a parenthesis 
in the expression 8 + ^ + 2 we can at once get the expression 
8 + (5 + 2) without making any other change. Or in algebraical 
symbols a -]- h -\- c = a -\- (h -]- c) = {a -\-h) -]- c. 

If we remove the parenthesis from the expression 8 — (5 + 2) 
we get 8 — 5 — 2. In this case when we remove the parenthesis 
we have also to change the signs of the quantities within, because 
the parenthesis is preceded by a — sign. Hence, if we wish to 
insert a parenthesis in the expression 8 — 5 — 2 which will in- 
clude the last two terms we must change the signs of the terms 
we put within the parenthesis since the parenthesis is to be 
preceded by a — sign. We get then in this case 8 — 5 — 2 = 
8 — (5 + 2). Or in algebraical symbols a — b-]'C=a — (6 — c). 

61. Rule. — To insert parenthesis, (1) // the first term to 
he within the parenthesis is preceded by the + sign insert the 
parenthesis without changing any sign. (2) // the first term 
to be within the parenthesis is preceded by a — sign^ change the 
sig7is of all the quantities which come within the parenthesis. 

62. Problems. — Insert parentheses so that each parenthesis wiU 
include the last three terms: 

(1) o-f ft-hc-hd. (2) X i-y -^z — w. 

(3) x — y — z-\-w, (4) a-\- t> — c -\-d. 

(5) a — c — h — d. (6) m — n — p -\- Q. 

Anhw£rh. — 

(1) o-h(&-hc-f d). (2) x-\-{y^z-w). 

(3) x — iy-\-z — w). (4) o-h(& — c-fd). 

(5) a-(c-hb-fd). (6) m-(n-hp — g). 

63. The parenthesis preceded by a coefficient. The expression 
6(4 — 2 + 3) means that the operations within the parenthesis 
are to be performed first and the result then multiplied by 6 ; or, 
that each term within the parenthesis is to be multiplied, in turn, 
by 6 and the operations are to be performed afterwards. By the 
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first process 6 (4 — 2 + 3) = 6 X 5 = 30, and by the second 
process 6 (4— 2 + 3) = 6 X 4 — 6 X 2 + 6 X 3 = 24 — 12 + 
18 = 30. Using the algebraical symbols this means that a{x — 
y -{- z) =ax — 02/ + ^^- The quantity 6 in the expression 6(4 — 
2 + 3) is called a coefficiefit of the parenthetical expression. 

64. The operation of changing a{x — y -\- z) to the form 
ax — ««/ + ^z is called expanding the expression a{x — y -{- z), 

66. Phoblkm. — Find the product and combine, 4(i/' — l)jf) — 3(o-fa?). 

Solution.— 4 (i/» — bx) — Z (a -\- x) = (4i/' — ibx) — (3a -f Zx) = 4y» 
— 4l)a: — 3o — Zx, Ans. 

Explanation. — ^We first multiply each term within the first 
parenthesis by 4 and then each term within the second paren- 
thesis by 3. This gives (4i/^ — ibx) — (3a + 3a;). We next re- 
move the parenthesis changing the signs of the terms in the 
second because it is preceded by a — sign. This gives 4t/^ — 46x 
— 3a — 3x as a result. 

66. Rule. — Multijyhf each term within the parenthesis by 
the coefficient. Remove the parenthesis and combine if possible. 

67. Problems. — Arauming a, h, x and y to have the same values 
as in Art. 59, find the numerical values; substitute before removing 
parentheses : 

(1) ^iah-^x). (2) 4(oj/ — b). 

(3) aiy + x). (4) h*{2x — a). 

(5) ba{y~h). (6) 2ah* — h {by — x) . 

(7) by-b'\i/ 6o|. (8) Zay — x {b -\- 2) . 

(9) (1/ — a) I) -h (ar= — 5o). (10) (2o» -f y*) — & [a? — 3y]. 

(11) (a^ — b*) -\- {2y — a) X. (12) 2 SaT^-'y — (x* — 2y). 

Answers.— (1) 66. (2) 40. (3) 27. (4) 28. (5) 30. (6) 18. 
(7) 76. (8) 16. (9) 12. (10) 48. (11) 30. (12) 21. 

68. A parenthetical expression divided by a quantity. In 
finding the quotient of (6 + 4)-~2 the same result will be 
obtained w^hether we first add 6 and 4 and divide their sum 
by 2, or first divide 6 by 2 then 4 by 2 and add the two 
quotients. 
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By the first process (6 + 4)-=- 2 = 10-:- 2 = 5; and by the 
second process 6-^2 + 4-^2 = 3 + 2 = 5. Also (12 — 4) -^ 2 
= 12-^-2 — 4 -:- 2 =: 4. Or, in algebraical symbols (a + 6 ) -^- c 
=: a -7- c + 6 -:- c ; and (a — 6) -^ c = a -r- c — 6 -^ c ; or, as usu- 

ally written, --— - ~ + ^ and — - -- - --. 

69. Problem. — Perform the indicated operations and find the 
numerical value of (a -|- 1/) h- x, assuming o = 3, j/ = 4 and a? = 5. 

SoLUTiox.— (1) (a 4- 1/) ^a: = (3 -f- 4) -f- 5 = 7 -H 6 = 1}, Ana. 

Explanation. — In this case we first substitute the given values 
of the letters, this gives (3 + 4) -^5. We then combine the 
terms within the parenthesis getting 7 and lastly divide by 5 
getting If as the result. 

Solution. — (2) {a-\- y)-^ x^= 4- -^ 

a , y 3 4 
then — + ,,"■ 5-+-5 U- ^^«- 

Explanation. — We first divide each term within the paren- 
thesis by the divisor x. This gives ^ -\-^ . We next substitute 
the given numerical values and combine getting 1| as the result. 

70. Rule. — Divide each term of the parenthetical expression 
in turn by the given quantity and connect the quotients with 
the given signs. 

71. Problems. — Assuming a, b, x and y to have the same values 
as in Art. 59, perform the indicated operations and find the numerical 
value: 



(1) 


iy — h) -r- a. 


(2) 


(2y-\-x)~x. 


(3) 


{X* — X) -i- t). 


(4) 


(x* -f & — 0) -j- a 


(5) 


(5a:— 2l)-f a) ^ 6. 


(6) 


(l/ + 2&)-&. 


(7) 


(x' — y)-^b. 


(8) 


ixy — X) -^ a. 


(9) 


{h*x -j- y) -:- ah. 


(10) 


(h'p -\- ax") -:- r'. 



Anhwkks.— (1) J. (2) 2J. (3) 10. (4) S. (5) 12. (G) 4. 
(7) lOi (8) 5. (9) 4. (10) 3.j;. 
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POSITIVE AND NEGATIVE 

QUANTITIES 

72. At the end of a week a man having $100 receives $12 
and pays a debt of $10. He then has $102 or $2 more than he 
had at first. If he had paid a debt of $15 he would then have 
had $97, or $3 less than he had at first. In the first case there 
was an increase of his money ; and in the second case a decrease 
of his money. 

73. A quantity which stands for an increase is considered 
a positive quantity, and a quantity which stands for a decrease 
is considered a negative quantity. 

74. By Art. 44 the -\- sign is used to indicate a positive 
quantity and the — sign to indicate a negative quantity. In the 
problem in Art. 72, 12 is a positive quantity since it stands for 
an increase, or something received. 10 and 15 may be considered 
as negative quantities, since they each stand for a decrease or 
something given away. 2 is clearly a positive quantity and 3 
a negative quantity. 

76. The two problems may be solved thus ; +12 — 10 = + 2, 
and -f- 12 — 15 = — 3, or written in the usual form of addition 
or subtraction in Arithmetic, +12 +12 

-^10 and —15 

~+2 —3 

That is, the result of adding 12 and subtracting 10 is equiv- 
alent to adding 2; and the result of adding 12 and subtracting 
15 is equivalent to subracting 3. 

76. Suppcxse a man had only $12 in his possession; after 
paying $10 he would have $2 in his possession; but in order to 
pay $15 he would have b(»en obliged to borrow $3 and would 
have then been $3 in debt. 
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15 



50 

i^5 



77. Anything on hand or in one's possession is considered 
a positive quantity ; and debts are considered negative quantities. 

In this case, therefore, the problems would be stated as above, 
and we find that the result of subtracting 10 from 12 is -}- 2 
and the result of subtracting 15 from 12 is — 3. 

78. The thermometer. A good illustration of positive and 
negative quantities is afforded by the thermometer. A certain 

point on the stem is marked zero, 0, and above and 
below this point the stem is marked into divisions 
at equal distances apart called degrees, the degrees 
being numbered as shown in the illustration. 

Suppose now the mercury stands at zero. If the 
temperature increases the mercury rises above zero. 
If the temperature decreases the mercury falls be- 
low zero. As before noted, any quantity that stands 
for an increase is a positive quantity and is indicated 
by the + sign preceding it. Any quantity that stands 
for a decrease is a negative quantity and is indicated 
by the — sign preceding it. Hence, degrees above 
zero may be written + and degrees below zero may 
be written — . , 



9S 

30 

lias 

ao 

10 

5 



5 
10 
15 



tem- 



20 

25 



79. Consider the following problems: The 
perature rises or falls in the following cases. 
(1) Falls 2a° from 10° above zero. 

B(2) Rises 25° from 5° below zero. 
(3) Falls 20° from 5° below zero. 
(4) Rises 15° from 25° below zero. 
We can easily determine the resulting tempera- 
tures to be in (1) 10° below zero. (2) 20° above 
zero. (3) 25° below zero. (4) 10° below zero. The problems 
are solved in Algebra as follows: 

Explanation and Solution. — (1) Since the temperature 
falls or decreases the operation is subtracting 20° from 10° above 
zero. 10° is therefore the minuend and is a positive quantity. 
There is A decrease of temperature hence 20° is a negative 
quantity. The resulting temperature, 10° below zero, is a neg- 
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ative quantity. Hence the operation of subtracting 20° from 
10° above zero may be stated + 10° — 20° =— 10°, or, as 
usually written, -f 10° 

— 20° 

— 10°, Ans. 

Note.— The forms + 10° — 20° =—10° and +10° are 

— 20° 

— 10° 
read, plus 10 degrees minus 20 degrees equals minus 10 
degrees. 

Explanation and Soiattion. — (2) Since the temperature 
rises or increases the operation is adding 25° to 5° below zero. 
5° below zero is a negative number. 25° is clearly a positive 
quantity, and the result, 20° abov(» zero, is a positive quantity. 
Hence the operation may be stated — 5° + 25° = + 20°, 
or, — 5° 

+ 25° 

+ 20°, Am, 

Explanation and Solution. — (3) Since the temperature 
falls or decreases, the operation is subtracting 20° from 5° 
below zero. 5° below zero is therefore the minuend and is a 
negative quantity. 20° is a negative quantity; and the result, 
25° below zero, is a negative quantity. Hence the operation 
may be stated: — 5° — 20° = — 25° or, —5° 

--20^ 

— 25°, Am, 

Explanation and Solution. — (4) Since the temperature 
rises or increases th(^ operation is adding 15° to 25° below zero. 
25° below zero is a negative (luantity, and 15° is a positive 
(juantity; and the result, 10° below zero, is a negative quantity. 
Hence, the operation may be stated — 25"" + 15° =rr-- 10"", 
or. -25" 
+ 15^ 

10' , .1//.V. 
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80. Problems. — Find the resulting temperature In the following 
cases; explain and state the problems as in Art. 79: 
The temperature 

(1) Falls 26*' from 68° above zero. 

(2) Rises 37 *" from 11 *" above zero. 

(3) Rises 28 *" from 7° below zero. 

(4) Falls 17 *• from ^° above zero. 

(5) Falls 8*' from 6" below zero. 

(6) Rises 9** from 14° below zero. 

Answebs.— (1) 4-43°. (2) +48°. (3) +21°. (4) —14°. 
(6) —14°. (6) —5°. 
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POSITIVE AND NEGATIVE 

NUMBERS 

81. The series of numbers, 1, 2, 3, 4, 5, 6, 7, 8, 9, etc., can 
be represented by drawing a straight line, and, marking the left 
extremity 0, successively applying a unit of measure toward 
the right. Thus: 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

1 I I I I I I I I I I I I I I I I 

This is called the natural series of numbers. In this series, 
any number to the left is numerically less or arithmetically less 
than any number to the right. 

82. Subtraction of a larger, from a smaller number. 

Since subtraction is taking away a number of units from 
another number of units it follows that as the subtrahend in- 
creases the remainder or difference decreases. This we see in 
the series of subtractions 9 — 7 = 2; 9 — 8 = 1, and 9 — 9 = 0. 
Therefore increasing the subtrahend 1 more unit decreases the" 
difference 1 more unit. Now if we wish to subtract 10 from 9 
we cannot do it in any real arithmetical sense but we found in 
Art. 77 that the expression 9 — 10 has a definite mathematical 
meaning. If we think of the natural series of numbers as formed 
by increasing thfe number of units taken, then any number in 
this series represents an addition of that number of units to 0, 
and is therefore a positive number and can be indicated by -j-. 
Hence 9 — 10 may be written -\-9 — 10. But -f- 9 — 10 repre- 
sents an increase of 9 followed by a decrease of 10 which is 
equivalent to a decrease of 1. Therefore 9 — 10 = — 1, and 
in the same way 9 — 11 = — 2, and 9 — 12 = — 3, and so on. 
Ilenee it is clear that the results, — 1, — 2, — 3 and so on, must 
be represented by a new series of numbers which is formed 
by successively applying the unit of measure toward the left 
from 0. Thus: 

—10—9—8—7—6—5—4—3—2—1 012 3 4567 

„l I. J l_ J I I. I_ I _I.LI LII_i_l_L 
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83. The complete series thus formed is called the scalar 
series of numbers. The numbers to the right of will be 
spoken of as the positive branch; and the numbers to the left 
of as the negative branch of the scalar series. If no sign be 
written before a number the -j- sign is understood. The sign — 
must never be omitted if it is intended. 

84. Since the numbers in the negative branch denote a 
decrease, any number to the left of another, or the niunber 
numerically the larger, denotes the larger decrease and is there- 
fore the smaller quantity considering the whole scalar series. 
Any number in the series is said to be algebraically larger than 
any number to the left, and algebraically smaller than any 
number to the right. 

86. Distinction between arithmetical sum and difference and 
algebraical sum and difference. 

• 

Of the numbers + 5 and — 5 the former represents an increase 
of 5 units and the latter a decrease of 5 units. Considering the 
whole scalar series then, + 5 and — 5 stand for different things 
and are unequal. Since Arithmetic does not employ the negative 
branch of the scalar series, + 5 and — 5 both represent the 
same number of units and are therefore said to be arithmetically 
equal. That is, -\-b and — 5 are algebraically unequal, but 
arithmetically equal, 

86. By the algebraical difference between two scalar num- 
bers is meant the number of units that must be counted in order 
to go from one to the other, and the direction taken determines 
the sign of the diflference. 

The arithmetical difference is the difference obtained by sub- 
tracting the smaller number from the larger regardless of their 
signs. 

Thus, in order to obtain the algebraical diflference between 
— 2 and -f 3 we begin at — 2 and count in the direction toward 
+ 3 until we arrive at the latter number. The algebraical dif- 
ference is found to be 5. The arithmetical diflference is 1. 
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87. When two scalar numbers are algebraically added, we 
begin at the number added to and count as many units as there 
are in the number added in the direction indicated by its sign. 

Thus in order to add 8 to — 5 we begin at — 5, count 8 
units toward the right or positive direction, and arrive at 3. 
The algebraical sum is therefore 3. The arithmetical sum is 13. 

The algebraical sum of more than two scalar numbers of like 
or unlike signs means the result of all the operations performed 
in their order from left to right. 

88. The expressions numerical sum and numerical difference 
are often used instead of arithmetical sum and arithmetical 
difference. 

ADDITION OF SCALAR NUUBERS 

89. The addition of a positive number to a positive number 

is the same in Algebra as in Arithmetic. The sign of the sum 
will always be +. Or in algebraical symbols + a + & = 

+ {a + h). 

90. Addition of a positive number to a negative number 
or of a negative number to a positive number is illustrated 
by the following problems. 

Pboblems. — (1) Add 15 to —8. 

Solution. — — 8 

15 ' 



+ 7, Arts. 

Explanation. — By Art. 87, to add 15 to — 8 we begin at — 8 
and count 15 units in the + direction (towards the right). 
Counting 8 units towards the right brings us to and we have 
7 units more to count, so we arrive at + 7 finally. 

(2) Add —7 to 4. 

Solution. — 4 

— 7 



— 3, Ans. 



Explanation. — By Art. 87, to add —7 to 4 we begin at 4 
and count 7 units in the negative direction (toward the left). 
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Counting 4 units toward the left brings us to and we have 3 
units more to count, so we arrive at — 3 finally. 

91. In each of the problems in Art. 90, it will be seen that 
the result is numerically equal to the arithmetical difference 
of the numbers to be added. This is true whenever two quantities 
with unlike signs are added. It will also be seen that the result 
has the sign of the larger one of the addends. 

92. Bulb. — To add two numhers that have unlike sigm find 
the numerical difference and prefix the sign of the larger number. 

98. Problems. — ^Add: 

(1) 1 (2) 12 (3) —18 (4) —20 (5) 67 (6) —98 
—6 ^4 9 27 —43 49 

(7) 102 (8) 46 (9) —58 (10) 234 
— 37 —126 127 —689 

Answers.— (1) —5. (2) 8. (3) —9. (4) 7. (5) 24. (6) —49. 
(7) 65. (8) —80. (9) 69. (10) —455. 

94. Addition of a negative number to a negative number. 

If a man gives away $10 on Monday and $8 on Tuesday his 
wealth is decreased $18. Thus a decrease added to another 
decrease is a still larger decrease and the sum or total decrease 
is clearly the arithmetical sum of the two numbers. Hence the 
problem above is stated — 10 — 8 = — 18. Or in algebraical 
symbols — a — b = — (a + ft)- 

96. Rule. — To add a negative member to another negative 
number find the numerical sum of the two numbers and prefix 
the — sign to the result, 

96. Problem. — Add — 6 to — 7. 

SoLxmoN. — — 5 

— 7 

— 12, Ans. 

Explanation. — Since to add a negative number to a negative 
number their numerical sum must be taken, we first add 5 to 
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7 getting 12. As the numbers are both negative their sum 12 
will be negative, so a — sign must be prefixed, giving — 12 
as the result. 

97. Pboblbms. — Add: 



(1) -28 


(2) 


— 17 


(3) 


— 144 


(4) - 


-269 


(5) - 


-428 


— 64 




— 79 




— 278 


— 


794 


— 


2689 


Answebs.- 


-(1) 


— 92. 


(2) - 


-96. (3) 


— 422. 


(4) 


— 1063. 


(5) 


— 3117. 


















98. PBORT.F.MS.- 


-Find the algebraical sum 


of 24; - 


-16. 


32, — 14 and 9. 


SOLUTION.- 


-d) 


24 

32 

9 


(2) 


— 16 

— 14 

— 30 


(3) 


65 
-30 

36, 


An8. 





66 

Explanation. — It makes no diflference in what order the 
operations are performed, therefore; (1) We find the sum of 
the positive numbers 24, 32 and 9. This is 65. (2) We find 
the sum of the negative numbers — 16 and — 14 which is — 30. 
(3) We add 65 and — 30 getting 35 as the algebraic sum. 

99. Bulb. — To find the algebraical sum of more than two 
scalar numbers, find the sum of the positive numbers and of 
the negative numbers separately, then find the algebraical sum 
of the two results. 

100. Pbobucmb. — ^Find the algebraical sum: 

(1) 31 (2) —47 (3) —16 (4) —76 (5) 27 (6) —16 

— 64 64 —80 98 64 —41 

82 —28 29 —81 -37 —68 



(7) 49 (8) —17 (9) —17 (10) 201 

64 —103 —68 —149 

— 207 91 —28 —89 

Answkbb.— (1) 49. (2) —11. (3) —67. (4) —69. (6) 64. 
(6) —126. (7) —94. (8) —29. (9) —113. (10) —37. 

101. The double use of the signs -|- and — . 

10 
In Arithmetic the problem + 6 means that 6 -units are to be 
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10 
added to 10 and — 6 means that 6 units are to be subtracted 

10 
from 10. But in Algebra the signs + and — in the problems + 6 

10 
and — 6 signify the positive number 6 and the negative number 

6 respectively, and the sum of the two numbers may be taken 
or their difference. Hence in Algebra it must be stated whether 
the operation is to be addition or subtraction. 



SUBTRACTION OF SCALAR NUMBERS 

102. By Art. 86 in order to subtract one scalar number from 
another we begin at the subtrahend and count in a + or — 
direction, as the case may be, until we arrive at the minuend. 
The number of units counted is the difference and the direction 
determines the sign. 

108. In subtracting scalar numbers six cases arise: 

(1) Subtracting a smaller positive number from a larger 
positive number. 

(2) Subtracting a larger positive number from a smaller 
positive number. 

(3) Subtracting a positive number from a negative number. 

(4) Subtracting a negative number from a positive number. 

(5) Subtracting a smaller negative number from a larger 
negative number. 

(6) Subtracting a larger negative number from a smaller 
negative number. 

104. These six cases can be illustrated by the following prob- 
lems. Subtract : 



(1) +10 


(2) 


+ 4 


(3) 


— 4 




+ 6 




+ 6 




+ 3 




+ 4, 


Ana. 


-2, 


Ans. 


-7, 


Ans. 


(4) +3 


(5) 


8 


(6) 


— 6 




— 4 




— 6 




— 8 




+ 7, 


Ans. 


-2, 


Ans. 


+ 2. 


Ans. 
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In these examples, as written, the signs all indicate the kind 
of number, showing in each case whether the number is positive 
or negative. The operation is stated in words to be suhtraction. 
We may express the operation by placing a — sign before the 
subtrahend and enclosing the subtrahend in parenthesis to avoid 
confusion of signs, thus: 

(1) +10 (2) +4 (3) —4 

—(+6) —(+6) —(+3) 

(4) +3 (5) —8 (6) —6 

—(—4) —(—6) —(--8) 

Now removing the parentheses we find that the signs of the 
subtrahends are changed and adding algebraically according 
to Arts. 89, 92, and 95 we get : 

(1) +10 (2) +4 (3) —4 

— 6 —6 —3 



+ 4, Am. 




— 2. Ans. 




— 7 


(4) +3 


(5) 


— 8 


(6) 


— 6 


+ 4 


• 


+ 6 




+ 8 



+ 7, An8. — 2, Ans. + 2, Ans. 

The results thus obtained by adding are the pame as those 
obtained by subtracting before the signs of the subtrahends were 
changed. 

106. Rule. — In order to subtract any number from any other 
number in Algebra change the sign of the subtrahend, and solve 
the problem as in addition. 

106. Pboblem. — Subtract — 8 from 13. 

Solution. — 13 

— 8 



21, Ans. 

Explanation. — Considering the sign of the subtrahend 
changed we have + 8. This added to + 13 gives + 21 as 
the result. 
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107. Pboblems. — Subtract the lower numbers from the upper, ap- 
plying the rule in Art. 105: 

(1) 27 (2) —18 (3) 46 (4) 75 (5) —83 (6) —63 
— 31 13 —64 —98 —41 -19 . 

(7) —79 (8) 121 (9) —237 (10) 647 
— 97 —247 478 —129 

Answebs.— (1) 58. (2) —31. (3) 110. (4) 173. (5) —42. 
(6) —44. (7) 18. (8) 368. (9) —715 (10) 776. 
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ADDITION AND SUBTRACTION 

108. The sum of 4 bushels, 6 bushels, and 7 bushels is 17 
bushels, or, written in the usual form, 4 bushels 

6 bushels 

7 bushels 

17 bushels, Ans. 
Using the abbreviation b for bushels we write, 4 b 

6 6 
_7 6 

17 6, Ans. 
Likewise the sum of 8 dollars, 13 dollars, 21 dollars may be found, 
using d for dollars, 8 d 

13 d 

21 d 

42 d, Ans. 
Using any letter whatsoever, as x, for any quantity we find 
the sum of 6x, ISx, 12a;; thus 6x 

18x \ 

12a; . 

36a;, Ans. 
That is, the coefiSeient of the literal quantity in the sum, is 
the sum of the coefScients of the literal quantities added.. 

109. In order to subtract 8 bushels from 12 bushels we may 
write 12 6; or, in general, to subtract 8a; from 12a;. 12a; 

8 b 8x 

4 by Ans. 4x, Ans. 

That is, the coeflScient of the literal quantity in the diflPerence, 
is the difference of the coeflScients of the literal quantities in 
the minuend and in the subtrahend. 

110. It is as impossible to add 8b and 5d and express the 
result in one term as it is to add 8 bushels and 5 dollars and 
express the result in one term. 
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It is impossible to combine into one term two or more terms 
unless they are alike or similar. (Art. 39.) 

111. Pboblem.— Add 56, 4&, — 3&, — 8&. 

Solution. — bh 

4D 

— 3D 

— 8D 



— 2&, Ana. 

Explanation. — Since the terms are similar terms they can 
be combined by adding the numerical coefiScients and prefixing 
the sum to the literal part. The sum of 5 and 4 is 9; and of 

— 3 and — 8 is — 11. Then 9 plus — 11 equals — 2. Prefixing 

— 2 to ft we get -^ 26 as a result. 

112. Rule. — To add or subtract simple monomial expressions 
add or subtract the numerical coefficients and prefix the result 
to the common literal part of the terms, 

113. Pboblemb. — (a) Add; (h) Subtract the lower from the upper 
expression In all but the first 5 problems: 



(1) 7a 




(2) 6a; 


(3) 


— 14y 


(4) 


— 8« 


(5) 9y 


6a 




Zx 




7y 




— 11« 


-6y 


4a 




— 9a? 




— 21y 




— 12« 


-4y 


10a 




2x 




9y 


* 


19z 


By 


(6) ny* 




(7) 21al> 


(8) 


^ahx" 


(9) 


ay" 


(10) 57c 


29y« 




— 17a6 




Uahx' 




-la^ 


24c 


(11) - 


-67d 


(12) 


— 19m 


1 
(13) 


S4v 


(14) 


— 143p 




49(f 




— 43m 




■7by 




— 98p 



Answers.— (a) (1) 26a. (2) 2j?. (3) — 19i/. (4) «. (5) 7y. 
(6) 46y*. (7) 4a6. (8) 19a&«". (9) — 6oy*. (10) 81c. (11) 
— 18d. (12) —62m. (13) 9y. (14) — 241p. (&) (6) — 12y«. (7) 
38o&. (8) — 7ada?». (9) 8oy». (10) 33c. (11) — 116d. (12) 24m. 
(13) 159y. (14) — 45p. 



28 ALGEBRA 

ADDITION AND SUBTRACTION OF P0LTN0MINAL8 
CONTAINING 8IMILAB AND DISSIMILAB TERMS 

114. Problem. — ^Add a:* — 2xy -f y* and o — 3ary — d. 

Solution. — a?* — 2xy -f y* 

— Zxy -fa — d 

x' — bxy -\- y^ -\- a — d, Ans. 

Explanation. — We rewrite so that none but similar terms 
shall be in the same vertical column as shown in the solution, 
and then add each column separately as in Art. 112. 

116. Problem. — In the problem, Art. 114, subtract the lower from 
the upper expression. 

Solution.— + a?* — 2xy -{- y* + + 

H- — Zxy 4-0 -\- a — d 

-^ X* -h ajy H- y* — o 4- d, Ana. 

Explanation. — We first supply missing places with and 
then subtract. In the first column from x^ leaves x^; in the 
fourth column + ^ from gives — o; and in the fifth column 
— d from is + d (Art. 112). The other columns present no 
difficulties. Performing the operations we obtain the result, 
x^ + xy -{-y^ — a-{- d. 

116. In the problem, add Sx^—4x^ + 2x + l to 3— 4a; + 8a;', 
each expression should be arranged in a regular order beginning 
either with the terms containing the highest or lowest exponent 
of some one letter and writing the successive terms so that the 
exponents of the letter will decrease if the highest is taken first, 
or increase if the lowest is taken first, regularly. 

Thus, the first expression in this problem should be written 
either (1) — 4x« + 3x^ + 2a; + 1, or (2) 1 + 2a; + 3a;* — 4a;». 

When written as in (1) it is said to be arranged according 
to the descending powers of the letter x, and when written 
as in (2), according to the ascending powers of the letter. 

117. Problems. — ^Add: 

(1) 9o» — 4ay-f6y« (2) — a* — 2&« 

7o' — Ooy + ^y' M — dV 

(3) &*-h3c (4) — 6«» — 0^ -f a?y» — y» 

l)» -f 2c — 3«" — ix'y — 7xy* — 3y* 
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(5) 20* — 4a — 3 to 2(i» + 3a» + 4a — 2. 

(6) 1 — a:*-f a? to 1 — 2ir-f 3a^ — 4x». 

(7) 8x» — 16x* + 2405* — Z2af, — 4a? + 8a?» — 12x» + 16a?*, and 3 — 6a? + 
^x^ — 12a?». 

(8) 3o« — 2a»-3& — 3o«-2l)2 to o» — a^-^h + o«-2l)2. 

(9) 3d + 86 to 6a? — 5i/. 
(10) a?» — a?i/ + y* to a?» + y*. 

Answebs.— (1) 16a* — 13ay + lOy*. (2) 4a* — 11&». (3) 2&* + 5c. 
(4) — 9a?» — 5a?*y — 6a?y* — 4y». (5) 2o*-f5a* — 5. (6) 2 — a? + 2a?* 

— 4a?«. (7) 3 — 10a? 4- 17a?* — 16a?» + 24a;* — 32aJ«. (8) 4a'» — 3o«-36 — 
20M-2&2. (9) 6a? — 5y -f 3d 4- 86. (10) a?*-fa?^ — a?y + y*4-y*. 

118. Problems. — In problems 1, 2, 3, and 4 in Art. 117, subtract the 
lower from the upper expression, and in problems 5, 6, 8, 9 and 10 
subtract the first from the last. 

Answebs.- (1) 2o* -f bay + 2y\ (2) — 6o* -f 76*. (3) c. (4) 

— 3a?» -h 3a;*j/ + 8a?i/* + 2i/*. (5) 2o* + o* + 8a + 1. (6) — 3a? + 4a?* — 
4a?*. (8) — 2o» -f o»»-36 -f 4o»»-262. (9) 6a? — 3d — 5y — 86. (10) a?» — 
x^ -\- xy — y* + 3/*. 
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EXAMINATION QX7E8TION8 AND PBOBLEKS 

( 1 ) ( a ) In what respect is Algebra like Arithmetic ? ( 6 ) In 
what respect different? 

(2) What is the difference between a coefficient and an 
exponent ? 

(3) What is the difference between power and root? Give 
an example of each. 

(4) What is substitution? 

Assuming a: = 4, i/ = 5, and" 2^3, find the numerical values 
of the following expressions: 

(5) ?!i. 

V 

(6) x^ + {y'-z'). 

(7) x^ — {y + z). 



(8) ^y^ — {xyz + l). 

Assuming a = 1, 6 = 2, c = 3, and d = 4, find the value of 
the following expressions: 

(9) (a + ft) — (— c + d). 

(10) {c-^d + a)c, 

(11) (&c + d)-^(& + c). ' 

(12) Remove the signs of aggregation from this expression: 

a + ft — [^ + 3/ — (o + 6) — ^]- 

Hint. — Remove parenthesis first. 

(13) Add 25, —8, 125, 9, —43. 

(14) Add bob. Sab, —llab, 4a6. 

(15) Subtract 825 from 417. 

(16) Subtract — 36.rt/ from llxy. 

(17) Add .r« + 3x2 + ^ + 1, 2 — 3x2 + x« — 4x, 3x^ — 2x'' 

+ 8J- — 4, and 4j-'^ — 4 + 8.r= — x. 
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(18) Subtract the sum of a — 6 — c, b — a — c, and — a + 
c — h from a-\-b -^ c, 

(19) Prom Sab -j- 4cy subtract the sum of 3cy — 4a& and 
ab + cy. 

(20) Give a concrete illustration of the use of positive and 
negative numbers. 



AN8WEBS TO EXAMINATION PROBLEMS 



(i; 


1 1 


(2] 


1 ? 


(3) 


1 t 


(4) 


1 t 


(5] 


1 9f 


(6) 


1 32. 


(7] 


1 8. 


(8] 


1 4. 


(9] 


1 2. 


(10) 


1 24. 


(11] 


1 2. 


(12] 


1 + 6 — X — y -\-a-\-b -\- X, 


terms, 


2a + 26 — y. 


(13] 


1 108. 


(14] 


1 0. 


(15] 


1 408. 


(16] 


1 53xy. 


(17] 


1 4x» + 11a;* + 4tx 5. 


(18] 


\ 2a + 26 + 2c. 


(19) 


6ab. 


(20) 


1 



or, combining similar 
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LAWS OF SiaNS IN MULTIPLICATION 

119. When the multiplicand is positive and the multiplier 
is positive. 

A man receives $5 a day. How will his financial condition 
in 3 days, compare with his present financial condition? 

3 X (+ 5) means that an increase of 5 units is to be taken 
or added 3 times. Then the product 3X(+5) = + 5 + 5 + 
5 = + 15. 

120. When the multiplicand is negative and the multiplier 
is positive. 

A man spends $5 a day. How will his financial condition 
in 3 days, compare with his present financial condition? 

3 X ( — 5) means that a decrease of 5 units is to be taken 
3 times. Hence 3 X (—5) = — 5 — 5 — 5 = — 15. 

121. When the multiplicand is positive and the multiplier 

is negative. 

A man receives $5 a day. How did his financial condition 
3 days ago, compare with his present financial condition? 

— 3 X (+ 5) means that 5 units are to be decreased 3 times, 
that is, 5 units are to be counted 3 times in the negative direction. 
Hence the result is 15 units counted in the negative direction, 
or —15. Hence —3 X(+ 5) = — 15. 

122. When the multiplicand is negative and the multiplier 
is negative. 

A man spends $5 a day for 20 days. How did his financial 
condition 3 days ago, compare with his present financial 
condition ? 

At the present time he has spent $100; three days ago he 
had spent $85; he was therefore $15 better oflE three days ago; 
therefore — 3 X ( — 5) is equivalent to counting 5 units three 
times in the positive direction, beginning at — 100 and arriv- 
ing at — 85. Hence — 3 X (— 5) = 3 X (+ 5) = + 15. 



^> 
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123, Using general symbols the results in Arts. 119-122 may- 
be stated thus: 

(1) {+a)X{+h) = + ah. 

(2) (—a)X(+b) = — ah. 

(3) (+a)X(— 6) = — aft. 

(4) (_a)X (-&) = + aft. 

Comparing (1) and (4) we find we have a + product when 
the signs of the factors are both + or both — . 

Comparing (2) and (3) we find we have a — product when 
one of the factors is -j- and the other is — . 



124. Laws op Signs in Multiplication. (1) If two factors 
have like signs the sign of the product is +• 

(2) If two factors have unlike signs the sign of the pro- 
duct is — . 

LAWS OF SIGNS IN DIVISION 

125. 

(1) Since (+ a)X{+ b)= + ab; then + a6 -—(+&)= + a. 

(2) Since (— a) X (+ &)= — «&; then _a&-f-(+ 6)= — a. 

(3) Since {+ a)X{—b)= — ab; then — a&-r-(— 6)= + a. 

(4) Since {—a)X(--b)= + ab; then + a6 -f-(— 6)= — a. 
Comparing (1) and (3) we find we have a + quotient when 

the signs of the dividend and divisor are both + or — . 

Comparing (2) and (4) we find we have a — quotient when 
the dividend is — and the divisor +, or the dividend + and 
the divisor — . 

126. Laws of Signs in Division. (1) If the dividend and 
divisor have like signs the sign of the quotient is +. 

(2) // the dividend and divisor have unlike signs the sign 
of the quotient is — . 

127. The laws of signs in Multiplication and Division may 
be briefly stated as follows: 

Like signs give -\- and unlike signs give — . 

128. Problems. — Multiply : 

(1) 4 by (—7). (2) —6 by 9. (3) —11 by (—13). 
(4) 17 by —(41). (5) —23 by (—62). 
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Divide: 

(6) 63 by (—9). (7) — 88 by 11. (8) —356 by (.— 4). 
(9) 729 by 9. (10) —256 by 16. 

Answers.— (1) —28. (2) —54. (3) 143. (4) —697. (5) 
1426. (6) —7. (7) —8. (8) 89. (9) 81. (10) —16. 



INDEX LAW IN MULTIPLICATION 

129. Since the exponent indicates the number of times a 
quantity is used as a factor (whence aaaaa is written a', and 
aaa is written a*), it follows that a* X a^-= aaaaa X aaa. 

Now in aaaaa X aaa we have the product obtained by taking 
a 5 times as a factor multiplied by the product obtained by 
taking a 3 times as a factor. There must, therefore, be 5 -[- 3 
factors in the final product, or a^ X a^ = a^*^ = a*. It is 
evident also that the product of a' X a* is a^ ; of a° X a^ is a^®, 
of a® X a* is a^®, of a^ X a* is o^\ and so on. The product of a 
with any exponent, as o'", multiplied by a with any exponent, 
as a*\ will be a'"*'*. In like manner, since a"' X <^" X • . . .«^ = 
(a"» X o'* X )a\ then a"' X a" X a^ = a"'""*-- ^ 

130. Index Law in Multiplication. The exponent of a 
letter in the product is equal to the sum of the exponents of 
that letter in the different factors of the product. 

131. Problem. — Find the product of x**^"* • X'*". 

Solution. — x"'"^'" • x'^*" =^^'**"'>*<^*"> =x'''*'"*"' -^w*- 

Explanation. — Adding the exponents 3 + m and 2 + n in 
the usual form we obtain the exponent of x in the product, 
which is 5 + m + n. Writing this in the proper place we get 
j.6*m*n ^ ^Yie result. 

132. Problems. — Find the product of: 

(1) arsn.xaw. (2) a^-a^f. 

( 3 ) 3/26-<z . y-6*-'7. ( 4 ) X* . xz+tf*. 

(5) b2.&3.&. (6) a- . x2 . a-* . x-i. 

Answers. — (1) x5«. (2) a«*3ri. (3) yb^q, (4) x«*«=. (5) 
ft«. (6) x«. 



=iaa=ia^. 
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INDEX LAW IN DIVISION 

133. If it be required to divide a' by a* we may \^Tite 
a^_ aaaaa 
a* ~ aaa 

Now the expression is a fraction having a as a factor 

5 times in its numerator and 3 times in its denominator; there- 
fore, if we cancel the 3 factors in the denominator with 3 equal 

factors in the numerator, thus — — ^, we have left, a used as a 

factor twice in the numerator, or a'. Hence a"-f-a' = a'. But 

a* = a°"'. Hence a^-r-a^=^ a*'' = a*. 

a* a* 

-, ==a*"* = a^, ::n = o^"' = «* and so on. 

The quotient of a with any exponent, as a"*, divided by a 
with any exponent, as a**, will be a"*"". 

134. Index Law in Division. T^e exponent of a letter in 
the quotient is equal to the difference obtained hy subtracting 
the exponent of that letter in the divisor from the exponent of 
that letter in the dividend. 

136. Pboblem. — Divide /p2P*« by x'^^. 

Solution. — ic2p+9_i_^p-ff__.j,(2p*9)-(p-9)__^p+27, Ans, 

EicPLANATiON. — Subtracting the exponent p — q from 2p-^ q 
in the usual form we obtain the exponent of x in the quotient, 
which is p + 2q. Whence a;='*« -r- a;P-« = a:'*^^. 

136. Pboblems. — Divide: 

(1) m*« by m2«. (2) ajs» by x^-^. 

(3) 1/0*' by i/-c*2(i. (4) a^9 by a^v. 

(5) 6*" by W. 

Anbwebs.— (1) m2o. (2) x*»»-2. (3) y^c-^, (4) o2*-2y. (5) l)»H»«. 

MULTIPLICATION OF MONOBHALS 

137. Since the product of any given number of factors is 
obtained by multiplying the first factor by the second, this pro- 
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duct by the third, and the product thus obtained by the fourth, 
and so on, and since the order of the factors is immaterial we 

can express the product ahcd in the form a X 6 X c X 

X d X ; or ah X cX dX ; or ah X cdX ; or ahc X 

dX ; or as the product of the diflEerent factors in any 

order or combination. 

138. Rule. — To find the product of two or more monomials 
find the continued product of all the different factors in the 
monomials. 

139. Problems. — (1) Find the product of 2ax'y and Zby*. 
Solution. — 2ax*y x Sby* = 2.3.o.b.j:*.y'.j/ = Babar'y*, Ana. 

Explanation. — Since the order of the factors is immaterial 
we write the continued product of the factors, writing first the 
numerical factors 2 and 3, next the literal factors in alphabetical 
order. After having written the continued product of all the 
factors we combine as much as possible, multiplying the nu- 
merical factors and the like literal factors. 

(2) Find the product of — 2a'y, 3ba;y, and — cxy^. 

Solution.— (—20*1/) X (Zbxy) X (— ca?3/»)=(— 2a'y . Zbxy) x (—cxy^) = 
i—^a'hxy*) X (— CJ:3/') = 6o'bca:V. Atis. 

Explanation. — Since the product of these monomials is equal 
to the product of any two multiplied by the third, we find the 
product of the first two which is — 6a^hxy^, We then multiply 
this product by the third monomial, getting Qa^hcx^y* as the 
final product. 

(3) Multiply — a: by — y by — z. 

SoLUTiox. — ( — X) . ( — y)z=-\- xy 

i-\-xy)-{ — «)=»— a-y«, Ans. 

Explanation. — Multiplying the first two terms, not forgetting 
to apply the law of signs, we get + xy. ^Multiplying this product 
by the third term we get — xyz. 
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If we continue by multiplying by a fourth negative factor 
— w the product will be + jcyzw. A fifth negative term will 
make the product — again ; a sixth + ; and so on alternately. 

140. Law op Signs for the product of more than two 
FACTORS. An odd number of negative factors makes the sign 
of the product — ; and an even number of negative factors 
makes the sigip of the product +• 

141. From the problems in Art. 139 we see that the processes 
of finding the product of two or more monomials has three dis- 
tinct steps: 

(1) Deteiftiine the sign of the product. 

(2) Multiply together the numerical coefficients, if any, of 
the different monomials and write the result as the coefficient of 
the product. 

(3) Annex to the numerical coefficient all the different let- 
ters, giving to each letter an exponent equal to the sum of the 
exponents of that letter in the different monomials. 

142. Problkms. — Find the product of: 

(3) 6x-' (4) —inhx-i 

— 3j- — 2a^bx"y 

(7) art*". (8) — a»»*» 

IV (11) x'wj/aw (12) —2x2yn 



(1) 


— 5a& 


(2) \xy 




2ah 


— 2xy 


(0) 


laxyz'^ 


( 6 ) a-' J/ 




2xy'<z 


hx* 


(9) 


xm*'A 


(10) —a 




X»w-5 


— a 



• 



Answers.— (1) — lOo-'fts. (2) — 8x2j/2. (3) —18x3. (4) ga-^bsx*!/. 
(6) 140X2^42*. (6) a2bx»3/. (7) x»*"3/2*w. (g) a2»"*2n. (9) x2mi-2. 
(10) a'i-^h'^v. (11) — x2'"|/:iM. (12) — 6x'"*2y2i«*»i. 

DIVISION OF MONOMIALS 

143. Since the product — 15a'*fcV- may be obtained by multi- 
plying the monomials — \Wlrx- and v)alr it follows that — ^—^ — 
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(1) We obtain the — sign of the quotient from the law of 
signs in division. 

(2) We obtain the numerical coefficient, 3, of the quotient 
by dividing the numerical coefficient, 15, of the dividend by the 
numerical coefficient, 5, of the divisor. The result thus far 

obtained is - -:— 

(3) We divide a^ by a and obtain the exponent 2 of a in the 
quotient by subtracting 1, the exponent of a in the divisor from 
3 the exponent of a in the dividend. The result now obtained is 

(4) Dividing by h' in the same way we obtain as the result 
of this step — 3a-6**x-, the required quotient as all the operations 
have been performed. 

Since the divisor contained no factor x this factor in the 
dividend is not divided and hence its exponent remains un- 
changed in the quotient. 

If the divisor contains any factor as y, not contained in the 
dividend, as the indicated division — .' - - , the result of the 

fourth step would have been . Since there is no factor 

y 

y in the dividend, we cannot obtain another factor in the 
quotient by continuing the operations in the usual way, and 
we therefore allow the result to stand, an indicated division. 

144. From the problem given above W(» see that the process 
of finding the quotient of two monomials has three distinct 
steps : 

(1) Determine the sign of the quotient. 

(2) Divide the numencal coefficient of the dividend, if any, 
by the numerical coefficient of the divisor and write the result 
as the coefficient of the quotient. 

(3) Annex to the numerical coefficient all the letters of the 
dividend giving to each letter an exponent obtained by sub- 
tracting the exponent of that letter in the divisor from the ex- 
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ponent of that letter in the dividend. If the dividend contains 
any factor not contained in the divisor, its exponent will not be 
changed in the quotient. If the divisor contains any factor not 
contained in the dividend, the division by this factor must be 
indicated in the quotient, 

146. If the dividend and divisor contain equal factors these 
factors may be cancelled by drawing lines through them. 



146. Problem. — Simplify, 



iaafyz 

z* 



Solution. — 



^ax*yz ~ 



4^rt^ 

X 



ix 



Ans, 



Explanation. — a and y are equal factors in both dividend 
and divisor and may therefore be cancelled. Since x^ is a factor 
of x^ and x^ these two quantities may be cancelled, placing an x 
under the x^ this being the quotient of x^-t-x^. Since z is a 
factor of z and z^ they may be cancelled and be expressed 
as shown. The remaining factors can be grouped and written 

36*8* 

thus, j~. Since the dividend contains no factors contained in 
the divisor the operation can be carried no further. 

147. Problems. — Perform the indicated diviBion. 



(1) 


2768X 
9a; 


(2) 


96m3c 
— 8m2 


(3) 


— 2^V^Z^ 
29y5 


(4) 


12j;2y6 


(5) 


— 0266X4 
062^2 


(6) 


— 5160X2 

176x3 


(7) 


225a2Z>B 
25&«c 


(8) 


— 5x3y 


(9) 


462X4y5 

765x3y 


(10) 


— 30&2c3d4 
— 02&3cd4 


(11) 


49a3a?2j8;4 
— 7aa:2«8 


(12) 


— 35a*»«*i 

7(|4in-2 


(13) 


85x0+4 
17a;2 


(14) 


75a»»6» 
15o»b»» 


(15) 


SixPyQ 
— Ixpy-Q 
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Answers.— (1) 3b*. (2) — 12mc. (3) — yV. (4) —. (5) 

y 

-ab-x'. (6) :^i?. (7) -°'. (8) H???' (9) .^f^f. (10) %. 

(11) —la*z. (12) — 5o». (13) 5ara*2. (14) 5om-n&ri-w. (15) 
— 12y2«. 



MULTIPLICATION OF POLYNOMIALS BY 

MONOMIALS 

148. Problem.— Multiply 3a:* — Zxy -f 6y' by — 2xy. 

Solution. — 3x* — Zxy -{■ 6y* 

— 2xy 



— ^xi^y + Bx^y* — 12xy', Avis. 



Explanation. — ^We first multiply 3x- by — 2xy and proceed 
toward the right giving each product its proper sign. 

149. RiTiiE. — To multiply a polynomial by a monomial, multi- 
ply each term of the polynomial from left to right by the mon- 
omial and connect the terms of the product with the proper signs. 

150. Problems. — Multiply : 

(1) 1 + 2o -f o» by 2a. (2) a-^ — 2x2/ + y* by — xy. 

(3) axn 4- bym by ex*. (4) x* — 3x^3/ -f 5xy' — 7y* by x*y. 

(5) — 3x'y» — 5x»y* -f lx*y + 6x^ by — 4x*3/'. 

Answers.— (1) 2o + 4o' + 2a'. (2) — x^i/^- 2xV— xy*. (3) ocx»+2 4. 
bcx'ym. (4) x*3/— 3x*3/'-f Sx"!/*— 7x*y*. (5) 12x«y« + 20xV— 28x'i/*— 
24xV. 

MULTIPLICATION OF POLYNOMIALS BY 

POLYNOMIALS 

161. Problem.— Multiply 3x* — 2xy -f y' by 2x*y» — 3xV + irv*. 

Solution. — 3x' — 2xy -f- y' 

2x>3/' — 3x*i/» + X3^ 



6x*3/' — 4x*y* -h 2x*i/^ partial product (1) 

— 9xV + 6x^2^ — Zx^y^' partial product (2) 

-f 3x*y* — 2x*3/* + xy* . .partial product (3) 

6x*2/' — 13x*2/' + llx'y* — 5xV + ^y\ Ans. 

Explanation. — Beginning with 3x^ wo multiply each term 
of the multiplicand in order by 2x-Uj'. Then we perform the 
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same operation with the remaining terms of the multiplier in 
order, writing similar partial products in their own vertical 
column. 

We then add the vertical columns of partial products, placing 
the proper sign before each sum and thus obtain the complete 
product. 

162. Rule. — Multiply each term of the multiplicand, working 
from left to right, by each term of the multiplier in the same 
order and connect the partial products with the proper signs. 
Add the similar partial products. The sum wUl he the product 
required, 

153. Note. — In arranging the polynomials for multiplication, 
the multiplicand and multiplier should both be written according 
to the descending or ascending powers of the same letter. Then 
the similar terms of the partial products will be easily arranged 
in vertical columns. 

164. Problems. — Multiply: 

(1) a» + 2a6 + ft» by o — b. (2) o» -f ob + &* by o— &. 

(3) ar* — xy -\- y* by X ■}- y. (4) a?* + a:* -f- 1 by a?* — 1. 

(5) a-f b + c by a— b — c. (6) 3x» -f 3x + 1 -f x» by a: — 1. 

(7) x»-f 3x — 1 by a^ — 2a? — 2. (8) 1 — 2a? — a:» by 1 — «» + 2a:. 

(9) a" -f 4o» + 5a — 24 by o» -f- 4a + 5. 
(10) X«-l — Xn-2 — xn-3 by x + 1. 

Answers.- (1) a' + a'b — ab» — b». (2) a»— b^ (3) x* -\- y*. 
(4) af — 1. (5) a*— b" — c" — 2bc. (6) a:* + 2x« — 2a? — 1. (7) 
a;« + a?* — 3a?» — 6a:» — 4a?4-2. (8) 1 — 6a?* + a?*. (9) a" -f 8a* + 26a' 
+ 16a' — 71a — 120. (10) a?» — 2xm-2 — a?M-3. 

DIVISION OF POLYNOMIALS BY MONOMIALS 

166. Problkm.— Divide 6a*b'a?» — 8a'b'ar» + 4o»a?* by 2a'a?. 

6a*b'a^ — So'b'ar* -f 4o'a?* ea^b'x* Sa'b'a?* 4a«ar* 

Solution.-- ^a'x = ^«> -2c^ 2^" + ^S^F 

= ( b) 3a'b'a? — 4ab»a?' + 2a?', Ans. 

Explanation. — ^We first indicate the division of each term 
of the dividend, as in (a) determining the signs and then 
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actually perform the division, determining the eoeflSeients and 
exponents for each term according to Art. 144, getting the 
result shown in (6). After some practice the indicated divisions 
shown in (a) may be omitted. 

166. Rule. — Divide each term of the dividend in order from 
left to right by the divisor and connect the partial quotients 
by the proper signs. 

167. Problems. — ^Divide: 

(1) iaf — Uaf" by ix^. 

(2) 4ic* — 6aj»y + 8x*3/» by 2x». 

(3) 9x*y — 6ar*j/* + 12x^1/* — ISary* by 3a?y. 

(4) — 7aj» -f 5x*y — 6a?»2/* — Sx'y* -h ixv* — 9y" by — xy. 

(5) 3a?»» — 2a?»»+i -f- 5xm*2 — x»*+3 by — x^. 

A>'SWERS.— (1) x — Zx*. (2) 2af'-Zx'y-\-ixyK (3) ^x' — 2x'y-{- 

ixy^ — oy*. ,(4) —- — bx* -{- ^x'y -\- Sxy^ — iy* -{- -^ . (5) — 3fl?m-3-|. 

y V 

2xm-2 — 5jr»t-i -|- x'n. 



DIVISION OF POLYNOMIALS BY POLYNOMIALS 

168. If the product of a — 6 multiplied by 2a + 6 is 2a^ — 
ab -7- 6^ then a — 6 is contained in 2a^ — ab — b^ 2a-\-b times. 
If only the product, 2a^ — ab — b^, and the multiplicand, a — b 
are given, we wish to find by what number a — 6 is to be multi- 
plied to produce 2a^ — ab — b^; that is, how many times a — 6 
is contained in 2a^ — ab — b^. Therefore 2a^ — ab — 6^, the 
former product, is now the dividend, and a — b the former 
multiplicand is now the divisor, and 2a + b, the former multi- 
plier will be the quotient. 

The relation between these numbers in multiplication and 
the reverse process of division is shown thus: 

Multiplication Division 

multiplicafid a — b divisor 

multiplier 2a -\- h •. . quotient 

2a'—2ah 

ab — ft' 

product 2a- — ab — b^ ... dividend 
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159. 

Zx" -— 2xy + y^ 
2x' -h 3xj/ — y^ 



6x* — ix'y -f 2x'tr- (1) 

9afy — 6ar=2/' + 3x2^ (2) 

— Zx^p' -f 2xi/» — 2^ (3) 



6x* -f 5x*y — 7a?'2/' -|- 5xy* — y* 

The product is the sum of the three partial products (1), (2), 
and (3), obtained by multiplying the multiplicand by the three 
terms of the multiplier in turn from left to right. Hence the 
first term of each of the partial products (1), (2), and (3), is 
obtained by multiplying 3j:-, the first term of the multiplicand, 
by 2x^, Sxy, and — i/-, the three terms of the multiplier, 
respectively. 

We will now explain the reverse operation, namely division. 
As explained in Art. 158, the product 6x* + 5x^i/ — Ix^y- + 
5xy^ — y* becomes the dividend and the multiplicand 3x- — 2xy 
+ y^ becomes the divisor. In dividing, the work is arranged 
thus: 

(4) 6x^-1- hx^y — lx-y^ -f Sxy* — y*) Sar' — 2xy + j/' (5) 

(6) 6x* — 4ar»y -f 2j-y- Ix" -f Sarj/ — 1/» (11) 

(7) + 9x»j/ — Gar'y' -|- 5x2^ 

(8) -h ^x'y — ^x'y^ -f Sxy* 

(9) — Zx-y' -h 2xy^ — y* 

(10) — 3a*V + 2a'y' — y* 

The divisor (5) is placed at the right of the dividend (4) with 
a short line between. The quotient (11), when obtained, will be 
placed under the divisor. 

The first step in the operation is to divide the first term of 
the dividend, 6j:*, by the first term of the divisor, 3x^, which 
gives 2x^. The 2x- is the first term of the quotient because, as 
can be seen from the multiplication above, the 6j:* is the product 
of the first term of the multiplicand (now divisor) by the first 
term of the multiplier (now quotient). Therefore we place 2x^ 
as the first term of the quotient. 

The second step in the solution is to multiply the complete 
divisor (5) by the first term of the quotient. This gives the 



MULTIPLICATION AND DIVISION 45 

quantity (6) (which should be written as shown) which is the 
same as the partial product (1) in the multiplication. 

The third step in the solution is to subtract (6) from the 
dividend, getting the remainder (7). It will be noticed that 
not all of the remainder is written in (7), but only as many » 
terms as there are terms in the divisor. This remainder is equal 
to the sum of the partial products (2) and (3) and the first 
term is the same as the first term of partial product (2). The 
first term of (2) is the product of the first term of the multipli- 
cand (divisor) by the second term of the multiplier (quotient) ; 
hence the fourth step in the solution is to divide the first term 
of the remainder (7) by the first term of the divisor (5). This 
gives +3xt/, the second term of the quotient. 

The fifth step is to multiply the complete divisor by the second 
term of the quotient, which gives (8), the same as partial 
product (2). Sixth, subtracting (8) from (7) gives (9) which 
is the same as partial product (3). The first term of (3) is the 
product of the first term of the multiplicand (divisor) by the 
third term of the multiplier (quotient). Hence, to get the third 
term of the quotient w^e divide the first term of (9) by the first 
term of (5). We then multiply and subtract as before. There 
is no remainder after the last subtraction so the divisor is 
complete. 

160. Rule. — To divide a polynomial by a polynomial, 

(1) Arrange the terms of dividend and divisor according 
to the ascending or descending powers of some letter. 

(2) Divide the first term of the dividend by the first term 
of the divisor and write the result as the first term of the 
quotient. 

(3) Midtiply the complete divisor by the first term of the 
quotieyit and subtract the result from the dividend. 

(4) Regard the remainder as a new dividend and divide 
it by the first term of the divisor, writing the result as the 
second term of the quotient. 

(5) Midtiply the divisor by the second term of the quotient 
and subtract the restdt from the new dividend. 
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(6) Continue in this way until there is no remainder or 
until the first term of the remainder will not contain the first 
term of the divisor. If the first term of the remainder will not 
contain the first term of the divisor express the division by 
writing the remainder over the divisor and use the expression 
• so obtained as the last term of the quotient. 



161. Problems. — Divide: 



(1 
(2 
(3 
(4 
(5 
(6 
(7 
(8 
(9 
(10 



X* — X — 20 by X — 5. 

a?» + 7a? -f 12 by a? + 3. 

o* — 3a — 18 by o — 6. 

xy — y* -h 2a:* by x -\- y. 

c' — lie + 10 by c — 10. 

20x^y — 2bx* — ISif* -f 21 xy* by 6y — 5a:. 

a*x* — a*x*b — ahx -h b' by ax — b. 

4y* — 9i/'-f 6y — 1 by 2i/*-f 3y — 1 (see Art. 115). 

a* — ia*x -f- 6a'a?* — iax^ + a?* by o* — 2aa; -f a?*. 

iaf — 12x*y + 9y' by 2ar» — Sy. 



Answers.— (1) ar -f 4. (2) x + 4. (3) p4-3. (4) 2a: — |/. 
<5) c — 1. (6) bx' + 2xy — ^y\ (7) a'x'^h. (8) 2y» — 3y-fl. 
<9) o» — 2aa: -f a:». (10) 2x* — Zy. 
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SIMPLE EQUATIONS 

162. An equation is an algebraic statement indicating the 
equality of two expressions. 

Thus the statement that 3a; + 2 and 2x -f- 4' have the same 
value, is written 3a; -f 2 = 2x -f 4. 

We can easily determine by inspection that the value of x that 
makes the expressions 3x + 2 and 2x + 4 equal, is 2. Thus sub- 
stituting 2 for X, the equation becomes 3«2-|-2 = 2-2 + 4; or 
6 + 2 = 4+4; or 8 = 8. 

Any other value of x, as 3, renders the equation an absurdity. 
Thus, substituting 3 for x, the equation becomes 3«3 + 2 = 
2*3 + 4; or 9 + 2 = 6 + 4; or 11 = 10, an untrue statement. 

163. The unknown quantities in an equation are usually ex- 
pressed by the last letters of the alphabet, such as a;, y, or z, 
the known quantities by the first letters of the alphabet, such 
as a, h, or c, and also by numbers, 

164. An equation in which all the known quantities are 
Arabic numerals is called a numerical equation. 

166. An equation which, when reduced to its simplest form 
contains only the first power of the unknown quantity, is called 
a simple equation, or an equation of the first degree. 

Thus 7x + 5 = lOx — 4, and ax -{- b = c, are simple equations 
in J-. 

166. Equations may contain more than one unknown quan- 
tity, as, X + 41/ = 61/ — 2x. 

167. That part of an equation on the left of the sign of 
equality is called the first member or left side of the equation ; 
and that part of the equation on the right of the sign of equality 
is called the second member or right side of the equation. 

168. The solution of an equation consists in finding the value 
of the unknown quantity. 
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169. • It is convenient in solving any equation to bring all the 
terms containing the unknown quantity to the left side of the 
equation, and all the known terms to the right side of the 
equation. 

This process is called transposing the terms. 

170. In solving equations we make use of the following state- 
ments called axioms, the truth of which is admitted to be self- 
evident. 

Axiom 1. // equal numbers be added to equal numbers their 
sums are equal. 

Axiom 2. // equal numbers be subtracted from equal numbers 
their remainders are equal. 

Axiom 3. // equal numbers be multiplied by equal numbers 
their products are equal. 

Axiom 4. // equal numbers be divided by equal numbers 
their quotients are equal, 

171. From the nature of an equation it is evident that what- 
ever operation is perfoi^med on one side must be performed on 
the other side. 



SOLUTION OF A SIMPLE NX7MERI0AL 

EQUATION 

172. Problem. — Solve, 5a; — 4 = 12 + x. 

Solution and Explanation. — 4 can be removed from the 
left side of the equation by adding 4 to this side, since — 4 + 
4 = 0. But in order not to destroy the equation we must also 
add 4 to the right side. Performing these operations the equa- 
tion becomes 5x — 4 + 4 ^ 12 + ic + 4. {Axiom 1,) 

X can be removed from the right side of the equation by 
subtracting x from this side. But we must also subtract x 
from the left side of the equation. Performing these oper- 
ations the equation becomes ox — 4 + 4 — x = 12 -\- x -\- 4: — x, 
{Axiom 2.) 
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Reducing the equation to its simplest form we find that the 
known quantities on the left side cancel each other, and also the 
unknown quantities on the right side cancel each other, there- 
fore, canceling, we obtain 5x — x = 12-\-^, or 4x = 16. If we 
now divide the left side of the equation, 4:x, by 4 we shall 
obtain x. But we must also divide the right side 16, by 4. 

4x 16 

Performing these operations we obtain, -f^^T' ^^ x = 4:. 
(Axiom 4.) 

173. Verification. If, when the value found for x is sub- 
stituted for X in the original equation, the equation reduces 
to an identity, the equation is said to be verified. Thus sub- 
stituting 4 for X in the equation, 5x — 4 = 12 + a:, we obtain 
5 . 4 — 4 = 12 -f 4 ; or 20 — 4 = 12 + 4 ; or 16 = 16 ; we there- 
fore know that the equation has been correctly solved. 

174. From the above problem it is evident that the following 
statements are true: 

(1) If a number appears on one side of an equation xvith 
the + sign, it can he removed from that side by subtraction, 
and will therefore appear on the other side with the -^ sign, 

(2) If a number appeal's on one side of an equation with 
the — sign, it can be removed from that side by addition, and 
will therefore appear on the other side xvith the -\- sign, 

175. Rule. — In order to transpose any number from one 
side of an equation to the other, remove the number from its 
original position and place it on the other side of the equation 
with its sign changed. 

176. Problem. — Solve 15 — 21a: — 32 — 5a; = 68 — 10 — 4ar -f 3x. 

Solution.— 15 — 21a7 — 32 — 5j; = 68 — 10 — 4x + 3a-. 
— 21a; — 5a; -f 4a; — 3a; = 68 — 10 — 15 -| 32. 

— 25a; = 75 

a; = — 3, Ans. 

Explanation. — Writing the unknown quantities on the left 
side in their order, and transposing the unknown quantities 
on the right side in their order, the left side of the equation 
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becomes — 21x — 5x + 4x — 3a;. Writing the known quanti- 
ties on the right side in their order and transposing the known 
quantities on the left side in their order, the right side of the 
equation becomes 68 — 10 — 15 + 32. Hence the original equa- 
tion becomes — 21x — 5a; + 4a; — 3x = 68 — 10 — 15 + 32. Re- 
ducing to the simplest form we obtain — 25a; = 75. Dividing 
both sides of the equation by — 25 we obtain x = — 3. 

177. Note. — The left side of the equation, — 25x = 75, can 
be made + by multiplying both sides by — 1. (Axiom 3.) We 
then obtain 25a; = — 75. Whence x = — 3. This is often a 
convenient step but it is not necessary. 

178. Rule. — (1) To solve a simple equation, transpose the 
unknown quantities on the right side of the equation to the 
left side, and the known quantities on the left side of the equa- 
tion to the right side, changing the signs from -{- to — or from 
— to -\- of all terms transposed. 

(2) Combine all the unknown quantities into one term and 
the known quantities into one number, 

(3) .Divide both sides of the equation by the coefficient of 
the unknown letter. 

179. Problems. — Find the value of x. 



(1) 


5a? + 2 — 27. 




(2) 4a? + 7 = 60? + 1. 


(3) 


3x — 7 — 2jf + 2. 




(4) 7a? — 12 — 3a? + 4. 


(5) 


x — 2 — 2x — 7. 




(6) a? — 3 — 15— 2a?. 


(7) 


7aj — 8 = 6a; + 2. 






(8) 


60 — 3a? -h ear — - 


-ll 


— 7a? + 77 + 4a?. 


(9) 


6(0? — 5)-^-2ar — 


8a?- 


-2(a?-hl0). 



Hint. — Expand the terms containing parentheses as the first step 
in the solution. 

(10) 9 (13 — a?) — 4a? = 5 (21 — 2a?) + 9ar. 

(11) 7(3a? — 6) 4-5(0? — 3) = 77 — 4(17 — a?). 

(12) 8 (3a? — 2) — 7a? — 5 (12 — 3a?) -J- 28 = 8 (3a? 4- 2) — 32. 

AxBWER.s.— (1) 5. (2) 3. (3) 9. (4) 4. (5) 5. (6) 6. 
(7) 10. (8) 1. (9) 5. (10) 1. (11) 3. (12) 4. 
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STATEMENT AND SOLUTION OF PROBLEMS 

180. The statement of a problem consists in expressing in 
algebraic symbols the conditions of a problem that are expressed 
in common language. 

In solving a problem containing one unknown quantity it 
is necessary to find two expressions that have the same value 
and write them equal to each other. 

181. Problems Stated and Solved. (1) Three times a cer- 
tain number is equal to the number increased by 12. Find 
the number. 

Analysis and SoiiUTiON. — The words **a certain number," 
'*the number/' and still more definitely the words '*find the 
number,'* suggest a definite value to be found. The object of 
the problem is to find this ** certain number." It is therefore 
the unknown quantity and must be represented by a symbol. 
We therefore say: 

Let X = the number. Using symbols for words and phrases, 
we write (1) the figure 3 for ** three. " We may write (2) the 
sign of multiplication X, for ** times," though this will ordi- 
narily be omitted. For the words '^ a certain number " we write 
(3) the letter x, the symbol already adopted for the unknown 
quantity. We WTite. the symbol = for the words * * equal to. ' ' 
The left side of the equation is now complete and has the 
form 3r=. 

To find an expression of equal value for the right side we 
continue reading the problem. For the words **the number" 
we write the letter x. ^ * Increased by ' * means * * made larger ' ' 
or ''added to" and we therefore write the sign of addition, -f-. 
The number 12 follows the sign +. The right side of the 
equation is now complete and has this form : j: -|- 12. The equa- 
tion is now stated 3i; = x + 12. 

The equation can now be easily solved. 

The complete statement and solution of the problem should 
be in the following form : 
Let X = the number. 
Then Sx = three times this number 
and :r + 12 ^ the number increased by 12. 
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But by the problem these last two expressions are equal. 
.-. 3x = x + 12. (1) 

Transposing 3x — x = 1 2 ( 2 ) 
Combining 2x = 12 (3) 

Dividing by 2, x = 6 (4) 

Therefore the number is 6. 

Verification. Substitute 6 in the original equation (1) 
3.6 = 6 + 12. 
18 = 18, the solution is therefore correct. 

(2) The sum of two numbers is 36, and twice the greater 
exceeds three times the smaller, by 2. Find the numbers. 

Analysis and Solution. — The words * ' Find the numbers ' ' 
suggest two unknown quantities, **the greater number" and 
**the smaller." If one of them is known, however, the other 
can be easily determined, so only one symbol is required. 
X, then, may stand for either **the greater number" or **the 
smaller." It can be told only by trial which method will be 
the more convenient. We will therefore write, 

Let X = the greater number. 

If 36 is the sum, and one of the numbers is given, the other 
number is the difference between 36 and the given number. 
Hence, we wTite 

36 — X = the smaller number. 

The words * * twice the greater number * * are equivalent to 
**two times the greater number." Hence, we write, 

2x = twice the greater number. 

Since 36 — x = the smaller number ; three times the smaller 
number = 3 (36 — x). Hence w^e write 3 (36 — x)= three times 
the smaller number. The problem expresses a relation between 
twice the greater number and three times the smaller; and this 
relation must be expressed in the form of an equation. Hence 
we write, 

2r = 3(36 — x) as a partial statement of these conditions. 
There is now left only the number 2, a known quantity, which 
will be placed on the right side of the equation. Its sign is to 
be determined. Reading the word ** exceeds," we Imow that 
the left side of our incomplete equation is greater in value 
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than the right side, and the excess is 2. Hence we must add 
2 to the right side to make it equal to the left side. The com- 
plete equation will therefore be 2x = 3(36 — x)-\-2. 

The complete statement and solution of the problem should 
be in the following form: , 

Let X = the greater number, 
Then 36 — x^the smaller number, 

2x = twice the larger number, 
and 3(36 — x)^ three times the smaller number. 
... 2x = 3(36 — x) + 2 (1) 
Expanding and removing the parenthesis, 

2x=108 — 3x + 2 (2) 

Transposing, 2x + 3x=108 + 2 (3) 

Combining, 5x=110 (4) 

Dividing by 5, a:^22 (5) 

Whence ^ S6 — x=U (6) 

Therefore the numbers are 22 and 14. 

Verification. Substitute 22 in the original equation. 
2-22 = 3(36 — 22) + 2 

44 = 3(14) + 2 

44 = 42 + 2 

44 = 44, the soluticm is therefore correct. 

(3) A man is now twice as old as his son. 10 years ago 
he was three times as old as his son. Find the age of each. 

Analysis and Solution. — 

Let x= the number of years in the son's age now. 
Then 2x = the number of years in the father's age now, 
X — 10 = the iiftniber of years in the son's age 10 years 

ago, 
and 2x — 10 = the number of years in the father's age 10 years 

ago. 
Two relations are expressed between the son's and the father's 
ages. The first sentence of the problem expresses an equality 
between their ages now. Hence we write the expression for the 
father's age equal to twice the expression for the son's age. 

2j- = 2(j!*) or 2r = 2x, an identity from which no solution 
can be obtained. 
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The second sentence of the problem expresses an equality 
between the father's age 10 years ago and three times the son's 
age 10 years ago. Hence, we write the expression for the father's 
age 10 years ago equal to three times the son 's age 10 years ago. 

2a; — 10=-: 3 (x — 10) (1) 
Expanding and removing the parenthesis, 

2x — 10 = 3a: — 30 (2) 

Transposing, 2x — 3x= — 30 + 10 (3) 
Combining, — x= — 20 (4) 

Dividing by — 1, a: = 20 ( 5 ) 

2a; = 40 (6) 

Therefore the son's age is 20 and the father's age is 40. 

182. Problems. — (1) The sum of two numbers is 60 and the 
greater is 4 times the lesser. Find the numbers. 

(2) The difference between two numbers is 12 and their sum 
is 76. Find the numbers. 

(3) Three times a certain number is equal to the number in- 
creased by 24. Find the number. 

(4) The sum of two numbers is 63, and the smaller equals the 
larger diminished by 33. Find the numbers. 

(5) A man is four times as old as his son; in 18 years he will be 
only twice as old. Find the age of each at the present time. 

(6) A, B, and C buy a cottage for $3,000. B pays twice as much 
as A» and C pays twice as much as A and B together. How much 
does each pay? 

Hint. — Let x = the number of dollars A pays. 

(7) Two men start from the same place and travel in opposite 
directions, one 25 miles a day and the other 40 miles a day. In how 
many days will they be 780 miles apart? 

(8) Two men start from the same place and travel in the same 
direction, one 25 miles a day and the other 40 miles a day. In how 
many days will they be 225 miles apart? 

(9) Two trains start at the same time from points 228 miles apart 
and travel toward each other, one at the rate of 45 miles an hour 
and the other at the rate of 33 miles an hour. In how many hours 
will they meet? 
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(10) Twelve men agreed to buy a camp together, but two de- 
clined to take their share and each of the others had to pay $5 more 
for his share. What was the cost of the camp? 

Hint. — Let x = the number of dollars each would have had to 
pay at first. -> 

Answebs.— (1) 12, 48. (2) 44, 32. (3) 12. (4) 15, 48. (5) 9 
years, 36 years. (6) A pays $333^; B, $666}; C, $2,000. (7) 12 days. 
(8) 15 days. (9) 2}| hours. (10) $300. 



56 ALGEBRA 



) 



FORMULAS 

183. A Formula is a statement in algebraic symbols ex- 
pressing a relation between two or more magnitudes. 

184. An example of a simple formula is the one expressing 
the relation between rate, time, and distance. As rate is the 
distance a body moves in a given time, for example, the number 
of feet per second, or the number of miles per hour, the distance 
a body moves in a given time will be the product of the rate 
multiplied by the time. Expressed in an equation, Rate X 
Titne = Distance, or, using symbols, R T = D, 

185. Any formula expressed as a simple equation can be 
solved where all but one of the quantities are known. Thus, 
if two of the quantities R, T and D are given, the third can be 
determined. There can then arise three problems. 

(1) Given R and T to find D. 

(2) Given R and D to find 1\ 
(8) Given T and D to find R. 

(1) \i R and T are given, D is the unknowTi quantity. 
Writing this on the left side of the formula, it becomes D = R T. 

(2) Ji R and D are given, T is the unknown quantity and 
this should be written alone on the left side of the formula. To 
find th(» value of T we write the original or fundamental formula, 
RT=^D. Since 1? is a factor or multiplier we remove it from the 
left side of the formula by performing with it the reverse oper- 

ation, that of division, and obtain -„ = T; also dividing the 
right side by R we obtain -^y therefore ^=-»» {Axiom 4). 

(3) If T and D are given, R is the unknown quantity and 
this should be writt(*n alone on the left side of the formula. 
To find the value of R we write as before RT = £>. Now T 
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is to be removed from the left side of the formula, and as it is 
a factor or multiplier, we divide both sides of the formula 

by it and obtain jB=-y , {Axiom 4). 

186. Pboblems. — (1) A train moves at a speed of 44 miles an 
hour. How far will it go in 9 hours? 

Solution and Explanation. — The quantities given are rate, 
B, and time, T. The distance, D, is required. We therefore write 
the formula (1) for distance, D = BT. 

Substituting for the known quantities, R and T, their given 
values 44 and 9, the formula becomes, 

i> = 44 X 9 = 396 mi., Ans. 

(2) How long will it take a train moving at a speed of 45 miles 
an hour to go 495 miles? 

Solution and Explanation. — The quantities given are rate, 
B, and distance, D. The time, T, is required. We therefore 

write the formula (2) for time, T=^. 

Substituting the known values for D and B the formula be- 
comes T = -^ =11 hr., Ans. 

(3) In 13 hours a train travels 520 miles. How many miles an 
hour does it go? 

Solution and Explanation. — The quantities given are time, 
T, and distance, D. The rate, B, is required. We therefore write 

the formula (3) for rate, B = Y' Substituting the known 
values for D and T the formula becomes JR = -jg- = 40 mi., Ans. 

187. Ohms law in electricity states that the current is di- 
rectly proportional to the electro-motive force and inversely pro- 
portional to the resistance. 

This is stated in the formula I = ^y in which / is the current 

measured in amperes; E is the electro-motive force (often 
written E. M. F.) measured in volts j and B is the resistance 

measured in ohms. The formula may be stated in words thus, 

volts 
amperes = ^j^^. 
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As in the formula D = RT, three problems may arise. 

(1) Given E and R to find I. 

(2) Given 2? and Z to find E. 

(3) Given E and I to find R. 

(1) If ^ and R are given, the formula stands unchanged, 

^ R' 

(2) li R and I are given, E must be be written alone on 

E 

the left side of the formula. Since R in the formula 1 = ^ 

is a divisor, it must be removed by performing the reverse 
operation, multiplication. Multiplying the right side by R 

we obtain — ^ = E; multiplying the left side by R we obtain 

RI; therefore RI = E, {Axiom 3), or E = RI, 

(3) If ^ and I are given, R must be written alone on the 
left side of the formula. R is removed from the right side 
of the formula as in (2); whence RI = E. Since R is the 
required quantity, I must be removed from the left side. 
Z is a factor and must therefore be removed by division. 

RI 

Dividing the left side by I we obtain -j = R; dividing the right 

E E 

side by I we obtain y; therefore R = -j, {Axiom 4). 

188. Problems. — (1) The E. M. F. of an electrical current is 
110 volts. The resistance is 220 ohms. Find the current. 

Solution and Explanation. — The quantities given are E. M. 
F., Ef and resistance, R. The current, Z, is required. We there- 
fore write the formula 1 = —. 

Substituting the known values for E and i?. the formula be- 
comes Z=29o^^2 ^^ -^ ampere, Ans. 

(2) A copper wire is carrying a 5 ampere current. The resistance 
of the wire is 2 ohms. How many volts are necessary to produce 
the current? 
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Solution and Explanation. — The quantities given are cur- 
rent, /, and resistance, R, The voltage, E, is required* "We 
therefore write, E = RI. 

Substituting the known values for R and /, the formula be- 
comes E = 2 X 5 = 10 volts, Ans, 

(3) An electric lamp circuit carries a current of 1.5 amperes under 
a pressure of 120 volts. What is the resistance of the circuit? 

Solution and Explanation. — The quantities given are cur- 
rent, I, and voltage, E. The resistance, JR, is required. "We 

E 

therefore write l^=y. 

Substituting the known values for E and /, the fonnula be- 

120 
comes jR = ^=80 ohms, A^is, 
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EXAIHINATION QX7ESTI0NS AND PR0BLEBK8 

(1) What is the law for signs in multiplication and division? 

(2) What is the index law in multiplication and division? 

(3) Multiply a + b + c by a + c. 

(4) Multiply a^ — ab + b^ by a^ + ab 4- b\ 

(5) Multiply (x — t/) (re + t/) (x^ + t/^). 

(6) Divide x^ + 4a;* — 9a; — 36 by re + 3. 

(7) Divide a'* — 4a;» + 5x2 — 4a; + 1 by x2 — 3x + l. 

(8) Divide a« + 6a»& + 15a*6' + 20a»&» + 15a*6* + 6a6» + 
6« by a* + 2ab + 6^ 

(9) Find the products: (a) (a; + 1) (a; — 1). (6) (a;* + 
3/) (^* + t/). (c) (a + 6*)(a — &»). ^ 

(10) Find the results : (a) ^'l^-. (6) J~:J. 

(11) Solve for x: (a; — 2) (x — 2)— 7 = (a; — 3) (a; — 3). 

(12) Solve for x: 3 (x — 5) + 4(x — 4) = 5 (a; + 4). 

(13) In a certain city 40,004 votes were cast. A received 
5,000 more than half as many as B. How many did each 
receive ? 

(14) The E. M. F. of a group of 4 cells is 4- volts and the 
resistance of the circuit is 1.5 ohms. What will be the current? 

(15) What voltage is required to maintain a current of 1.4 
amperes through a resistance of 2.5 ohms? 

(16) Find the value of x : 25 — x = 4x — 2x — 5. 

(17) The sum of two numbers is 83. The difference between 
them is 13. Find the numbers. 

(18) 12 battery wells are to be washed with a solution con- 
taining 25 parts acid, 10 parts soda, 3 parts potash, 62 parts 
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water. If it takes 3 gallons of the solution to wash one well, how 
much water will be needed? 

(19) A gas increases in volume an amount equal to tjt 

of its volume at 32° F. for every increase of 1° P. in tempera- 
ture. What was the volume of the gas at 32° F. if its volume 
at 37° F. is 248 cu. ft. ? 

(20) The resistance of a certain coil is 500 ohms, that of an- 
other is 2,000 ohms. The formula for finding the joint resistance 
of two coils in multiple is B{r -\- r^) = rr^ where B is the un- 
known resistance, and r and r^ are the resistances of the two 
coils joined in multiple. Find the joint resistance of these coils 
when so connected. 



ANSWERS TO EXAMINATION PROBLEMS 



(1] 


1 1 


(2) 


1 f 

• 


(3) 


) a'' + ab + 2ac + bc + c-. 


(4] 


1 a' + a^b^ + h\ 


(53 


► X* — y*. 


(6; 


) x^ + x 12. 


(73 


1 ^= x + 1. 


(8] 


) a* + 4a^5 + 60=^6^ + ^ah^ + b\ 


(91 


( (a) x= — 1. (6) x' + 2x'y + y' 


(103 


) (a) a^' + ab + b\ {b) x^ y\ 


(113 


) J- — 6. 


(123 


) x — 2b\. 


(133 


) A, 16,668; B, 23,336. 


(1-t; 


\ 2| amperes. 


(153 


) 3.5 volts. 


(163 


) X — 10. 


(173 


) 48, 35. 


(183 


) 22.32 gallons. 


(193 


) 245.5 eu. ft. 


(203 


1 400 ohms. 



(c) a^ — 6«, 
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INTRODUCTION 

It is the aim of this course to furnish sufficient instruction to 
enable the student to understand and make practical drawings 
as required in signal work. 

The various parts of the subject are arranged in the order 
in which they should be studied. Exercises are provided to 
afford practice and to illustrate the principles presented in the 
text. Directions are placed at the beginning of each exercise 
telling clearly what is to be done. 

In Gfutline the treatment is as follows: 

A description of instruments and materials required and notes 
on their use. 

General instruction in methods. 

Exercises affording practice in the use of instruments. 

Simple geometrical definitions and construction. 

Working drawings. 
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GENERAL METHODS 

nrSTRUHENTS AND MATERIALS 

1. Equipment: The following outfit is as small as is con- 
sistent with good work. It is described in detail in the succeed- 
ing articles. 

ITEM SIZE 

Drawing board 20'' X24'' 

T square 30'' 

45° triangle 7" 

30^X60° triangle 8" 

Irregular curve 

Triangular Architect's scale 12" 

Triangular Engineer's scale 12' 

Compasses 5 J' 

Dividers 5" 

Bow pencil : 3 J" 

Bow pen 3J" 

Bow dividers 3y . 

Ruling pen h" 

Drawing paper 9" X24" 

Tracing cloth 9"X24" 

4H pencil 6H pencil Tacks Waterproof black ink 
Pencil eraser Ink eraser Printing pens Penholder 
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2. Drawing Board: The drawing board should be of soft 
white pine or white wood J' thick, 24" long and 20" wide. It 
is advisable to have cleats at the ends or back to prevent warping. 
The upper or working surface is required to be smooth and flat. 
One of the short edges is used as a working edge and must be 
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smooth and straight. It should be tested with a straight edge 
from time to time as the accuracy of the work will be affected 
if it is not true. This working edge is always placed at the 
left side.* It should be marked plainly and care taken never 
to use the other edges. Fig. 1 shows a suitable board. 

3. Paper: A drawing paper with a fairly smooth surface 
that will take ink and stand considerable erasing is required. 
All drawings are to be made on one standard size of sheet meas- 
uring overall 9"X24". 

4. Tacks: For fastening the paper and the tracing cloth to 
the drawing board either thumb tacks or one-ounce tacks of 
copper or iron may be used. Thumb tacks are somewhat easier 
to put in place and remove, while the small copper or iron tacks 
possess the advantage that they can be pushed down almost 
even with the surface of the paper and thus interfere very little 
with the movement of the T square or triangles. 

5. T Square: The T square consists of a blade fastened to 
a head by means of a clamp or screws. For the work of this 
course, a plain wooden T square of the latter type with the 



*A left handed person should place the working edge at the right side. 
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blade permanently fixed to the head will answer, see Fig. 2. 
The inner edge of the head and working edge of the blade must 
be smooth and straight. The accuracy of the drawing depends 
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primarily on the good condition of these edges together with 
the working edge of the drawing board. All should be exam- 
ined frequently. 

In using the T square, the head should be held firmly against 
the working edge with the left band, the blade resting on top 
of the board. It is advisable to keep the left hand near the 
head when moving the T square up and down, or holding it 
in position while drawing a line. The upper or working edge 
of the blade is the only 
one used. Lines may be 
drawn from left to right 
by moving the pencil or 
ruling pen along this 
edge and are called hori- 
zontal lines, see Fig. 3. 
Any one of such a series 
of lines is at every point 
along its length at the 
same distance from any 
other line of the same 
aeries and they are 
^"" ^ known for this reason as 

parallel lines. The head of the T square must never be used 
in contact with any but the working edge of the board. 

6. Triangles: Triangles are made from various materials 
such as wood, hard rubber, celluloid and metal. For most work 
two triangles are sufficient. One of these called a 4^ deg. triangle 




INSTRUMENTS AND MATERIALS 





ia shown in Fig. 4. This has two angles of 45 deg. and one of 90 
deg. The other, shown in Fig. 6, is called a SO deg. by 60 deg. 
triangle and has one angle 
of 30 deg., one of 60 deg., 
and the third of 90 deg. 

Triangles are usually 
used with the T square in 
straight line work, for the 
purpose of drawing lines 
making angles of 90 deg., 
r**- * 76 deg., 60 deg., 45 deg., 

30 deg., or 15 deg. with nj. a 
the horizontal lines drawn along the blade. The T square is 
first moved to the required position by the left hand (see Art 5 ) . 
The triangle is moved 
along the blade to the 
proper place with the 
right hand. Then by 
sliding the left hand 
along the blade toward 
the triangle, the head 
of the T square may be 
held firmly against the 
working edge of the 
board and the hand 
brought to a position 
where the first and sec- 
'■'*- ^ ond fingers can be used 

to keep the triangle in place while the right band is used for 
drawing the line, see Fig. 6. Figs. 7 and 8 show the various posi- 
tions of the triangles 
for drawing lines as 
mentioned above. 

Lines at 90 deg. to 
other lines are said 
to be perpendicular 
to them. When lines 
are perpendicular to 
horizontal lines they 
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are called vertical. 

When the triangle is moved along the blade by means of the 

first two fingers, keeping the T square in place with the thumb 

and other fingers, a 

aeries of lines may be 

drawn using the same t^~^u/^ ¥•'' 

edge. Each one of 

these lines is, at every . — . 

point along its length, 

the same distance L-J — 

from any other line 'a* 

of the series. They 

are therefore said to i I 

be parallel. Pii- s 

In some cases it is necessary to use the triangles without the 

T square. Parallel lines may be drawn by holding one triangle 
firmly and -moving the 
other along its edge by 
means of the first and 
second fingers of the 
left hand as shown in 
Fig. 9. 

Fig. 10 illustrates a 
method of drawing a 
line perpendicular to an- 
other. The 30° X 60" 
triangle is first placed 
so that its edge is par- 
allel to the given line. 

The edge should not be placed directly on the line, but at a slight 

distance from it, which allows the eye to determine readily 

whether or not the edge is ev- 
erywhere at the same distance 

away. The 45° triangle is now 

placed against one of the other 

two edges of the 30°x60° and 

held firmly while the latter is 

moved along it a distance of 

about i" from the line. It is 

now held in position, the 45" '"--, / 




rn. 9 
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triangle placed against the edge parallel to the given line, and the 
perpendicular, or a series of parallel perpendicular lines drawn, as 
shown. Similariy lines at angles of 30 deg., 45 deg., and 60 deg. 
may be drawn to a given line. The edges of the triangles should 
not be used near the ends as they are usually worn away and not 
accurate. 

To prevent the working edges of the T square and triangles 
from casting shadows on the paper, the light should come from 
the upper left hand corner of the board. 

7. Pencils: Pencils are made with leads of varying hard- 
ness and are graded accordingly. Two grades are sufficient 
for producing working drawings. They are usually selected 
to correspond with the texture of the paper, some papers having 
a grain that wears away the lead much faster than others. A 
6H and 4H* will give good results with most drawing papers. 

It is important that the pencils be correctly sharpened. Two 
forms of point are used, the wedge and conical. The wedge 
point is used for drawing lines and the conical for laying off di- 



mensions from the scale, for lettering and sketching. Each pen- 
cil may be sharpened with the wedge point on one end and the con- 
ical on the other. The points should be neatly made after the 
manner shown in Fig. 11. 
The wood is removed 
with a knife and the lead 
dressed to form, either 
with a fine file or a piece 
of fine sand paper. 

In drawing lines using 
a guide, as the T square 
or triangle, the pencil 
should be held in the 
right hand in a nearly 
vertical position; see 
Fig. 12. The point 

Tit. 12 

two cnde* luirdar tbftn 4H. 
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should rest lightly on the paper with the flat side of the wedge 
against the guide and not fitted sharply into the angle made by 
the edge of the guide and the paper. The arm is held free from 
the body to allow an even easy movement. Lines are drawn 
from the left to the right and from the bottom to the top of the 
board, or in general, always away from the body. 

The 6H pencil is best used for la3ring off dimensions and 
drawing fine lines, the 4H for lettering, sketching and general 
line work. The points must be sharpened frequently. The con- 
ical point for lettering may be somewhat blunt, allowing it to 
move over the paper smoothly, but the others, particularly that 
used for laying off dimensions, must be as fine as possible. 

8. Scales: There are two forms of scales in general use, the 
flat and triangular. The triangular form is shown in Fig. 13. 

#'U"FT"l i 4 ^ ^ Miiiyii HiiiiULiiiiiikA . 

fci/.„y ^ f^ f*^ m m tt m m f^ m m m iw / 9 I i^i^ :> 

Fltf. 13 

While the flat scale is more convenient to handle, the triangular 
is recommended for this work, since it affords a greater variety 
of graduations. Scales are ordinarily made of boxwood and in 
some cases are provided with a white facing on which the gradua- 
tions are placed. The white surface aids in reading the divis- 
ions, but is not necessary. 

The scale should be used only on the drafting board. If it is 
used for taking measurements from objects, such as a machine 
part, the edges soon become rough and the accuracy of the work 
is affected. For the same reason it should never be used as a 
guide or ruler in drawing lines. The points of dividers or com- 
passes will soon destroy its accuracy, if they are 'allowed to 
touch the scale in taking off distances. The proper method is 
to place the scale so that its edge touches the line on which the 
distance is to be measured and then, by means of the sharp 
conical pointed pencil, make slight marks on the paper opposite 
the desired graduations. If it is desired to set the compasses or 
dividers, the proper distance should be transferred to the paper 
as above and the instrument set to these marks. If a series of 
measurements are to be laid off along the same line, the operation 
should be completed without moving the scale. For example, if 
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it is desired to lay off spaces of \", J", }" and \^" from a given 
point on the line, lay the scale* with its edge touching the line 
and the graduation marked opposite the given point. Place 
marks opposite divisions \", If", 2 J" and ^W'- This method 
gives the desired spaces and the result will be more accurate 
than if the scale was moved each time. 

There are two styles of scales in general use called the "Archi- 
tect's" and the ''Engineer's." 

The ** Architect's" scale is used principally in making drawings 
of machines or machine parts, buildings, etc., of such a size that 
they can be easily read and placed on a sheet of convenient 
size. One edge marked 16, is divided into inches and the inches 
into sixteenths; it is used for making full size drawings. The 
use of the graduations on the other edges is for making drawings 
that are less than full size. For example, it might be required 
to show an object one-quarter size in order to get it on the 
drawing sheet. The graduations mostly used are given in the 
following table: 



MARK ON SCALE SIZE DRAWING IS MARKED 


16 Full size 


Scale, full size 


16 Half size 


Scale, 6" = 1' 


3 Quarter size 


Scale, 3" = r 


IJ One-eighth 


Scale, iy' = l' 


1 One-twelfth 


Scale, l" = V 


1 One-sixteenth 


Scale, i" = V 


i One-twenty-fourth 


Scale, i" = V 


J One-thirty-second 


Scale, f" = r 


i One-forty-eighth 


Scale, l" = l' 


J One-ninety-sixth 


Scale, i" = V 


In making a drawing half size it is usual to employ the edge 


marked 16, considering each half inch division equal to one inch. 



O-r 



T 



T 




T-* 
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The use of the other graduations is illustrated in Fig. 14. For 
example, it is required to lay off, to a scale of one-quarter size, 



*UBe full mie irraduations on "Architect's" scale, denoted by the number 16 appearinc 
at the end or in the middle. 
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a distance of 2' h\" from a given point A on the line DE. Find 
the mark 3 denoting the proper graduation, (see table). Place 
the scale so that its edge touches the line DE with the graduated 
surface to be used toward the light. From the mark 3 extend- 
ing along the scale there is a closely divided portion ending in a 
line marked 0. This portion represents one foot divided into 
inches and the inches into eighths.* Its actual length is one- 
quarter of a foot or 3". 3" beyond the there is another line 
marked 1, 3" beyond this a line marked 2 and at the other 
end of the scale a line marked 3. These lines are one-quarter of 
one, two, and three feet from the line marked and therefore 
represent one, two, and three feet to the required scale. Now 
placing line 2 directly opposite point A and running along the 
scale to line we get the required distance for 2'. Continuing 
into the closely divided part over five one inch divisions and 
one-half of the next inch division, and making a slight mark at 
M, we have laid off the required distance, 2' 5^''. 

At the opposite end of the same edge on which the 3 appears 
is the mark 1^. This means that from this end the edge can be 
used for obtaining one-eighth size measurements. Fig. 15 shows 



uiijTi| ii | ii i J 1 J 1 i i nNi'i'iii ' iini ' i'HM ^ 
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3' 8" laid off with this scale from B to N on the line F-G. The 
other scales are to be used similarly. 

A drawing may be made to a smaller scale than full size by 
using the full size graduations and, if one-quarter size is desired, 
mentally dividing each dimension by 4 and measuring off the 
result. This method should be avoided. It is much slower and 
not as accurate as the method described above. 

The ** Engineer* 8*' scale is usually graduated with 10, 20, 30, 
40, 50, and 60 divisions per inch of length and the corresponding 
scales marked with these numbers. Each division may be called 
a foot, or in some cases ten feet, so that with twenty divisions 
to the inch a drawing may be made on which one inch represents 



*On account of the Bmall die of ths illustration, the quarter mm scale is divided into 
half inches only and the eighth site into inches, instead of having the actual eeale 
craduations. 
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twenty feet, or two hundred feet as the case may be. This 
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style of scale is used in laying out track plans, maps, etc. Fig. 
16 shows a distance of 87' 0" measured from point C to point 
on the line HJ, with a scale of 1" = 10'. 

9. Compasses: The excellence of this and following instru- 
ments made of metal lies in rigidity coupled with light weight, 
accurately made and smoothly working joints, durable 
screws, and well formed and properly hardened needle 
and pen points. In Fig. 17 is shown a standard pair 
of compasses with attachments. It consists of the 
instrument proper with fixed needle point and re- 
movable pencil, pen point and lengthening bar. The 
tongues on the removable pieces should fit their sock- 
ets accurately and tight enough to require a slight pull 
to remove them. The main joint should 
move with sufficient friction to keep the 
legs in place when once set and, at the same 
time, be free enough to allow of adjusting 
the compasses with the fingers of one hand. 
The joints or knees, near the middle of 
each leg, allow the legs to be bent so as to 
stand perpendicular to the paper when the 
compasses are open. 

The pen point should be put in place 
and the shouldered needle point moved 
in its socket till the end of the 
^ii' ^7 pen is about half way between 

the shoulder and point of the needle. The needle 
point should be set in this position and kept there. 
This is done with the compasses closed. The pencil 
point is now put in place and fitted with a 4H lead 
sharpened to a wedge point, see Fig. 18, only that the 
width of the point should be somewhat less than in a 
pencil. The lead is adjusted to the same position as 
the pen point, care being taken to have the flat of the 

Fitf. 18 
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wedge perpeudicul&r to a line joining the needle and pencil points. 
Fig. 19 shows the different adjustmentB. 
In operation the compasses are held 
in the right hand. They are adjusted 
by the use of the thumb and first three 
fingers of that hand, see Fig. 20. After 
adjusting the points to the proper 
radius, the thumb and first two fin- 
gers take a position near the main 
joint, as in Fig. 21. The needle point 





m. 19 

is pressed lightly into 
the paper, just suffi- 
cient to prevent slip- 
ping, a light pressure 
put on the pen or pencil ^w. 20 

point and the compasses rotated from left to right, or clockwise. 
The leg holding the pen or pencil is inclined a little forward in 
the direction of motion. 
The tegs should be bent 
so that both the needle 
and pencil or pen point 
will stand nearly per- 
pendicular to the paper. 
The line should be stop- 
ped at the starting 
point, see Fig. 22. Figs. 
21 and 22 also show the 
finger positions when 
starting and stopping 
the circle. Care should 
be taken to keep the 
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center hole as small as possible. It may be enclosed within & 
small free hand circle so as to be readily found when wanted again. 
In placing the needle 
point in position it is 
often conven- 
ient to steady it 
with a finger of 
the left hand. 
The lengthening 
bar makes it 
possible to draw 
circles of a lar- 
ger radius but 
when it is used 
consid erable 
'**' ** c a r e i s neces- 

sary to prevent the compasses from springing. (See 
Art. 12 with regard to care of the pen. ) 

10. Dividers: Fig. 23 shows a pair of dividers. It 
resembles the compasses with the exception that the legs 
have no joints and terminate in fine steel points. 

With this instrument a measurement can be trans- 
ferred from one part of a drawing to another or a line 
divided into a given number of equal parts. The method "*■ ** 
of this latter operation is illustrated in Fig. 24. Suppose the line 
AB is to be divided into 
seven equal parts. Start- 
ing at A as shown, with 
a distance between the 
points of the dividers as 
nearly as possible one 
seventh of AB, seven 
spaces are stepped off 
swinging the points 
around first in one di- 
rection and then in the 
other as indicated by 
the dotted lines. It will 
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probably be necessary to go through this operation two or three 
times, increasing or decreasing the distance between the points 
as required, before the last position will just meet point B. 

The points of the dividers must be sharp. They should not 
be pressed into the paper until the correct spacing is found and 
then just sufficiently to mark the divisions. Dividers are some- 
times provided with a spring and screw device in one of the legs 
for fine adjustment. This is known as a hair spring. It should 
be used carefully and the 
spring tension removed 
when the instrument is 
not in use. 






11. Bow Instruments : 

Fig. 25 shows a bow 
pencil; Fig. 26, a bow 
pen; and Fig. 27 bow 
dividers. These instru- 
ments are used in mak- 
ing the small arcs, etc., Fitf. 2A Fitf. 26 Fitf. 27 
for which the instruments described in Arts. 9 and 10 are not 
adapted. They are arranged to be set by means of a screw and 

thumb nut. To save wear on this screw, when 
making changes of any great amount, press the 
points together so as to remove the pressure 
from the nut. This allows the nut to be turned 
freely and rapidly by running the finger along 
it. The nut should always be run out when 
putting the instrument away, thus relieving the 
_J spring tension. 

12. Ruling Pen: This instrument is used 
tor ink lines drawn with the aid of a guide. 
Fig. 28 illustrates front and side views. The 
ends of the blades should be rounded, of equal 
length and brought to an edge not quite sharp 
enough to cut the paper with light pressure. 

The pen is filled by placing the quill from 
the ink bottle between the blades, i in. of ink be- 

Fltf. 28 
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ing sufficient. A greater amount may cause a blot by running out 
when the pen touches the paper. The ruling pen is held between 
the thumb and first and second fingers, as shown in Figs. 3, 6, 
and 9, and can be adjusted by turning the nut with the thumb 
and second finger to give any width of line within its limit. 
Its proper position is vertical. It should be moved with a free 
arm motion and only a light pressure on the paper and against 
the guide. Heavy pressure against the guide will spring the 
back blade and vary the width of line. If the pen is tipped 
away from or toward the guide both blades will not touch the 
paper, resulting in a ragged line. Ink should be kept off the 
outside of the blade points, as, if allowed to collect at the points, 
it will cause the ink to flow too freely from the pen thus produc- 
ing a rough line, and if on the side next to the guide, will run 
onto it and from there to the paper. If the pen has not been 
used for a few minutes allowing the ink to dry slightly, it may 
sometimes be started by touching the end to a soft surface, such 
as a pen-wiper or a piece of chamois skin. Be sure that the pen 
is clean and bright when it is put away. Ink left on the blades 
is liable to corrode and roughen them. 




are used 
pij. 29 in d r a w i n g 

lines that are neither straight nor arcs of circles. The second, 
called railroad curves, two styles of which are shown in Fig. 30, 
are employed in drawing arcs of circles used in track work.* 
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Ordinarily several points on an irregular curve, as A to H, 
Fig. 31; are known. As an aid a free hand curve may be first 
sketched through the points. Then starting at one end A, a 
curve or portion of a curve is 
selected that touches as many 
points as possible, say A to E. 
A line is then drawn along this 
curve to D. The curve is now 
moved to a new position touch- 
ing points C to G and the line 
drawn from D to F and so on. 

In inking the same method 

is followed, placing the curve 

so that the ink line will be 

drawn coincident with the pen- 
cil line and stopping the ink 

line a short distance before the 

edge of the curve and the pencil 

line begin to separate. This gives a smooth even effect to the 

resulting line. 

Railroad curves are marked either with the radius or degree 

of curve, sometimes both.* Referring to the diagram, Fig. 32, 

the degree of curve is equal to the num- 
ber of degrees of central angle subtended 
by a chord of 100 feet. 

In further explanation of this dia- 
gram, it may be stated that a railroad 
is generally divided into 1,000 foot 
lengths starting from some given point, 
such as a terminal. Similarly the track 
plan or map is divided into 1,000 foot 

lengths which are indicated as follows. The starting point is 

marked 0, the first division point, 1 -f 000 and the next division 

point, 2 +000, etc. These points are called chaining stations and 

their numbers, station numbers. If a 

point occurs between chaining stations, 

for example, between 21+000 and 

22+000, and is distant 475 feet from 
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*A table it kItsk in ^m appendix indicating the radiue comepondinf to the 
eunre for drawuiffi made to different eealee. 
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the lower station, its location is indicated by the station number 
21 +475. When working in the direction from a lower station 
number to a higher one, the point where the tangent* ends and 
the curve begins is the point of curve, indicated by the initials 
"PC. The point where the curve ends and the next tangent 
begins is the point of tangent, indicated by the initials **PT"; 
for instance, a 500 foot curve between stations 63+200 and 
63+700 has "PC" at station 63+200 and "PT" at station 
63+700. 

In some instances the chaining stations occur every one hun- 
dred feet, being designated by the station numbers 1+00, 
2+00, etc. 

Figs. 33, 34, and 35 
illustrate the method 
of using these curves 
in making track plans. 
Fig. 33 shows a sim- 
ple turnout with a 
curve of 9°, Fig. 34 
a reverse curve of 9° pi^. 34 

and 7°, and Fig. 35 a cross-over with 7° curves. When a straight 
line and a curved line or two curved lines meet, but do not 
intersect or cut each other on being prolonged, they are said 

to be tangent. The point 
where they meet is called 
the point of tangency. 
In the diagrams the 
points of tangency are 
marked T. 

Fitf. 30 

14. Protractors: This class of instrument is used for laying 
off angles that can not be obtained with the triangles. A pro- 
tractor, Fig. 36, reading to half degrees, meets all ordinary re- 
quirements. The center of the graduated arc is plainly marked. 





^Straight track. See definition of tangent. Art. 77. 
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In use the center of the protractor is made to coincide with 
the vertex of the angle to 
be laid off and the 180° di- 
visions at the ends of the 
graduated arc, placed so 
that they come directly 
over the base line. The 
paper is now marked slight- 
ly, opposite the proper di- 
vision, the protractor re- Fitf. 36 
moved and the required line drawn through the vertex and 
the point just obtained, see Fig. 37. 





15. Erasers: In 

general three kinds are 
used known as the pen- 
cil, ink and sponge rub- 
bers. 

Erasing is accom- 
rirf, 37. plished by moving the 

rubber back and forth, pressing it lightly on the surface from 
which a mark is to be removed. Although it requires more 
time, the use of light pressure results in a better surface for sub- 
sequent work. Avoid rubbing in only one direction as it tends 
to make a trough in the paper. Use the ink eraser for ink 
lines both on paper and tracing cloth. The knife blade or steel 
eraser is used only to remove ends of ink lines where they have 
run over slightly. An erasing shield made of thin celluloid or 
metal, with various shaped openings, makes it possible to con- 
fine the erasing to a desired area. The sponge rubber is used 
for cleaning the surface of the paper after the drawing is com- 
pleted. Care should be taken in using it to touch the ink lines 
as little as possible in order to preserve their sharp outline and 
clear appearance. 

16. Tracing Cloth : It is sometimes necessary to make many 
duplicates of a drawing. This is mostly done by the process 
known as blue printing. (See Art. 29. ) To make blue prints 
it is necessary to have the drawing on a partially transparent 
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material. Tracing cloth answers this requirement. It is a grade 
of linen treated by a process that renders it translucent and pro- 
vides a surface that will take ink lines. 

In use, the tracing cloth is stretched smoothly over the pencil 
drawing and ink lines traced over the pencil lines, which can be 
readily seen through the cloth. Either the dull or glazed side 
may be used. It is preferable to use the glazed side since it is 
easier to erase from this surface. Before starting work, tracing 
cloth should be dusted over with powdered chalk and rubbed 
thoroughly with a cloth. The chalk dust should then be en- 
tirely removed with a brush or duster. If the surface of the 
cloth is not prepared in this manner, the ink, instead of making 
a full line, lays on the cloth in globules giving a ragged appear- 
ance. 

17. Ink: Prepared ink is sold in small bottles having a quill 
or other device, for filling the pen, attached to the cork. Two 
apparently simple things should always be kept in mind. First, 
place the bottle where it will not be upset as, when overturned 
on a drawing, it usually spoils the work. Second, keep the cork 
in the bottle at all times since otherwise the ink rapidly thickens 
by evaporation. The waterproof ink is considered best for gen- 
eral work. 

18. Blue Print Paper: Paper for commercial use comes in 
rolls wrapped for protection against light and moisture. Ref- 
erence to a trade catalogue will provide information about grades 
of paper. Only enough should be purchased at a time to fill 
immediate needs as it spoils rapidly. Care must always be taken 
to exclude light and moisture from unused paper. 

19* Printing Pen: An ordinary pen holder equipped with 
a No. 303 Gillott pen answers for the purpose of inking dimen- 
sions and of lettering. 
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20. Preparation of the Paper: The proper position of the 
drawing board is with one long edge toward the body and the 
working edge at the left side. The height of the board should 
be such that an easy working position is secured. It is often 
convenient to incline the board slightly by raising the back edge. 

Remove dust and small particles from the board, T square and 
triangles with a brush or cloth. By repeating this operation 
frequently in the course of making a drawing, a much cleaner 
piece of work will result. 

Place the paper in the center of the board, Fig. 38, and fasten 
at the corners with four tacks about ^Jf or {" from the edge, 
proceeding as follows: 
After on^ tack is 
placed put the T 
square on the board, 
in the position shown 
by dotted lines, and 
swing the paper till 
the top edge is par- 
allel to the working 
edge of the blade. 
Then place the other 
three tacks taking 
care to stretch the '''^* ** 

paper flat and thus avoid wrinkles. If a drawing is on the board 
for any length of time the moisture in the air may cause the paper 
to expand and wrinkle. In that case remove three of the tacks 
and stretch again testing some principle horizontal line with 
the working edge of the T square to make sure that the drawing 
is in the proper position. 

The work has been arranged so that one size of sheet, 9" X24'', 
will meet all requirements. The margin is to be Y' wide making 
the size inside the border line 8''X23''. 
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After placing a sheet on the board with the top edge horizon- 
tal, try the left hand edge with the 30°X60° triangle to see if it 
is perpendicular to the top edge. If not, draw a line just inside 
of the left edge so that it can be properly trimmed when re- 
moved. Now with the scale horizontal, starting at this line, 
measure off y, 23", and i''. Draw vertical pencil lines through 
these points using the 30°X60° triangle. The last line should 
coincide with the right hand edge of the sheet, or fall inside of it, 
so that the sheet can be trimmed to the proper size when it is 
finally removed from the board. Similarly, starting at the top 
edge, lay off Y't 8", and Y' and draw horizontal lines using the 
T square. The vertical and horizontal lines will meet and con- 
stitute the border and trimming lines. 

21. Character of Lines: Pencil lines should be distinct, 
uniform and as fine as possible. They should be plain enough 
to allow of being easily read through tracing cloth, but care 
must be taken to keep the pencil point from cutting into the 
paper, making the line difficult to erase. Light full lines are 
frequently used on the pencil drawing in place of dotted or dash 
lines when the drawing is to be traced or inked, but if there is 
any chance of confusion they should be marked with a small 
(d) or other character to prevent errors. 

Fig. 39 illustrates the various lines used in ink work. The 
unshaded full line is used for the visible lines of an object, that 
are not shaded. unshaded full line 

Shade lines should be 
from two to three times shade line 

the width of unshaded 

VAA\J TTAVAVU V** M.MK»UMIV«V/V« DOTTED LINE 

lines. They are used 

in some classes of work, center l ine 

such as drawings intend- 
ed for display, to make 
the drawing indicate 
more clearly the form 
of an object. 

Dotted lines are used 
for such lines of a draw- 

Fli. 39 
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ing as are in back of other parts and can not be seen. This class 
of line should have the same width as unshaded full lines. Dot- 
ted lines are never shaded. 

Center lines are made with a dash followed by one or two dots. 
The width of these lines should be about one-half that of the un- 
shaded full lines. 

Dimension lines are of the same width as center lines, but com- 
posed of a series of dashes and short spaces. They should end in 
arrow points and have a space for the dimension. 

Extension lines are either dash or dotted lines of the same 
width as dimension lines. They are used when placing a dimen- 
sion outside some portion of a drawing to indicate the limits of 
the dimension lines. 

Border lines are best made of single lines about the width of 
shade lines. 
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In general all lines of a kind should 
be of uniform width, and the dots, dashes 
and spaces of uniform length. Ink lines 
should end squarely at the proper place. 
Junctions between lines should match 
exactly. 

22. Shading: Shading is used in 
an endeavor, by making some lines 
heavier than others, to give the draw- pj^^ ^q 

ing an appearance of solidity or depth. The conventional meth- 
od only will be treated. This calls for the shading of lower and 
right hand lines, Fig. 40, except in the case of openings where 
the upper and left hand lines are shaded as at A. Fig. 41 shows 
the shading of lines drawn at different angles. When there are 
two 45** lines on a drawing, one indicating an upper and the other 
a lower surface, it is best to shade one of them, the general prac- 
tice being to shade the line indicating the lower surface. 

Lines, such as AB, Fig. 42, that indicate the intersection of 
visible surfaces or those like CD, Fig. 43, that indicate the limit 
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of a rounded surface, in this case a cylinder, are generally not 
shaded. 

The extra width required for shading a line should be added 
on the outside if possible. 














Fitf. 41 Fltf. 42 Fltf. 43 

The shading of circles is accomplished by taking a new center 
below and to the right (distance determined by trial ) on the 45® 

diameter and, with- 
out changing the 
radius, drawing an 
arc on the outside if 
the circle is an out- 
side edge, Fig. 44, or' 
on the inside if it is 
an inside edge, Fig. 
Firf. 44 45. The shade lines 

of circles or arcs are 
the only ones that vary in width. 

23. Sections: In order to make a construction clear, it is 
sometimes necessary to show an object with a part toward the 
observer removed. Such a view is called a section and the 
surfaces .are indicated by means of parallel lines drawn across 
them, usually at an angle of 45 deg. Surfaces of different parts 
meeting one another are made distinct by running the section 
lines at different angles, Fig. 46. Different kinds of material 
are indicated by different kinds of lines. Fig. 47 shows types 
of sectioning that are generally used for this purpose. The 
upper half of the wood section represents a section taken across 



Fitf. 40 



24 



DRAWING 



the grain and the lower, a section taken with the grain. In 
small sections for insulating material, instead of employing 
the section shown, golid black is frequently used. 

In pencil work it ia 
sufficient to draw sec- 
tion lines free hand, 
making the work as 
uniform as possible 
without spending 
much time. In ink 
work the lines should 
be a little narrower 
than the unshaded 
full lines, regularly 
spaced, and made m. 46 

with the triangles. The distance between the lines is governed 
by the area to be sectioned, the lines on large areas being from 
three to four times as far apart as those shown. 

If it ia necessary to put a figure, letter, or note on a sectioned 
surface, a space for it should be left clear of section lines. 
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To show a long piece, such as a shaft, and get it on a certain 
size sheet without reducing the scale, the method of leaving out 
the center portion is sometimes used. This is illustrated by Fig. 
48 in which A shows the entire piece and B the way it may be 
drawn to save space. 

24. Threads and Bolt Heads: Fig. 49 illustrates some con- 
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The pitch or number 
of threads per inch 
and other infor- 
^ mation should be 
given in a note. 
Conveniions are 
used to save the 
time that would 
"*■ ** be required t o 

draw the details. This illustration also shows methods of 
drawing square and hexagonal bolt heads and nuts, which, 
while not exact, answer for all ordinary work. When exact 
dimensions are required they may be obtained by reference to 
tables. 
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25. Dimen^oning: Working drawings are made exactly to 
scale so as to keep the proper proportion between the parts. It 
is necessary however, in order to prevent errors, to give all meas- 
urements by dimensions. 

The lines used in dimensioning are described in Art. 21. As 
the lines are always drawn before the figures are placed, a suit- 
able space must be left for the dimension. The points of the 
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arrow heads should just touch the lines between which the mea^ 
tirement is made. In case room is lacking, the heads may be 







-j£r-J, 



—■f-sr— 




Fitf. 00 

arranged in several ways as illustrated in Fig. 50. The arrow 
heads should be small and neatly made with the printing pen. 

• 

In some cases the dimensions can be placed directly on the 
views, and in others it is best to place them outside the outline, 
running out extension lines to indicate the distances measured, 
as in Fig. 51. In dimensioning circles the diameters rather than 
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the radii should be given, see view B, Fig. 51. Care should be 
taken not to crowd the dimensions. It is well to place those 
relating to a given part of an object in groups. Overall dimen- 
sions are desirable in most cases, view A, Fig. 51, in order to show 
at a glance the size of stock required to produce the piece, or the 
distance between two points, without having to add together 
the smaller dimensions. 
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When placing figures on horizontal dimension lines, the posi- 
tion of the figure to be easily read should be with its base toward 
the bottom of the board, and on 
vertical lines, toward the right 
hand edge. Fig. 52 shows 
positions on lines at other angles. 

26. Center Lines: Figs. 50, 
51, and 52 convey some idea of 
the use of center lines. In pen- 
cil work these are the first lines 
drawn after the border lines 
and the views are constructed 
around them. They act as a 
Pij, 52 sort of foundation on which to 

make a drawing, show the relation and symmetry of views, etc. 
27. Lettering: An alphabet for practical work is given in 
Fig. 53, The large letters and figures are used for titles on draw- 

ABCDEFGHIJKLMNOPQRSTUVWXYZa 
1234567890 

ASCDEFeHIJKLMN0PSR3TUVWXYZ& 
IZ34567S90 

Fid. S3 

ings and when so employed should be made i in. high and the 
lines forming them, ^ in, thick. The smaller printing is used 
for dimensions, notes, etc., on drawings, and should be made 
with a single stroke of the pen, being ^ in, high. 

All lettering should be neatly and plainly made with the con- 
ical pointed pencil or printing pen. If the letters of a word are 
placed fairly close together and considerable space left between 
words, capitals and punctuation used properly and the form, 
size and spacing made as uniform as possible, the lettering will 
appear neat and clear. 

Notes are used to aid the reading of a drawing by designating 
materials to be used for certain parts and in explanation of 
conventions, etc. They should be clear and concise and pro- 
vided with an arrow or other indicator to show to what they 
refer. 
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The title should be placed at the lower right hand corner of 
the sheet inside the border lines and should furnish information 
about the drawing for future reference. Some of the data usu- 
ally given includes the name and location of the piece, scale, 
date, name of draftsman and number of drawing. 

28. Tracing: The following remarks apply whether the ink- 
ing is- done directly on the paper or on tracing cloth. In either 
case the pencil work should be completed first. If a tracing is 
to be made the tracing cloth is stretched smoothly over the 
paper, fastened with tacks and the surface chalked as described 
in Art. 16. 

Economy of time and better results are obtained if this part 
of the work is done in a systematic way. The following method 
is generally used. First ink all small arcs and circles, then 
larger arcs and circles, horizontal lines (starting at the top of 
the sheet), vertical lines (starting at the left hand side), lines 
at other angles, and irregular curves. Shade lines are now made 
heavy in the same order, putting the extra width on the outside. 
It may result in some saving of time to shade arcs and circles 
when they are first inked. Complete the work by inking the 
center and dimension lines, figures and lettering, section lines 
and title. 

It is advisable, if possible, to complete a tracing the same day 
it is started, as the moisture in the air causes the surface to wrin- 
kle. If the drawing is large, a small portion may be completed 
at a time and the cloth stretched smoothly when the work is 
taken up again. If this is carefully done, the extra space, due 
to the expansion of the cloth, can be made to come between views 
or where it will not disturb the accuracy of the drawing. 

Good tracing cloth will allow one or two erasures to be made 
with the ink eraser. If more are attempted at the same place or 
the work done with a knife, a hole in the cloth is the usual result. 

When completed, the tracing should be trimmed to the same 
size as the drawing. Avoid folding the tracing, bending it 
sharply, or allowing water to come in contact with it as these are 
the causes of white lines and spots that show on the blue prints. 

29. Blue Printing: Blue prints are made as follows. The 
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tracing is placed in a printing frame with the inked side against 
the glass. Then, using a dim light, a piece of blue print paper 
is placed with its sensitized side in contact with the tracing. 
The frame is placed so that a bright light, such as sunlight, can 
pass through the tracing to the paper. 

After-the proper exposure, which varies according to the class 
of paper used, the paper is washed in clean water for from three 
to five minutes. If not washed sufficiently it is liable to fade. 
The prints are now hung up to dry and finally trimmed to the 
same size as the tracing. This method produces white lines on 
a blue background. 

To produce blue lines on a white background the fol- 
lowing method is ordinarily employed. First a negative is 
made in the same manner as the blue print just described 
with the exception that, in this case, the tracing is reversed 
so as to place the ink lines next to the sensitized surface 
of the paper, as this produces sharper lines on the negative. In- 
stead of using ordinary blue print paper for this purpose, a spe- 
cial paper giving white lines on a brown background is employed. 
After printing, this requires washing in cleanwater, immersing 
in a fixing salt bath and again washing in water after which 
the negative is hung up to dry: Second a blue print is made 
from the negative in the ordinary manner except that the brown 
surface of the negative is placed next to the sensitized surface 
of the blue print paper. It takes considerably longer to print 
from the negative than from a tracing. 

Blue prints generally shrink enough to be appreciably smaller 
than the tracing from which they were made. On account of 
this fact, scaling dimensions from blue prints should be avoided 
if possible. 

30. Sketching: At times it is necessary to make a free-hand 
drawing (known as a sketch ) of an object, from which a working 
drawing can be constructed at a later date. It should contain 
all the dimensions and information necessary, since a second 
opportunity to see the original object is not always available. 
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EXAMINATION QUESTIONS 

(1) Why is it not advisable to draw vertical lines by using 
the T square with the head against the lower edge of the board? 

(2 ) Why is it undesirable to allow ink to collect on the out- 
side of the blade points of a ruling pen? 

(3) What will be the probable result if the ruling pen is 
pressed against the T square when drawing a line? 

(4 ) Why should the ruling pen be held in a vertical position 
when drawing lines? 

(5) Why not use both edges of the T square blade when 
drawing horizontal lines? 

(6) State as many operations as possible, in performing 
which the 30*^X60° triangle could be used to advantage in mak- 
ing a drawing. 

(7 ) Why is it bad practice to use a blunt pencil point? 

(8) What are the effects of pressing heavily on a pencil 
when drawing lines? 

(9) What is the difference between the "Engineer's" and 
the "Architect's" scales? 

(10) What scale would you use, if required to draw an ob- 
ject measuring 13 ft. 4 in. overall, on a sheet of paper 23 in. long? 
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(11 ) If you were drawing a plan of a railroad yard 1,000 ft. 
long and wished to place it on a standard size sheet 23 in. long 
inside the border line, what scale would you use? 

(12) If, in adjusting the lead in the compasses, the flat of 
the wedge is not placed at right angles to a line joining the points, 
how will it affect the lines drawn with this instrument? 

(13) What is the object of bending the legs of the compasses 
to make the pencil, pen and needle points stand perpendicular 
to the paper? 

(14) If the blades of the ruling pen are not placed parallel 
to the edge of the guide, what is the result when a line is drawn? 

(15) If a circle can be drawn through any three points not 
in the same straight line, what is the name of the unbroken line 
that could be drawn through four points, through which neither 
a straight line nor a circle can be drawn? 

(16 ) Name some angles which it is necessary to lay off with 
the protractor. 

(17 ) After opening a roll of blue print paper and taking out 
the amount needed, what would you do with the balance of the 
paper to preserve it? 

(18 ) When working at the drawing board, from what direc- 
tion should the light come? 

(19 ) If you were required to make a drawing of a long piece 
such as a piston rod with the piston head on one end and the 
cross head on the other, using a comparatively small sheet, what 
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method would you use in order to draw the ends suflSciently large 
to show details? 

(20) Of two drawings made exactly to scale, one with and 
one without dimensions, which would it be proper to give to a 
workman? State your reasons. 

(21) What is the object of giving overall dimensions? 

(22 ) What is the difference between a working drawing and 
a sketch? 
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31. Sheet 1. Divide the surface inside the border lines into 
twelve equal spaces by a horizontal and vertical lines, as in Fig. 
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54. Make these lines light so that they can be easily erased when 
the drawing is finished. Draw a square 3^ in. on a side in each 
of the spaces except No. 12, placing it in the exact center so that 
the margins on opposite sides will be alike. Now to afford prac- 
tice in using the instruments, fill in the several spaces with the 
lines and figures described in the following paragraphs. Finish 
this drawing with ink lines. 



Space 1. (Fig. 55) Divide the left 
hand vertical edge of the square into | 
in. divisions with the scale. Draw hori- 
zontal lines through these divisions 
making the first five unshaded full lines, 
the next five shade lines, then seven 
dotted lines, five center lines, and five 
dimension lines. 
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Space 2. Draw vertical lines in a 
manner similar to the horizontal lines in space 1. 
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Space 3. (Fig. 56) Divide into squares by horizontal and 
vertical lines J in. apart. Then draw 45 deg. lines in both di- 
rections through the corners of the little squares. Careful ac- 
curate work is necessary to make the lines meet properly. 

Space 4. (Fig. 57 ) Find the center of the square by draw- 
ing 45 deg. lines through the corners. Set the compasses to a 
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radius of IJ in. and draw a circle around the above center. This 
circle should just meet, or be tangent to, each side of the square. 
Now draw a series of circles inside the first with radii of IJ in., 
1} in., 1 in., etc. 

Space 5. Draw dotted circles otherwise the same as space 4. 

Space 6. (Fig. 58) Draw a series of squares inside each 
other with their sides J in. apart, but instead of making the cor- 
ners sharp, join the sides with arcs of circles taking a radius of 
I in. 

Spaces 7, 8, 9, 10, 11. Draw the pieces shown in Figs. 59, 60, 
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61, 62, and 63 using the full size scale. Add center lines, dimen- 
sions, etc. 
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Space 12. Place a title in this space of the form and wording 
shown in Fig. 64. Use this title on sheets 1, 2, and 3. 

GENERAL METHODS 

SCALE: FULL SIZE. MARCH I. 1910. 

DRAWING N«l 

Fltf. 64 

32. Sheet 2. Divide this sheet into twelve spaces as was 
done with sheet 1. The sections shown in Fig. 47 are to be 
drawn on this sheet, the name of each section being printed be- 
neath it as shown. In space 11, draw another cast iron section, 
using the 30^X60° triangle, the lines making an angle of 30 deg. 
with the horizontal (see Fig. 7). Owing to the larger area to be 
sectioned, the distance between the section lines should be about 
three times that shown. Place the title '^^ in space 12. Finish 
with ink lines. 



*Am this drawinc ia, of course, not to scale the words 
omitted. 



'scale: full siae" abould be 
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33. Sheet 3. Draw the bolts, etc., illustrated in Fig. 65, 
using the full size scale. Arrange them so that the sheet will pre- 
sent a neat symmetrical appearance, remembering to reserve 
sufficient space in the lower right hand corner for the title. The 
value of a for the bolt shown at the left hand side of the sheet, 
should he'one-half that of 6*. Finish with ink lines. 



*Th0 letten a and b, also the value (60^) for the angle of the threads, ehould not 
appear cm the drawing. 
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34. Sheet 4. Divide this sheet into ten equal parts by ver- 
tical lines and then into four equal parts by horizontal lines so as 
to make forty equal spaces. Reserve two spaces in the lower 
right hand corner for the title and draw in the others the sym- 
bols shown in Fig. 66. These symbols are a selection from those 
used in drawing diagrams and plans for signal work. They are 
employed as a standard short method of indicating different in- 
struments, etc. No. 1 indicates a non-automatic interlocked two 
position home signal of the semaphore type; No. 2 an automatic 
two position home signal; No. 3 a distant power signal at mechan- 
ical interlocking plants (no track circuit); No. 4 a ground pole; 
No. 5 a one arm dwarf signal; No. 6 the location of a track bat- 
tery; No. 7 insulated joints (track circuits in both directions); 
No. 8 insulated joints (track circuit on the right, no circuit on 
the left); No. 9 the reverse of No. 8; No. 10 an interlocking tow- 
er; No. 11a a switch; No. 116 a derail; No. lie a detector bar*; 
No. 12 a railway crossing; No. 13 a tunnel; No. 14 a highway 
crossing; No. 15 a direct current relay, energized; No. 16 the 
same de-energized; No. 17 an indicator relay, semaphore type; 
No. 18 an electric lock; No. 19 a spring hand key, normally 
closed; No. 20 a floor push; No. 21 a circuit controller on lever 
of mechanical interlocker, normally open; No. 22 a bell; No. 23 
a circuit controller on signal; No. 24 a track instrument contact, 
normally open; No. 25 a motor; No. 26 a generator; No. 27 bat- 
tery cells in multiple; No. 28 battery cells in series; No. 29 a 
fixed resistance; No. 30 a variable resistance; No. 31 a trans- 
former; No. 32 that wires cross but do not join; No. 33 wires 
join; No. 34 a lightning arrester; No. 35 a ground; No. 36a a 
common wire; and No. 366 an ordinary wire**. 

The cut shows the correct sizes of the different symbols as re- 
lated to each other, and the same relation should be observed in 
making the drawing. The symbols should be drawn three times 
the size shown in the illustration f. Under each symbol place its 
name in small lettering (Art. 27 ) instead of the number. Place 
the title in the space reserved and finish the sheet with ink lines. 

The titles on sheets 4 to 7 inclusive should be as shown in the 
illustrations. 



%Note that No. 11 uses three spaces. 
**See appendix for complete table of svmbols. 

tOn other drawings the sjrmbols should be of a sise proportional to the site and 
character of the drawing. 
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35. Sheet 5. On this sheet draw the circuit plan shown in 
Fig. 67, making it twice as large as illustrated. It will be noted 
that this and the two following sheets make use of the symbols 
shown in Fig. 66. Some of the symbols are slightly modified 
from the ones shown in that illustration. For example, the track 
batteries show two cells instead of one, the semaphore blades 
are placed on top of the ground pole, and, where relay No. 15 
is used, a contact point is left off. Finish with ink lines. 

When drawing circuit plans, as few angles as possible should 
be made in the wires and they should cross each other only when 
necessary. This simplifies the reading of the plan when com- 
pleted and furthermore it presents a neater appearance. Run- 
ning the wires obliquely should also be avoided. Wires running 
parallel to one another in a group, should ordinarily be spaced 
J in. apart, in order to provide the necessary space in which to 
print the wire numbers or letters. 

In some cases the arrangement of the wiring makes it desira-^ 
ble to run the controlling wires into the sides instead of the top 
of relays, indicators, etc. 
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36. Sheet 6. Draw the circuit plan, Fig. 68, noting instruc- 
tions with regard to sheet 5. Some points of difference in the 
symbols are that No. 17 (Fig. 66) has a blade of the distant signal 
type and No. 18 is shown de-energized. Finish with ink lines. 
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37. Sheet 7. Draw the track plan shown in Fig. 69. 

To afford practice in the use of the "Engineer's" scale, the 
signals, switches, etc., should be located in their correct positions 
according to the dimensions given for each, a scale of 1 in. = 50 ft. 
being used. The dimensions are laid off from the position 
marked 0. The distance from center to center of tracks is 
twelve feet* and the gauge** four feet eight and one-half inches. 
The measurement from point of switch (a ) to point of frog (6 ) 
is 77' 0" for a No. 10 frog as used in this layout, with the excep- 
tion of the turnouts for the yard tracks. Indicate the dimen- 
sions plainly after the method illustrated. Finish with ink lines. 



*When a high tigjul oooan between traoka the track centers mutt be epaeed at leaat 
15 ft. 4 in. 

**4 ft. 8i in. from indde to inaide of rail heads. 



GEOMETRICAL IPROBLEMS 

DEFINITIONS 

38. An object is generally described by three dimensions, 
length; breadth, and thickness. The boundary of such an object 
or £olid is a surface or combination of surfaces. 

39. A surface is generally described by two dimensions, 
length and breadth. A surface has no thickness. The boundary 
of a surface is a line or combination of lines. 

40. A line has only one dimension, length. A line is limited 
or located by two or more points. 

41. A point has position only and no dimension. 

_____^^ 42. A straight line is one which has the same 

direction throughout its entire length. Fig. 70. 
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43. A curved line is one no part of which is 
straight. Fig. 71. 

44. A broken line is a series of different suc- 
cessive straight lines. Fig. 72. 

45. A mixed line is one composed of straight 
and curved lines. Fig. 73. 

46. Lines are parallel when they are every- 
where at the same distance from each other and 
have the same direction. Fig. 74. 



47. A straight line and a curved line, or two 
curved lines, are tangent when they have one 
point in common, but do not intersect or cut each 
Firf. 75 other on being prolonged. Fig. 75. 
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48. Points, lines, or surfaces are said to coincide when they 
occupy exactly the same -position. 

49. An angle is the difference in direction of two straight 
lines that meet or tend to meet. 

The lines are called the sides of the angle and the point where 
they meet, the vertex. 

When the sides of an angle do not meet within the boundary 
of a drawing they are sometimes called inclined lines. 

50. If the circumference of any circle* is divided into 360 
equal parts and straight lines drawn to the center through two 
adjacent points, the small angle between the lines is said to have 
a magnitude of one degree. Thus an angle may be measured 
by means of an arc of a circle described from the vertex as a 
center and included between its sides. The degree is subdivided 
into 60 equal parts called minutes, and the minute into 60 equal 
parts called seconds.** 

51. An angle is called a right angle or angle of 
90 deg. when the included arc is J of the entire 
circumference. Fig. 76. When this is increased 
" to 180 deg. or i the circumference, it is called a 
Fitf. 76 straight angle. 

52. An oblique angle is one which is not a right or a straight 
angle. 

53. An acute angle is an angle less than a 
right angle. Fig. 77. 



Fitf. 77 
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54. An obtuse angle is one greater than a right 
angle. Fig. 78. 

55. Two straight lines are said to be perpen- 
dicular to each other when they make an angle 
of 90 deg. Fig. 79. 



Fltf. 79 
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^^Degrees are indicated by (°). minutes by ('). seconds by ('). Thus 3 degrees, 16 
I inutes, and 30 seconds is written 3** 16' 30*. 
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56. A plane or plane surface is one upon which a straight 
line can be drawn in any direction. 

57. A curved surface is one no part of which is plane. 

58. A line or plane is said to be horizontal when it is par- 
allel to a level surface such as the surface of smooth water. On 
a drawing, lines parallel to the top or bottom of the sheet are 
considered as horizontal. 

59. A line or plane is said to be vertical when it is perpen- 
dicular to a horizontal line or plane. 

60. Oblique means neither horizontal nor vertical. 

61. Describe generally means to draw. 

62. Circumscribe means to draw around. 

63. Inscribe means to draw inside. 

64. When a figure is described or circumscribed about or 
inscribed within another, it is generally implied that, as in the 
case of a polygon (see Art. 96) about a circle, each side shall 
be tangent to the circle or, in the case of a circle about a polygon, 
that the circumference of the circle shall pass through all the 
vertices of the polygon. 

65. To bisect is to divide into two equal parts. 

66. To construct generally means to draw by a method of 
building up starting with certain given quantities and applying 
known rules. 

67. A plane figure is part of a plane surface bounded on all 
sides by lines. The boundary of a closed plane figure is called 

^<^ its perimeter. 

68. A circle is a plane figure bounded by a 

curved line all points of which are at the same 

distance from a point within called the center. 

Fig. 80. 
Fitf.ao 
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69. The boundary line of a circle is called the circumference. 

70. A diameter of a circle is a straight line through the 
center joining opposite points in the circumference, as (ab), 
Fig. 80. 

71. The radius of a circle is the distance from the -center to 
the circumference, as (cd), Fig. 80. 

72. A semicircle is half a circle, made by dividing a circle 
into two equal parts with a diameter, as (aboda). Fig. 80. 

73. An arc of a circle is any part of the circumference, as 
(ad). Fig. 80. 

74. A chord is any straight line whose ends are in the cir- 
cumference of a circle, as (ef). Fig. 80. 

75. A segment is a part of a circle bounded by an arc and 
a chord, as (efge). Fig. 80. 

76. A sector is a part of a circle bounded by two radii and 
an arc, as (acda). Fig. 80. 

77. A tangent to a circle is a straight line which meets the 
circumference but does not cut it on being prolonged, as (mn). 
The point of meeting (o) is called the point of tangency. 

78. A triangle is a plane figure bounded by three straight 
lines called the sides. The angles they form are called the 
angles of the triangle and the vertices of these angles, the ver- 
tices of the triangle. 

A triangle is called: 

79. A scalene triangle when no two sides are 
equal. 




80. An isosceles triangle when two sides are 
equal. Fig. 81. 

Fitf. 81 
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81. An equilateral triangle when the three 
sides are equal. Fig. 82. 



82. A right triangle when one of the angles 
is a right angle. Fig. 83. 



83. An acute triangle when all of the angles 
are acute. Fig. 84. 



Fltf. 84 




84. An obtuse triangle when one of the angles 
is obtuse. Fig. 85. 



Fltf. 88 

85. The base of a triangle is the side on which it is supposed 
to stand. The equal sides of an isosceles triangle are known as 
the legs and the third side as the base. 

In any other triangle any side may be the base. 

86. The vertex of the angle opposite the base is called the 
vertex of the triangle. 

87. The altitude is the perpendicular distance from the 
vertex to the base. 

88. A quadrilateral is a plane figure bounded by four straight 
lines called the sides. 

A quadrilateral is called: 

89. A parallelogram when the opposite 
sides are parallel. 

90. A trapezium when no two sides are 
parallel. Fig. 86. 

Fltf. 86 
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91. A trapezoid when two sides only are 
parallel. Fig. 87. 



Pltf. 87 



92. A rectangle when the angles are right 
angles. Fig. 88. 
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93. A -square when the angles are right 
angles and the sides equal. Fig. 89. 



Pltf. 89 



CJ 



Fitf. 90 



94. A rhomboid when the opposite sides are 
parallel and the angles oblique. Fig. 90. 

95. A rhombus when the opposite sides are 
parallel and of equal length and the angles' ob- 
lique. Fig. 91. 

PU. 91 

96. A polygon is a plane figure bounded by straight lines. 
When the sides are equal it is called equilateral and when the 
angles are equal, equiangular. 

. 97. A regular polygon is one which is both equilateral and 
equiangular. 

Polygons are named according to the number of sides as fol- 
lows: 




98. A triangle, one with three sides, Fig. 92. 
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99. A quadrilateral, one with four sides, Fig. 93. 



Pitf. 93 
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100. A pentagon, one with five sides, Fig. 94. 



Fitf. 94 
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101. A hexagon, one with six sides, Fig. 95, 



102. A heptagon, one with seven sides, Fig. 96, 



Fltf. 96 
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103. An octagon, one with eight sides, Fig. 97. 



104. A nonagon, one with nine sides, Fig. 98. 



105. A decagon, one with ten sides. Fig. 99. 



Fltf. 99 

The figures show regular polygons. 

106. A diagonal is a straight line in any 
d polygon which joins vertices not adjacent. In 
a regular polygon diagonals are called long 
when they pass through the center, as (ab), 
Fig. 100, and short when they extend between 
parallel sides, as (cd). 

Fltf. 100 
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107. An ellipse is a plane figure bounded 

by a line generated by a point which moves 

so that the sum of its distances, (ac + be), 

Fig. 101, from two fixed points, (a) and (b), 

is constant. The two fixed points are called the 

foci. The point, (d), midway between the foci 

is called the center. The longest diameter, (ef), 

that can be drawn in an ellipse is called the major axis and 

passes through the foci. The shortest diameter, (gh), is called 

the minor axis and is at right angles to the major axis. 
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PROBLEMS OF CONSTRUCTION 

108. Sheet 8. Divide the sheet into twelve equal spaces 
by a horizontal and vertical lines. Reserve the space in the 
lower right hand corner for the title. The title should be the 
same as shown in Fig. 64 with the exception that the words 
"Geometrical Problems" should be substituted for "General 
Methods." 

Draw problems in Arts. 109, 110, 111, 112, 113, 114, 115, 118, 
119, 120, 122. (Note that problems in Arts. 116, 117 and 121 are 
not to be drawn. However, they should be studied carefully 
as soon as the problems preceding them have been drawn.) 
Use fine distinct pencil lines. Do not ink this drawing. Make 
construction lines dotted and omit the reference letters. Draw 
the problems twice the size shown in the illustrations. Per- 
form the work as accurately as possible. 

109. To bisect a straight line AB, 
or an arc of a circle AFB. Fig. 102. 

With the ends A and B as centers 
and a radius greater than ^-AB, 
describe arcs intersecting at C and 
D. Draw a straight line through 
C and D. The line CD is perpen- 
dicular to AB and bisects it at £, 
and the arc AFB at F. 

Fli, 102 
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110. To draw a perpendicular 
to a straight line BC from a given 
point A in that line. Fig. 103. 

With A as a center and any 
radius, describe arcs cutting the 
^ line at E and F. With E and F as 
I centers and a radius greater than 
Pitf. 103 i-EF, describe arcs intersecting 

at D. Connect D and A with a straight line which is the re- 
quired perpendicular. 
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^j^ 111. To draw a perpendicular to 

a straight line AB from a point A at 
or near its end. Fig. 104. 

With A as a center and a radius 
AC, describe an arc DC. With C as 
a center and the same radius, de- 
scribe an arc cutting DC at D. Draw 
S a straight line through C and D pro- 
longing it beyond D. With D as a 
center and the same radius as above, 
describe an arc cutting this line at E. The straight line joining 
E and A is the required perpendicular. 



/} 
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112. To draw a perpendicular 
to a straight line AB from any 
point C outside that line. Fig. 105. 

With C as a center and a suit- 
able radius, describe an arc cut- 
ting AB at-E and F. With E and 
F as centers and a radius greater 
than i-EF, describe arcs intersect- 
ing at D. Join C and D with a 
straight line which is the required 
perpendicular. 



^-^^ 
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113. To draw a straight line 
parallel to a given line AB at a 
given distance EF from it. Fig. 
106. 
At any two points on the given 
^ ^ line as A and B erect perpen- 

diculars. (Art. 110.) With A and 
Fitf. 106 B as centers and a radius equal to 

EF, describe arcs cutting these 
perpendiculars at C and D. Connect C and D by a straight 
line which is the line required. 
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114. To divide a straight line 
AB into any number of equal 
parts, for example six. Fig. 107. 
Draw the line AC at any angle 
to AB. From A on AC set off any 
distance six times. Connect B 
with the sixth point by a straight 
line. Through the other points draw lines parallel to B6. (Art. 
113.) These lines divide AB as required. 



\ N V N \ 
\ \ \ \ \S 
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lis. Upon a straight line, F6, to 
draw an angle equal to a given angle 
CAB. Fig. 108. 

With A as a center and any radius 
describe an arc cutting the sides of 
CAB at D and E. With F as a center 
and the same radius describe an arc 
HK cutting FG at H. With H as a 
Fitf. 108 center and a radius equal to DE, de- 

scribe an arc cutting HK at K. Connect K and F with a straight 
line and KFG is the required angle. 




1 1.6. To draw angles of 30 deg. 
and 60 deg. on the straight line 
BC. Fig. 109. 

With any point A on the line as 

a center and with any radius, de- 

Fitf. 109 scribe a semicircle DEF cutting 

BC at D and F. With F as a center and a radius equal to AF, 

describe an arc cutting the semicircle at E. Connect D and E 

and E and F with straight lines. FDE is 
the required angle of 30 deg. and DFE 
f the angle of 60 deg. 

117. To draw an angle of 45 deg. on 
the straight line AB. Fig. 110. 

At B erect a perpendicular. (Art. 111.) 
With B as a center and any radius de- 
3 scribe an arc cutting AB at A and the 
Pitf. no 
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perpendicular at C. Join A and C with a straight line. The 
angle BAG is the required angle of 45 deg. 

118. To bisect a given angle 
BAC. Fig. 111. 

With A as a center and any radius^ 

describe an arc cutting the sides of 

the angle at B and G. With B and 

G as centers and a suitable radius, 

Pi^. Ill describe arcs intersecting at D. 

Connect A and D with a straight line which divides the angle 

into two equal parts. 

119. Through two given points, A 
and B, to describe an arc of a circle 
with a given radius £F. Fig. 112. 

With A and B as centers and a 
radius equal to EF, describe arcs in- 
tersecting at C. With C as a center 
and the same radius, describe the 
''■ ^ required arc through A and B. 

Fltf. 112 

120. To find the center of a circle or 
of an arc of a circle ABC. Fig. 113. 

Take three points on the circum- 
ference or arc well apart as A, B and 
G. Bisect and draw perpendiculars to 
the arcs AB and BG. (Art. 109.) Pro- 
long the perpendiculars to intersect at 
D which is the required center. 

Fitf. 113 

121. To draw a circle through three 
given points A, B and C not in the same 
straight line. Fig. 114. 

Connect A to B and B to G with 
straight lines. Bisect and draw perpen- 
diculars to AB and BC. (Art. 109.) 
With the point of intersection, D, of 
the perpendiculars as a center and a 
radius equal to DA draw the required 
Fitf. 114 circle through A, B and G. 
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122. To draw a tangent to a circle 
at a given point A in the circum- 
ference. Fig. 115. 

Draw the radius BA and erect a 
perpendicular CD at A, (Art. 110), 
which is the required tangent. 

123. Sheet 9. Draw problems in 
Arts. 124, 127, 131, 134, 135, 139, 142, 
147, 150,151 and 152 following the in- 
structions given for sheet 8. The 

problem in Art. 152 should be drawn the same size as shown in 
the illustration in order that the ellipse may be drawn complete. 
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124. To draw tangents to a 
circle from a given point, A, out- 
side its circumference. Fig. 116. 
Connect A with the center B 
of the circle by a straight line. 
Bisect AB at C. (Art. 109.) With 
C as a center and a radius equal 
to CB, describe a circle cutting 
the circumference of the given 

circle at D and E. Join A to D and A to E with straight lines 

which are the required tangents. 
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125. To draw a circle tangent 
to two given lines AB and CD 
inclined to each other, one tan- 
gential point E being given. Fig. 
117. 

Draw the straight line FG par- 
allel to AB and at any distance 
from it, (Art. 113), and HI par- 
*">*• 117 allel to and at the same distance 

from CD. These lines intersect at K. Draw the line KL bisect- 
ing the angle GKI. (Art. 118.) At E erect a perpendicular to 
AB (Art. 110), intersecting KL at M. With M as a center and 
a radius equal to ME, draw the required circle. 
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126. To draw any number of 
circles tangent to each other and 
to two given inclined lines AB 
and CD. Fig. 118. 

Bisect the inclination of the 
lines AB and CD by the line KL 
as in Art. 125. From point E 
in this line draw the perpendicular EF to AB. (Art. 112.) 
With E as a center and a radius equal to EF, draw a circle touch- 
ing AB and CD and cutting KL at H. At H draw HJ perpen- 
dicular to KL. (Art. 110.) With J as a center and a radius 
JH, describe an arc cutting AB at M. At M erect a perpendic- 
ular to AB cutting KL at 0, which is the required center for the 
next circle. Repeat the process as many times as there are cir- 
cles required. 

127. To draw a tangent to two 
given circles with centers at A and 
B. Fig. 119. 

Connect A and B with a straight 
line. Set off CD equal to EB. 
With A as a center and a radius AC, 
describe a circle and draw BF tan- 
gent to it from point B. (Art. 124.) Through the point of tan- 
gency, F, draw the straight line AF and prolong it to G. Make 
the angle HBK equal to GAD. (Art. 115.) Connect H and G 
with a straight line which is the required tangent. 

128. To draw a tangent to two 
given circles which shall pass be- 
tween them. Fig. 120. 

Connect the centers A and B of 
the given* circles with a straight 
line. At A and B erect perpen- 
diculars to A B, (Art. 110), cutting 
the circumferences of the given 
circles at C and D. Join C and D with a straight line intersect- 
ing AB at E. Find F and G, at which points lines drawn from 
E would be tangent to the given circles. (Art. 124.) Connect 
points F and G with a straight line which is the required tan- 
gent. 




Fid. 110 




FU. 120 



PROBLEMS OF CONSTRUCTION 



61 




Fitf. 121 



129. To draw a circle with a given, 
radius, MN, tangent to two given cir- 
cles with centers at A and B. Fig. 
121. 

Through A and B draw straight lines 
of indefinite length. Set off CD and 
EF each equal to MN. With A as a 
center and a radius AD, describe an 
arc and with B as a center and radius 
BF, another arc intersecting the first 
at G. The point of intersection, G, is the center of the required 
circle which may be drawn with a radius equal to MN. 

130. To construct an equilateral triangle 
having given a side AB. Fig. 122. 

With the ends A and B as centers and a 
radius equal to AB, describe arcs inter- 
secting at C. Connect A to C and C to B 
with straight lines and ABC is the required 
triangle. 




Fii. 122 
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131. To construct a triangle of un- 
equal sides, the sides AB, CD and EF 
being given. Fig. 123. 

With A as a center and a radius 
equal to CD describe an arc. With B 
as a center and a radius equal to EF, 
describe another arc cutting the first 
at G. Join A to G and B to G with 
straight lines and ABG is the required 
triangle. 



132. To construct a square on a given 
straight line AB. Fig. 124. 

At A erect a perpendicular to AB. (Art. 
111.) With A as a center and a radius 
equal to AB, describe an arc cutting the 
perpendicular at C. With B and C as 
centers and the same radius, describe arcs 



FM. 124 
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intersecting at D. Connect C to D and D to B with straight 
lines and ABDC is the square required. 

133. To construct a rectangle with 
a given base AB and height EF. Fig. 
125. 

At A and B erect perpendiculars to 
AB. (Art. 111.) With A and B as 
centers and a radius equal to EF, 
Fii. 12A describe arcs cutting these perpen- 

diculars at C and D. Connect C and D with a straight line and 
ABDC is the required rectangle. 



134. To circumscribe a circle about 
a given triangle ABC. Fig. 126. 

Bisect AB at D and AC at E erect- 
ing perpendiculars. (Art. 109.) With 
the point of intersection, F, of these 
perpendiculars as a center and a radius 
FA, draw the required circle. 



135. To inscribe a circle within a 
given triangle ABC. Fig. 127. 

Bisect two of the angles as BAC and 
ACB by the lines AD and CD. (Art. 
118.) From the point of intersection, 
D, of these lines draw the perpendic- 
ular DE to AC. (Art. 112.) With 
D as a center and a radius equal to DE, 
draw the required circle. 

136. To inscribe an equilateral tri- 
angle within a circle whose center is 
at C. Fig. 128. 

Draw the diameter AB. With B 
as a center and a radius equal to BC, 
describe arcs cutting the circumfer- 
ence at D and E. Join points A, D 




Fitf. 126 
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with straight lines and ADE is the triangle required. 



137. To inscribe a square in a circle 
whose center is at C. Fig. 129. 

Draw the diameter AB and the diam- 
eter DE perpendicular to it. (Art. 110.) 
Join A to D, D to B, B to E, and E to A 
with straight lines and ADBE is the square 
required. 



138. To circumscribe a square about 
a circle whose center is at E. Fig. 130. 

Draw the diameter AB and the diam- 
eter CD perpendicular to it. With A, D, 
B and C as centers and a radius equal to 
AE, describe arcs intersecting at F, G, 
H and K. Join F, G, H and K with 
straight lines and FGHK is the square 
required. 



MA 
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139. To inscribe a pentagon in 
a circle whose center is at F. Fig. 
131. 

Draw the diameter AB and the 
diameter CD perpendicular to it. 
Bisect FB at O. (Art. 109.) With 
O as a center and a radius OC, de- 
scribe an arc cutting AB at E. 
With C as a center and radius CE, 
describe an arc cutting the circum- 
ference at H and with the same 
radius step off K, L and M on the 
circumference. Connect these points 
to form the required pentagon 
CHKLM. 

140.. To construct a pentagon on 
a given straight line AB. Fig. 132. 



¥li. 132 
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Erect a perpendicular, BC, at B equal to i-AB, using Arts. 
109 and 111. Join A to C with a straight line prolonged to D, 
making CD equal to BC. Join B to D. With A and B as centers 
and a radius equal to BD, describe arcs intersecting at E. With 
E as a center and a radius EA, describe a circle. Step off the 
distance AB around the circumference and connect the points 
thus found to form the required pentagon. 




141. To construct a hexagon on a 
given straight line AB. Fig. 133. 

With A and B as centers and a radius 
equal to AB, describe arcs intersecting 
at C. With C as a center and the same 
radius, describe a circle passing through 
A and B and intersecting these arcs at 
D and G. With the same radius de- 
scribe arcs CE and CF with centers at 
Join A to D, D to E, etc., with straight 
lines to form the required hexagon. 

142. To inscribe a hexagon within a 
circle whose center is at A. Fig. 134. 

Draw the diameter BC. With B 
and C as centers and a radius equal 
to BA, describe arcs cutting the cir^ 
cumference at D, E, F and G. Join 
B to D, D to F, etc., to form the re- 
quired hexagon. 



FU. 133 

D and G respectively. 
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hexagon 
is at C. 



Fii. laa 



143. To circumscribe a 
about a circle whose center 
Fig. 135. 

Draw the diameter AB. With A as a 
center and a radius equal to AC, cut 
the circumference at D. Bisect the 
angle ACD, (Art. 118), with the radius 
CE which intersects the circumference 
at E. At E draw a perpendicular to 
CE, (Art. 110), intersecting AB pro- 
longed at F. From the center C with a 
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radius CF, describe a circle. Complete the problem by inscrib- 
ing a hexagon in this circle according to Art. 142. 

144. To construct an octagon 
on a given straight line AB. Fig. 
136. 

Prolong AB in both directions to 
E and F. At A and B erect per- 
pendiculars AC and BD, (Art. 
110). Bisect the angles EAC and 
FBD by the lines AG and BH, 
(Art. 118). Make AG and BH 
Fw. 136 each equal to AB. From G and 

H draw lines GJ and HK parallel 

to AC and BD and equal in length to AB. From J and K as 
centers with a radius equal to AB, describe arcs cutting AC and 
BD at C and D. Complete the required octagon by joining J to 
C, C to D, and D to K with straight lines. 

145. To inscribe an octagon within 
a given square ABCD. Fig. 137. 

Draw the diagonals AC and BD in- 
tersecting at 0. From A, B, C and D 
as centers with a radius equal to AO, 
describe arcs cutting the sides of the 
square at E, F, G, H, J, K, L and M. 
Connect M to G, F to J, H to L, and K 
to E by straight lines to form the re- 
quired octagon. 




^L. 
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146. To divide a given line AB in 
extreme and mean ratio. Fig. 138. 
Bisect AB at F, (Art. 109). At B 
erect a perpendicular BC, (Art. Ill), 
equal to BF. Connect A and C with 
a straight line. With C as a center 
and a radius CB, describe an arc 
cutting AC at D. With A as a center 
and a radius AD, describe an arc 

cutting AB at E. Point E divides AB in extreme and mean 

ratio or AB is to AE as AE is to BE. 
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147. To inscribe a regular decagon 
in a given circle whose center is at A. 
Fig. 139. 

Draw any radius AB and divide it 
in extreme and mean ratio, (Art. 146), 
so that AB is to AC as AC is to BC. 
With B as a center and a radius equal 
to AC, describe an arc cutting the cir- 
cumference at D. BD is one side of the 
required decagon and by stepping 

around the circumference with the length BD and joining the 
points thus found the decagon may be constructed. 




Fid. 130 
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148. To inscribe a regular polygon 
of any number of sides, for example 
seven, within a given cirde whose cen- 
ter is at C. Fig. 140. 

Draw the diameter AB and at the 

center C erect the perpendicular CD, 

(Art. 110), cutting the circumference 

at E. Divide CE into four equal parts 

(Art. 114), and lay off a distance equal 

to three of these parts from E to D. 

Divide AB into as many equal parts as 

the polygon is to have sides, i. e. seven, 

(Art. 114), and through D and the second point of division draw 

a straight line cutting the circumference at F. Draw AF which 

is a side of the required polygon. By stepping the length AF 

around the circumference and con- 
necting the points thus found the 
polygon may be constructed. 

149. On a given side AB to con- 
struct a regular polygon having any 
number of sides. Fig. 141. 

Prolong AB toward C and with A 
as a center and a radius equal to AB, 
describe a semicircle and divide it 
into as many equal parts as -the 
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polygon is to have sides. This operation may be performed by 
the method given in Art. 148, by completing the circle and di- 
viding it into twice as many equal parts as the required polygon 
is to have sides. Connect A to the second point of division 2. 
A2 is another side of the required polygon. Find the center of 
the circumscribing circle by Art. 121. Draw the circle and step 
the length AB around the circumference to complete the re- 
quired polygon. If desired lines intersecting the circumference 
may be drawn through A and the points 3, 4, 5 and 6 and the 
polygon completed by joining the points 2, E, F, G, H and B. 

150. Within a given circle to 
draw any number of equal circleS| 
for example six, tangent to each 
other and the given circle whose cen- 
ter is at A. Fig. 142. 

Divide the circumference (Art. 148) 
into twice as many equal parts as 
there are circles required. Draw 
radii through the points of division. 
At the end of any radius as AB draw 
a tangent CD to the circle. (Art. 
122.) Prolong a radius adjacent to AB to intersect CD at D. 
Bisect the angle ADB by the line DE, (Art. 118), and the point 
E where this line intersects AB is the center of one of the re- 
quired circles. With A as a center and a radius equal to AE, 
describe a circle cutting the radii at F, G, H, J and K, which 
intersections locate the centers of the other circles which may 
be drawn with a radius equal to EB. 




Fitf. 142 
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151. About a given circle to de- 
scribe any number of circles, for ex- 
ample eighty tangent to each other 
and the given circle whose center is 
at A. Fig. 143. 

Divide the circumference (Art. 148) 
into twice as many equal parts as 
there are circles required. Draw 
radii through the points of division. 
At the end Of any radius as AB draw 
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a tangent CD to the circle. (Art. 122.) Prolong a radius ad- 
jacent to AB to intersect CD at D and make DE equal to DB. 
At E erect a perpendicular, (Art. 110), cutting AB prolonged 
at F. F is the center of one of the required circles. With A as 
a center and a radius AF, describe a circle cutting the radii 
prolonged at G, H, J, K, L, M and N, which intersections locate 
the centers of the other circles which may now be drawn with a 
radius equal to FB. 



152. To describe an ellipse approxi- 
mately by means of circular arcs of two 
radii, given the major and minor axes. 
Fig. 144. 

Let AB be one-half the major axis and 
AC one-half the minor axis. With A as a 
center and a radius AC, describe an arc 
cutting AB at D. Connect B and C with 
a straight line and set off CE equal to 
Fid. 144 BD. Bisect BE and erect a perpendicular 

at the center, (Art. 109), intersecting AC prolonged at F and 
AB at G. With F as a center and a radius equal to FC, draw 
the arc CH and with G as a center and a radius equal to GB, 
draw the arc HB. Complete the ellipse by drawing the three 
remaining quarters in the same manner. 





153. To describe an ellipse 
approximately by means of cir- 
ctdar arcs of three radii, given 
the major and minor axes. Fig. 
145. 

Let AB be one-half the major 
axis and AC one-half the minor 
axis. At B and C erect perpen- 
diculars intersecting at D. (Art 
111.) Connect B and C with a 
straight line and draw DF per- 
Fid. 14A pendicular to BC. (Art. 112.) 

DF intersects AC prolonged at F. Prolong AB to G and make 
AG equal to AC. Bisect BG, (Art. 109), and from the central 
point with a radius equal to ^-BG, describe a semicircle cutting 
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AC prolonged at H. Set off AK equal to CH. With F as a 
center and a radius equal to FK, describe an arc KM. With 
B as a center and a radius equal to AH, describe an arc inter- 
secting AB at L. With E as a center and a radius equal to EL, 
describe an arc intersecting KM at M. Draw MEN and FMO. 
With E as a center and a radius equal to EB, draw the arc BN; 
with M as a center and a radius equal to MN, draw arc NO; 
and with F as a center and a radius equal to FO, draw arc OC. 
Complete the other quarters in the same manner. 
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EXAMINATION QUESTIONS 

(1) What is the difference between an object and a point? 

(2) State the reason why a curved line cannot be drawn 
parallel to a straight line. 

(3) (a) What is an angle of 51 deg. called? 
(h) What is an angle of 99 deg. called? 

(4) State the difference between a vertical line and a per- 
pendicular line. 

(5) What is the difference between the diameter and cir- 
cumference of a circle? 

(6) What is the name of a triangle having angles of 41 deg., 
41 deg. and 98 deg.? 

(7) If the altitude of an isosceles triangle is drawn, what 
kind of triangles are formed? 

(8) What is the name of the figure formed by placing two 
equal squares so that a side of one coincides with a side of the 
other? 

(9) If a regular hexagon is divided by means of long diag- 
onals joining all the vertices, what are the parts called? Give 
the complete name. 

(10) How is an ellipse different from a circle? 

(11) How is a regular polygon different from a circle? 

(12) If you were given a straight line to divide into four 
equal parts state two ways in which you could do it. 

(13) If two lines are drawn parallel to each other and a 
perpendicular drawn to one of them, what angles does it make 
with the other if prolonged to meet it? 

(14) If two circles are each drawn tangent to the same two 
parallel lines and the circles are some distance apart, how do 
their diameters compare with each other and with the distance 
between the parallel lines? 

(15) If the long diagonals of a square are drawn; what is 
the number of degrees in each of the four angles at the center 
formed by the intersection of the diagonals? 
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PROJECTION 

154, In order to represent an object on paper in such a way 
as to give its true form and size, it is generally necessary to 
draw several views as seen from different points of observation. 
The views are made either the same size as the object or some 
l)roportionate size, for example one quarter size. The dimen- 
sions of the object are indicated on the views by figures. In 
addition all information is given regarding material, allowance 
for finishing, etc., to enable a workmian to produce the piece 
without further question. The views when drawn correctly 
and in proper relation to each other form what is called a 
working drawing. The method of making the views is called 
orthographic projection. 

156. If an object, for example a cube, is placed in back of 
a transparent plane and lines perpendicular to the plane passed 
through all points of the object, these lines where they meet the 
l)lane, trace a full size view of the object which is said to be 
projected on the plane. 

In Fig. 146 the cube ABCDEFG is placed in back of the 
transparent plane AVXYZ, with the face ABCD parallel to the 




FiK. 140 



l)]an»\ Assume that lines perpendicular to WXYZ arc ex- 
tended from points A, B, C. D, E, P, G and II* till they inter- 



•The point H is iildtlen behind tlie cube and therefore does not show 
in the Fig. 
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sect the transparent plane. The cube is a body whose edges are 
all at right angles to each other and of equal length, so that the 
perpendiculars from points E, F, G and H coincide with edges 
EA, FB. etc. and with the perpendiculars extended from A 
B, C and D to WXYZ. Therefore the points A,, B^, C,, and I),, 
where these perpendiculars intersect the transparent plane, are 
the projections E, F, G and 11 as well as A, B, C and D. By 
joining A^ to Bj, etc., a square is drawn the same size as th<* 
face ABCD. This square is one view or projection of tho 
cube and is the only portion of the cube visible from this point 
of observation. 

156. Planes in different positions may b(^ used similarly 
to obtain views of the other faces, in order to show details not 
given by the first view. 

Suppose several transparent planes at right angles to each 
other are hinged together to form a transparent box. Fig. 

J 47 shows such a box hinged at the 
edges RS, RV, ST and VT and ar- 
ranged to part at the other edg(*s. 
Place a point A anywhere in the in- 
terior of the box and through it pass 
lines perpendicular to and intersect- 
ing the walls of the box. The points 
of intersection will be at A, on plane 
■^'•«- ^^^ R8XW, A, on plane RSTV, A3 on 

plane SXYT. A, on plane RWZV. A,, on plane VTYZ and 
Aq on plane "WXYZ. Each of thi^se points of in«'ers(»etion is a 
view or projection of point A. 

Now open the transparent box b(»nding back th(» walls at the 
hinged edges and lay it down on a plane surfams such as the* 
top of a drawing board. Fig. 148 gives its appt^aranet* and shows 
the positions that the projections of point A take.* It will bo 
noted that A,, A., and A- lie on a line which is perpendicular 
to RS and VT and A^, A., and A. on a line perpendicular to 
RV and ST and therefore to the line joining A, A.. Also that 
A J, Ap., A- and A^ are all at the same distance from the re- 
spective hinged edges RS. ST, etc. Therefore if the projection 
A, were missing it (Mmld be determined as follows. 

*To avoid (M>nfusi(»n tlu* points \V. X. Y and Z are marked W'. X'. Y' 
and Z' on the en<l views. 
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Draw a porpcndieular to RV through Ao and a line parallel 
to RS thronpfh A^ to intorstK't RW at J^. With R as a center 



w 



w' 



JL. 



z' 



L»tt tmS :nw. ( 



^. 



T»0 Yi% »»■ 



fr»nt y>»w. 



t»rt9ti »tmmi 



I 



A<«<>r w»^ »>«w. 



X' 



y' 



and a radius RB describe an are cutting RW' at C. Through 
C draw a parallel to RV intersecting the perpendicular through 
A. at Ap A4 is tht^ required projection on plane RVZ'W', since 
it lies on a line through A^. perpendicular to RV and is at the* 
same distance (by <*onstruction) from RV, as A, is from RS. 
The projection on any of the other planes may be found 
similarly. 

The different pro j(*ct ions are namcnl according to their posi- 
tion, top view or plan (A,), front view or elevation (A,), right 
end view (A;,), h^ft end view (A^), and bottom view (A5). 
(A-.) as well as the back view (A,.), which is not shown in 
P'ig. 148, are seldom used. 

In order to make it convenient to refer to the various planes, 
WXSR is called the top horizontal plan(N RSTV the front 
vertical plane. SX'Y'T the right end vertical plane, and RVZ'W' 
the left end vertical plane. 

157. Instead of one point, a series of points may be pro- 
jected in the same nranner on the walls of the transpan^ut box 
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and th(»8e points may be the limits of lines that determine the 
boundaries of an object. For example, the same cube used in 
Fig. 146 may be placed in the center of the space enclosed by 
the box and its views projected on the walls as described 
above and illustratc»d by Fig. 149. Fig. 150 shows the appear- 
ance of the projected views when 
the box is opened at the hinged 
edges. This set of views if properly 
dimensioned and lettered would be 
a complete working drawing of the 
cube.* However, for simple objects 
such as this, a top and front view 
are' usually sufficient and it is 
seldom that more than a top, 
front and end view are required for any object. Thus, 
Fig. 151 is a working drawing of a regular hexagonal 
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pyramid.* The pyramid is placed with its base resting on a 
horizontal plane and one edge of the base, 5-6, parallel to the 

•In finishing a working drawing it is usual to omit aU construc- 
tion lint'S. 
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front vertical plane. Its dimensions are 2" on a short diagonal 

of the base by 4" high. The points are numbered so as to show 

their location on the different 

views. The method of making 

the drawing is as follows. 

Estimate the space ri'- 
quirod by the different views 
and draw the vertical line 
XST and the horizontal 
RSX'. In this ease the front 
and end views each require 
approximately the same space 
while the top view needs only 
about half the amount taken 
by the front view. The line 
RSX' should therefore be 
drawn nearer the top of the 
sheet than the bottom. XST 
and RSX' correspond to XST and RSX' in Figs. ]48 
and 150. 

First, draw the view about which most information is given, 
in this example the top view. This view is a hexagon witli the 
side 5-6 parallel to RSX' and the vertiees 1, 2, 'i, 4, 5 and (i 
joined to the center 7 by straight lines repn'senting the i'dge« 
hi'tween the sides. The hexagon may he constructed by de- 
scribing a circle 2" in diameter, at a convenient distance above 
RSX' and to the left of XST. and drawing the sides tangent 
to its circumference with the T square and '10° X f»0° triangle. 
At some convenient distance, greater than 4", below RSX' 
draw a horizontal line l'-4'. From the points 1, 2, 3. 4. 5 and 6 
of the top view draw vertical lines downward to intersect this 
line at 1', 2', .'!', 4', 5' and 6' noting that points 2', fi' and 3', 5' 
coincide. Draw another vertical downward from point 7 and 
on it lay off point 7', 4" above \'-i'. Join this point to 1', 2', 
3'. 4', 5' and 6' with straight lines to complete the front view. 
Now to determine the right end view draw two horizontals 
to the right from the front view, one through points 1' to 4', 
and the other through 7'. From points 2 and 3 of the top view 
draw a parallel to RSX' to intersect XST at m. With S as a 
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(M»ntor and a radius Sm describe an arc cutting R8X' at m'. 
Through ni' draw a vertical downward to intersect the horizontal 
through points 1' to 4' at 2"3", thus locating these points on the 
right end view, since th'\y lie on a line through 2^ 8', which is 
perpendicular to XST, and are at the same distance from XST 
as 2 and 3 are from RSX^ It will be noted that these points 
coincide. In the same mannc^r the other points V\ V which 
coincide, 5", 6" which coincide, and 7" may be found and by 



f 




li- 



I I I I 







Anc/tor Post. 



Ca J t Iron 

Jco/e J' 






FiK. iri2 

connecting 7" to ;")"()", r'4", and 2":r' with straight lines tlie 
required right end view is produced. 

As another illustration. Fig. 152 is a working drawing of 
the anchor post shown in Fig. 153. Three views are shown 
corresponding to the views in Fig. 151, but the construction 
lines are omitted. Attention is called to the method of dimension- 
ing wh(^r(» an arc of a circle is used to join two lines at an angle 
to each oth(»r. If the position of one of th(^ lines is known, as in 
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this cast', the oontcr of the are is loeat(»d in a direction parallel 
to this line and the radins indicated by a dimension. If the 

positions of both lines are unknown the 
center should be loeat(»d exaetlv bv two 
dimensions. 



158. When it is difficult to determine 
the projection of a line directly, it should 
be remembered that every line is deter- 
mined by two or inore points. The pro- 
jections of the points may be found as de- 
scribed in Art. 156 and if a line is drawn 
through them it will be the required pro- 
jection of the given line. 
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159. In some cases in order to get the true form and size of 
a portion or face of an object which is not parallel to any of 
the planes described above, it is necessary to project it on an 
auxiliary plane parallel to the face, and then swing this plane 
around till it lies in the same plane as the rest of the drawing. 
For example, suppose it is desired 
to find the true shape of one face, 
ABC, of a square pyramid. Fig. 154 
illustrates the manner in which the 
glass box would be arranged and 
the method of projecting to accom- 
plish this result. Note that plane 
STYX is parallel to the face in ••^•«- ^^** 

question. Fig. L35 shows the box opcnied. The constructirm is 
as follows. 

Take any point as B, on the front view, and from it draw a 
perpendicular to ST. Through the corresponding point on the 
top view, draw a line parallel to RS to intersect SX. With S as 
a center swing the point of intersection around on to SX' and 
through this point draw a parallel to ST. The intersection be- 
tween this parallel and the perpendicular first draw^n is the 
required point on the auxiliary plam*. The other points are 
determined in the same manner. In this case not only the 
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required face, but also some of the faces beyond it are visible 
and therefore show in this view. 




^^.-\ 




^- \ 



L9ff 9n^ V>«Mr. 



Fig. 156 shows the construction as it might be used in making 
a working drawing. 
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160. Fig. 157 indicates the method of projecting curved 
lines on auxiliar>' planes. In this case it is desired to find the 

true shape of the section made by 
cutting off the top of a right circular 
cone with an oblique plane AB. In 
the top view, the circumference of 
the base is divided into any numb(»r 
of equal parts 1. 2, 4, etc. 




\ 
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and the points of division 
projected down on the front 
view. These points are con- 
nected to the apex of 
the cone in both views bv 
straight lines called ele- 
ments.* Assume the plane 
CD parallel to AB. To follow out the construction 
take any element as 03 on the front view, which 
AB cuts at 3'. The corresponding point on the 
top view is found as follows. Point 3' lies on the 
line or element 03 in the front view and therefore 
on the same line in the top view. Also since the 
projections of a point on the front and top views lie in the same 
vertical line, a vertical line through 3' intersects 03 in the top 
view at 3", the required point. To find the projection on the 
auxiliary plane pass a line perpendicular to CD through 3^ 
Through 3" draw a horizontal intersecting the vertical lint* 
CE at m and, with C as a center and a radius Cm, describe an 
arc intersecting CF, which is perpendicular to CD, at m'. 
Through the latter point draw a parallel to CD cutting the p(»r- 
pendicular through 3' at 3'" which is the required point on 
this plane. All the other points are determined in the same 
manner both for the section and the base, and joined by curved 
lines to complete the view on the auxiliary plane. 

161. Sections, see Art. 23, aid greatly in making plain the 
form and size of interior portions and others difficult to show 
by the regular views. The section is made by cutting the object 
at the desired place with an imaginary plane, removing the part 



•To make the cut clearer thene lines are not actually drawn through 0. 
but only the parts necessary for construction are indicated. 
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toward the observer, and projecting the section and parts be- 
yond on a plane parallel to the cutting plane. Thus in Fig. 46 
the outside of the piece is shown on one side of the vertical 
c(»nter line, while on the other side the piece is cut at the center 
and the part toward the observer removed to show the interior 
construction. The drawing of the pipe carrier roller in Fig. 65 
further illustratc^s the use of sections for showing clearly details 
of construction. 

162. In practice the use of planes as described above is purely 
imaginary, the draftsman carrying on a similar process in his 
mind. It is necessary, however, to project from one view to 
another, but, as b(»fore nott*d, the construction lines do not ap- 
pear on the finished drawing. Also the construction is much 
simplified by using the dividers for transferring distances. Thus 
in Pig. 151, if the c(»nter lines are drawn first, the projection 
lin(»s may be omitt(»d by carrjnng the distances from one view 
to another with the dividers. 

The object should always be placed so as to make the views 
as simple and few in number as possible. Generally if an object 
is intended to stand in a certain position, the drawing should 
show it. in the same position. The space required by each view 
should be carefully estimated and the drawing arranged sym- 
metrically in its allotted space. It is not necessary to finish 
one view before starting another. In fact, it is often desirable 
to carry along the work on the different views at the same time. 
If the points are numbered it will be less difficult to determine 
their position in the different views. 

163. In addition to the instructions in Arts. 25. 26, 27 and 
154. note that in general a dimension given on one view should 
not Ix* re[)eated on another. ^lachine finished surfaces are 
marked with a small (f), or similar character, and the allow- 
niKM* for finishing specifi(»d either at the surface or in a note. 
The pattern material (if a pattern is required), number of 
pi<*ces of each kind re(|uired by the device of which they are 
a part, material from which pieces are to be made, etc., are 
other itcMiis of information that should be given. 
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EXAMINATION QUESTIONS 

(1) Tiider what conditions would you use three views in 
making a working drawing? 

(2) In what pasition should an object be placed with re- 
ference to the imaginary transparent planes, so as to make it 
as easy as possible to draw the different views? 

(3) If the front view of a point, placed in a transparent 
box similar to the one shown in Fig. 147, is 2|" from RS and 
3" from ST, and the top view is 3^'' from RS, what is the 
position of tlie right end view? Show this by a sketch. 

(4) If the i)rojection of a point is locatc^d on the left end 
vertical plane at a distance of 5" from RV, and on the front 
vertical plane at a distance of IV' from RS and 4" from RV, 
what is the location on the top horizontal plane? Show this by 
a sk(»tch. 

(5) Suppose that several points lie in a straight line per- 
pendicular to the top horizontal plane, what is their projection 
on that plane? 

(6) On what planes are the projections of a point definitely 
located if the point is 32" back from the front vertical plane 
and 2.]" down from the top horizontal plane? 

^7) When would you use an auxiliary plane in making a 
working drawing? 

(8) If you were making a drawing of an object, under what 
conditions would you consider it unnecessary to make use of 
sections ? 

(9) State the reflation between the projections of the same 
point on the top horizontal and front vertical planes. 

(10) State the reflation between the projections of the same 
point on the top horizontal and right end vertical planes. 
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EXERCISES 
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164 Sheet 10: Divide this sheet into three equal parts by 
vertical lines. Reserve a space Z" long by 1" wide in the lower 
right hand corner for the title. The title is to be the same as 
shown in Fig. 64, but with the word ' * Pro jection ' ' substituted 
for ** General Methods." Dimensions and shade lines are not 

required on this sheet. Finish the work in- 
eluding construction lines with ink. Make 
the drawings full size. 

In the first space draw three views of a 
square prism standing on end on a hori- 
zontal plane with one of its faces parallel to 
the front vertical plane, as shov^n in Fig. 
158. The dimensions of the prism are l-J" 
square by 3" long. The method of making 
the drawing, see Fig. 159, is as follows. 
First, draw the top view. This is a square measuring 1^" on 
each side. Since the prism stands with one of its sides parallel 

to the front vertical plane, two of 

the lines of the top view will be 
horizontal and should be drawn 

with the T square. The other two 
lines will be at right angles to 
these and should be drawn by 
using one of the triangles on the T 
square blade. 

Second, draw the front view 
which is a rectangle \\" wide by 
3" long. Use the T square and 
triangles as just described, obtain- 
ing the width by projecting down 
Fi«. 159 from the top view. 

Third, draw the right end view by projecting across from 
the front view and around from the top view, locating the points 
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as described in Art. 157. This view is another rectangle with 
the same dimensions as the front view. 

In the second space draw a top, front 
and right end view of a cube placed cen- 
trally on top of a square plinth, as il- 
lustrated in Fig. 160. The cube measures 
IV' on each edge and the plinth is 2^" 
square by 3'^ high. The group rests on 
a horizontal plane with the faces toward 
FiK. i»o fi^^ observer parallel to the front vertical 

plane. Fig. 161 shows the drawing completed. Draw the top 
view first, then the front and finally the end view, following 
the same method as describinl 
in connection with the pre- 
vious problem. 

In the third space draw 
three views of the group 
shown in Fig. 162. This con- 
sists of a circular plinth 2^" 
in diameter by J'' high placed 
centrally on the side of a hex- 
agonal prism. The prism 
measures 1^'' on a short di- 
agonal of the end face by 3" 
long. It rests on a horizontal 
plane and its long edges are piif. i«i 

parallel to the front vertical plane. The method of proceeding 
in this case, see Fig. 163, is as follows. 

First, draw the end vi(*w of the hex- 
agonal prism by describing a circle 1^" 
in diameter and cireumseribinfi: a hex- 
agon around it with th(^ T square and 
30° X 60° triangle. 

ScM'ond, d(»termine the horizontal cen- 
ter line of the top view by projecting 
around from the center of the end face 
of the hexagonal prism. Take a point on this line as a center 
and draw the top view of the circular plinth, which is a circle 
2j" in diamet(*r. Draw a vertical center line through the center 
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of this circle and 1^" on each side of it draw lines which cor- 
respond to the end faces of the hexagonal prism. Complete 
this view hy projecting around from the end view to obtain 

the edges between the sides. 
Now draw the end view of 
the circular plinth which is 
a rectangle 2^' long by J" 
high placed on top of the 
end face of the hexagonal 
prism. The 2^^' dimension 
is obtained by projecting 
around from the top view. 
Third, draw the front 
view obtaining the points 
by projection from the top 
and end views. 
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165. Sheet 11: In laying out this sh<M>t and making the 
drawings observe the instructions with regard to sheet 10. 
with the exception that the drawings should be made half 
size. 

In the first space draw three views of the triangular prism 
shown in Fig. 164. Each of the three rectangular faces of the 
])rism is 1 J" wide by 3" long. The prism is placed with one 
side resting on a horizontal plane and its long edges making 
angles of 45° with the front vertical plane. The drawing, s(h' 
Fig. 165, is made in the following manner. 

First, draw the top view which is a rectangle IJ" wide by 3" 
long, with its edges making angles of 45° with the horizontal. 
This operation is perfonued with the aid of 
the T sciuare and 45° triangle. Complete the 
view by drawing another 45° line through the 
center of the rectangle to represent the edge* 
bi'tween the upper inclined faces. 

S(»cond, draw a horizontal line 4-3 to rc})resent the lower 
edges of the faces showing in the front view and project points 
4, 6, 1 and 3 from the top view on to this line. The height of 
this view corresponds to the altitude of an- end face of the 
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prism and is found as follows. Extend tlic^ lino 3-2-1 and a sliovt 
distance below the top view dra^v a horizontal line AB, inter- 
secting it at D. With D as a center, swing points 1 and 3 around 
on to AB and then project them vertically downward on to 

the line 4-8 prolong- 
vd. The points thus 
obtained are num- 
l)ered T and 3' and 
the distance l'-3' is 
eciual to the wMdth 
of th<» bottom face. 
Since all the rectang- 
' ular faces are of 
equal width, with 
points 1' and *V as 
centers and a radius 
e(|ual to r-3', dc- 
scrib(» arcs intersect- 
»^«K- ^«5 ing at 2^ This oper- 

ation is equivalent to projecting tlu^ end face on a plane parallel 
to itself and then sw^inging the parallel plane around so as to 
lie in the plane of the drawing, thus giving the true form and 
size of this face, see Art. 159. Through 2' draw a horizontal 
line and project points 5 and 2 on it from the top view. 
Join 5 to 4 and 6, and 2 to 1 and 3 to complete thi* 
front view. 

Third, draw the end view, projecting 
across from the front view and around 
from the top view to locate the points. 

In the second space draw^ three vi(»ws of 
the group shown in Fig. 166. The di- 
mensions of the square prism are the same 
as in Fig. 158. Each of the two smaller 
rectangular faces of the right triangular 
prism measures 1^" by 3". The group 
rests on a horizontal plane and is placed so that the hori- 
zontal edges make angles of 3()^ and H(^'^ with th(» front 
vertical plane. 
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■ Fig. 167 shows the method of makiug the drawing. The 
top vi(»w should be drawii first, then the front and end views. 




Fis. 167 

For the third space three views of the group shown in 
Fig. 168 are required. The square and hexagonal prisms have 
the same dimensions as in the preceding problems. The hex- 
agonal prism is placed centrally on top of the square prism 
which rests on a horizontal plane. The horizontal edges of the 

square prism make angles of 45° with the 
front vertical plane and the long edges 
of the hexagonal prism angles of 60°. 

First, draw the three views of the square 
prism, see Fig. 169, allowing space in the 
front and end views so that the hexagonal 
prism may be placed on top of it. 

Second, draw a center line hj through 
the top view of the square prism, and 
through its middle point k, draw another line mn making an 
angle of 60° with the horizontal. On this line lay off points m 
and n. at distances of IJ" both sides of the point of intersection 
k. and through m and n draw perpendiculars, 16-19 and 10-13 
to the line mn. These perpendiculars correspond to the end 
faces of the hexagonal prism. A short distance below the top 
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view draw a horizontal line ED, intersecting one of these per- 
pendiculars nt D, and with D as a center describe an arc 
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through n. to intersect KD at n'. Extend a vertical line down- 
ward from n' and on it lay off a distance of J" up from the top 
of the square priam in the front view. With this point as a 
center, describe a circle IJ" in diameter and eircumscribe a 
hexagon 9' 10' 11' 12' 13' 14' around it. As in the ease of. the 
triangular prism in the first space, this operation gives the true 
form and aize of an end face of the hexagonal prism. Project 
points 9', 10', 11', 12', 13' and 14' on to ED and swing them 
around D as a center on to D-10, giving points 9, 10, 11, 12, 13 
and 14. Note that points 9, 11 and 12, 14 coincide. Complete 
the top view of the hexagonal prism by drawing lines parallel 
to the center line mn through these points, to represent the 
edges between the sides. 

Third, finish the front view by projecting down from the 
top view of the hexagonal prism and across from the con- 
struction of the end face 9' 10' 11' 12' 13' 14'. 

Fourth, complete the end view by projecting across from the 
front view and around from the top view. 
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APPENDIX 



MENSURATION 

The sum of the three angles of a triangle equals 180°. 

The hjrpothenuse of a right triangle is the side opposite the 
right angle. Its length equals the square root of the siun of 
the squares of the other two sides. 

The area of a triangle equals the base multiplied by one half 
the altitude. 

The diagonal of a rectangle equals the square root of the 
sum of the squares of two adjacent sides. 

The area of any parallelogram equals the base multiplied 
by tfie altitude. 

To find the area of any quadrilateral, divide it into two 
triangles and the sum of the areas of the triangles is the area 
required. 

The area of a regular polygon may be found as follows. 
^Multiply the length of a side by the perpendicular distance 
to the center. Multiply this product by the number of sides 
and divide by 2. 

The circumference of a circle equals the diameter multiplied 
by 3.1416. The number 3.1416 is called (Pi) and is denoted 
bv the svmbol r. 

The area of a circle e(iuals the square of the diameter multi- 
plied by 0.7854. 

The total surface of a right prism or cylinder equals the 
pc^rimeter of the base multiplied by the altitude, plus the areas 
of the two ends. 
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The volume of a prism or cylinder is equal to the area of 
the base multiplied by the altitude. 

The total surface of a regular pjrramid or cone equals the 
perimeter of the base multiplied by one half the slant height 
plus the area of the base. 

The volume of a pyramid or cone equals the area of the base 
multiplied by one third the altitude. 

To find the total surface of the frustrum of a pjrramid or 
cone add together the perimeters of the upper and lower bases 
and multiply the sum by one half the slant height. The product 
plus the areas of the bases is the surface required. 

To find the volume of the frustrum of a pjrramid or cone 
add to the sum of the areas of the two ends the square root of 
their product and multiply the result by one third the altitude. 

The surface of a sphere is equal to the square of the diameter 
multiplied by 3.1416. 

The volume of a sphere is equal to the cube of the diameter 
multiplied by 0.5236. 



Table 6i?iDg the Approiimate Radios ComspondlDg lo the Degree of Curre 

For Track Plans Made to Differeiit Scales 



SCALE 




Degs. 


Min. 


1« -100' 


l«-80' 


1«-6J« 


l«-60' 


1 ■--«)' 


l*-80* 


l"-flO' 


1>-10' 







15 


229 


286 


382 


458 


573 


' 764 


1146 


2292 






30 


115 


143 


191 


229 


286 


382 


573 


1146 






45 


76 


95 


127 


153 


191 


255 


382 


764 




1 


00 


57 


72 


96 


115 


143 


191 


287 


573 






15 


46 


57 


76 


92 


115 


153 


229 


458 






30 


38 


48 


64 


76 


96 


127 


101 


382 






45 


33 


41 


55 


65 


82 


109 


164 


327 




2 


00 


29 


36 


4^^ 


57 


72 


96 


143 


287 






15 


25 


32 


42 


51 


64 


85 


127 


255 






30 


23 


20 


38 


46 


57 


76 


115 


229 




1 


45 


21 


20 


35 


42 


52 


69 


104 


208 




3 


00 


19 


24 


32 


38 


48 


64 


96 


191 






15 


18 


22 


29 


35 


44 


59 


88 


176 






30 


16 


20 


27 


33 


41 


55 


82 


164 






45 


15 


19 


25 


81 


38 


51 


76 


153 




4 


00 


14 


18 


24 


29 


36 


48 


72 


143 




1 


15 


13 


17 


22 


27 


34 


45 


67 


135 






30 


13 


16 


21 


25 


32 


42 


64 


127 






45 


12 


15 


20 


24 


30 


40 


60 


121 




5 


00 


11 


14 


19 


23 


29 


38 


57 


115 


ii_i 




15 


11 


14 


18 


22 


27 


36 


55 


109 


> 




30 


10 


13 


17 


21 


26 


35 


52 


104 




45 


10 


12 


17 


20 


25 


33 


50 


100 


^ 


6 


00 


10 


12 


16 


19 


24 


32 


48 


96 


mm 

u 




15 


9 


11 


15 


18 


23 


31 


46 


92 




30 


9 


11 


15 


18 


22 


29 


44 


88 


lU 




45 


8 


11 


14 


17 


21 


28 


42 


85 


o 


7 


00 


8 


10 


14 


16 


20 


27 


•41 


82 


lU 




15 


8 


10 


13 


16 


20 


26 


40 


79 


lU 




30 


8 


10 


13 


15 


19 


25 


38 


76 


tc 




45 


7 


9 


12 


15 


19 


25 


37 


74 


O 


8 


00 


7 


9 


12 


14 


18 


24 


36 


72 


lU 




15 


7 


9 


12 


14 


17 


23 


35 


70 


O 




30 


7 


8 


11 


14 


17 


23 


34 


68 






45 


7 


8 


11 


13 


16 


22 


33 


66 


1 


9 


00 


6 


8 


11 


13 


16 


21 


32 


64 


1 

1 




15 


6 


8 


10 


12 


16 


21 


31 


62 


1 




30 


6 


8 


10 


12 


15 


20 


30 


60 


\ 




45 


6 


7 


10 


12 


15 


20 


29 


59 




10 


00 


6 


7 


10 


11 


14 


19 


29 


57 






30 


5 


7 


9 


11 


14 


18 


27 


55 




11 


00 


5 


7 


9 


10 


• 13 


17 


26 


52 






30 


5 


6 


8 


10 


12 


17 


25 


50 




12 


00 


5 


6 


8 


10 


12 


16 


24 


48 






30 


5 


6 


8 


9 


11 


15 


23 


46 




13 


00 




6 


7 


9 


11 


15 


22 


44 


1 




80 




5 


7 


9 


11 


14 


21 


43 


1 

1 


14 


00 




5 


7 


8 


10 


14 


21 


41 


1 




30 




5 


7 


8 


10 


13 


20 


40 




15 


00 




5 


6 


8 


10 


13 


19 


38 


1 


16 


00 






6 


7 


9 


12 


18 


36 




17 


00 


3 




6 


7 


8 


11 


17 


34 




18 


00 


3 




5 


6 


8 


11 


16 


32 




19 


00 


3 




5 


6 


8 


10 


15 


30 




20 


00 


3 




5 


6 


7 


10 


14 


29 



Method op Using the Table. 
Suppose that it is desired to find the proper radius to draw a curve 
of 3^-15' on a plan made to a scale of 1" = 40'. Find S'-IS' in the 
left hand column. Opposite this, in the column under 1" = 40', the 
figure 44 is found denoting that the approximate radius for the given 
degree and scale is 44". If a set of curves is available, but contains 
curves of 42" and 45" radius instead of 44", select the one with the 
nearest radius, in this case 45". 
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STANDARD SYMBOLS FOB BAILWAT SIGNAL PLANS 

On account of the variety of symbols used in signal work 
and to overcome the difficulties arising from different Rail- 
roads and Signal Companies using different methods of rep- 
resenting the same piece of apparatus, The Union Switch and 
Signal Co., The Hall Signal Co., The General Railway Signal 
Co. and The Federal Signal Co. compiled and adopted a set 
of symbols as a common standard. These were published in 
pamphlet form and have been widely distributed. 

These symbols, together with a few that have been added 
recently, are shown on the following pages and are used through- 
out the course. 

Explanations of same are given only at this point. 
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ELEMENTS OF MECHANICS 



MATTER 



1. Mechanics is the science that treats of the actions of 
bodies upon each other and of their relative motions. 

2. Anything that occupies space is matter. There are many 
different kinds of matter or substances, such as iron, wood, 
oil, etc. Distinct portions of matter, such as a rail, a tie, or 
an insulator are called bodies. 

3. It is assumed that matter is composed of exceedingly 
small particles called molecules which in turn are groups or 
systems of indivisible particles called atoms; that the atoms 
forming a molecule and in turn the molecules of a body are 
held together by certain attractive forces; and that for a 
given kind of matter each one of the molecules is just like 
every other molecule both as to the number and arrangement 
of atoms. 

4. Bodies are divided into three classes called solid, liquid 
and gaseous* bodies. The term fluids includes both liquids 
and gases. 

5. Solid bodies are bodies whose molecules are held together 
so closely that the bodies tend to keep a given shape and to 
resist, to a certain degree, efforts to change it. Zinc, wood, and 
rubber are examples of this class. 

6. Liquid bodies are bodies whose molecules, while tending 
to cling together, move easily with relation to one another, as 



♦Aeriform. 
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for example water or alcohol. Bodies of this class retain no 
definite form except that determined by the containing vessel. 
The free surfaces of such bodies always assume a horizontal or 
level position. 

7. Gaseous bodies differ from liquid bodies in that the mole- 
cules tend to withdraw from each other. This class is subdivided 
into two groups called permanent gases and vapors. A per- 
manent gas, such as carbon dioxide,* is one. that remains in th<» 
gaseous condition at ordinary temperatures and pressures while 
under the same conditions a vapor, such as steam, changes to 
a liquid or solid. 

8. By changing the conditions it is known to be possible in 
most cases to cause matter to take any of the forms mentioned. 
As a familiar illustration of this, water may be changed to 
steam (a vapor) by heating, or to ice (a solid) by cooling. 

9. Some other effects due to changes of conditions are called 
solution, diffusion, and crystallization. 

10. When a solid or gaseous body is changed to the li(iuid 
form by means of a liquid known as a solvent, the transformation 
is called solution. Thus salt may b(» dissolved in water thereby 
changing from the solid to the liquid form, or carbon dioxidt* 
may be similarly dissolved changing from the gaseous to the 
liquid form. The t(Tm saturated solution signifi(»s that the 
solvent has dissolved as large a (fuantity of the given solid or 
gas as it can The quantity of a solid in a saturated solution 
in almost all cas(\s varices with th(» temperature, and of a gas, 
with the temperature and pressure. 

11. AVhen two li(iuids or gases placed in contact with (»ach 
other gradually mix of th(Mr own accord the action is called 
diffusion. The mixing of alcohol and water is an illustration 
of this. All liquids will not mix with each other as in the case 
of oil and water. 



♦i' 



Carbonic acid gas. 



:\IATT?]R 3 

12. Many bodies wh(»n changing slowly from the gaseous 
or liquid to the solid condition take regular forms termed 

crystals, this action being called crystal- 
lization. The crystals of a given sub- 
stance always take the same general 
form and arrangement undcT the same 
conditions. Fig. 1 shows crystals of 
salt and alum. 




OHARAOTERISTIOS OF MATTER 

13. flatter has certain characteristics or properties of which 
the most general are defined in the following paragraphs. 

14. The mass of a body is the quantity of matter which it 
contains and is constant for a given body. For example, re- 
gardless of where we put or what we do with a body, such as 
a porcelain insulator, it contains the same quantity of matter 
as long as matter is not taken from or added to it. 

15. All bodies are attracted toward the earth. The measure 
of this attraction is called weight. Thus the insulator in Art. 14 
is attracted to the earth by a definite pull which may b(» measured 
by a spring balance. 

16. Inertia is that property of matt(*r which is indicated by 
the tendency of a body at rest to r(»main at rest and of a body 
in motion to move at a uniform rate in a straight line. An ex- 
ample of inertia is found in the effort recpiired to start and 
stop a train. 

17. Impenetrability may Ix* defined as a characteristic of 
matter on account of which two bodit^s cannot occupy the same 
space at the same time. Thus a hole must be drilled or punched 
through a steel rail before a bolt can be put through the rail. 

18. Porosity signifi(»s that the molecules of a body do not 
fit closely together, but that there are spaces between them. 
This fa'»t is illustrated by the action of alcohol and water when 
mixwl. If a measured volume of alcohol is poured into a meas- 
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ured volume of water, the volume of the mixture will be less 
than the sum of the original volumes. The bodies do not occupy 
the same space at the same time but the molecules of one wedge 
themselves between the molecules of the other. 

As a result of porosity bodies may be compressed. 

19. Elasticity is a property of matter which makes it possible 
for bodies when they have been distorted by an external force 
to regain their original form or volume when the force is re- 
moved. As regards form a steel spring illustrates the character- 
istics of a highly elastic body. Fluids are perfectly elastic as 
regards volume, but have no elasticity of form. 

20. The term conservation of matter expresses the fact that 
matter cannot be destroyed. AVhen wood or coal is burned 
apparently all but a small portion is destroyed, while the fact 
is that the quantity of matter is the same as before, only in a 
different form; ie, water, vapor, gas, etc. 

21. Hardness is the tendency of a substance with this quality 
to resist any effort to penetrate between its particles. Thus steel 
is harder than lead and resists any attempt to scratch it with 
the lead. 

22. Brittleness is the inability of a substance with this 
quality to resist shock, although it is capable of withstanding 
considerable pull or pressure when applied steadily. Glass is 
a familiar example. 

23. Tenacity is the ability of a substance with this quality 
to resist a force tending to pull it apart. A rod of manganese 
bronze shows a high degree of tenacity while a similar rod of 
lead shows little. 

24. Malleability signifies that a substance with this quality 
may be rolled or hammered into sheets. Thus copper is said 
to be very malleable. 

25. Ductility signifies that a substance with this quality can 
be drawn into wire. For example iron is considered to be 
ductile. 
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MOTION AND FORCE 

MOTION 

26. When a body changes its position it is said to be in 
motion; for example, a moving train. 

27. The path of a l)ody in motion is the line traversed by 
some point about which all the matter composing the body may 
be balanced. 

28. Newton's Laws of Motion: — 

(1) All bodies continue in a state of rest or of uniform 
motion in a straight line unless compelled to change that state 
by an external force. 

(2) A given ^orce has the same effect in changing motion^ 
whether the body on which it acts is in motion or at rest; whether 
it is acted upon by that force alone, or by others at the same time. 

(3) Action and reaction are equal and opposite in direction. 

29. The first law is a description of the behavior of a body 
when no force is acting. Thus if a body is moving and no force 
acts to retard or increase its rate of motion the bodv will move 
on at the same speed indefinitely. This law cannot be verified 
by experiment since there are always forces acting, such as the 
resistance of air, that tend to bring a moving body to rest. If 
a body is at rest and no forces act to set it in motion it is evident 
that it will remain at rest. 

30. The second law is a description of the behavior of a body 
subject to the action of a force. Thus a body when acted upon 
by a force changes its rate of motion in the direction of the 
force and at a rate which is proportional to the force and in- 
versely proportional to the mass of the body. The effect of a 
force may be considered as the result produced when it acts 



6 ELEMENTS OF MECHANICS 

alone. Its tendency to produce this result is the same when 
other forces are acting. 

31. The third law sets forth the fact that a force is simply 
the action of one body upon another and that the second body 
opposes the action of the first with an equal and opposite force. 
Thus a pail hung on a spring will stretch the spring till it pulls 
with a force that just balances the weight of the pail; then if 
the pail is filled with water the spring is stretched to another 
l)oint where it just balances the weight of both pail and water. 

32. In the preceding text the rate of motion has been re- 
ferred to. Kate of motion is expressed in terms of the distance 
traveled in a given period of time and is called velocity. Thus 
air flowing through a pipe may be said to have a velocity of 
so many feet per second, as 20 ft. per sec. 

33. The relation of velocity to time and distance is expressed 
by the following formulas. If d = distance in feet, t = time 
in seconds and r = velocity in feet per second ; then 

. = ^: (1) 

d=tv; (2) 

^=^. (3) 

r 

34. pRor.LKM. — A train moving with uniform velocity passes over 
a distance of 1,500 ft. in 30 sec. (a) What is the velocity in feet per 
second? (b) How many miles would the train travel in 1 hr.? (c) 
How long would it take the train to run 90 mi.? 

Solution. — (a) The problem states that the distance in feet or 

d=- 1.500 and that the time in seconds or f = 30. Substituting these 

values in formula (1), we have 

1500 
V — ==^0 ft. per sec, Aus. 

(h) Since 1 hr. equals 3.600 sec. -=- t and, from (a), r = 50 ft. per 
sec, substituting in formula (2), we have 

d = 3600 X 50 = 180.000 ft. 

This may be reduced to miles by dividing by 5,280, the number of 

feet per mile; thus 

180000 

— , — = 34.09 mi., Ans. 
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((•) Since 1 mi. equals 5.280 ft.. 

d = 5280 X 90 = 475,200 ft. 

Substituting in formula (3). 

475200 
t == - CA — = 9,504 sec. 

Dividing by 60 to reduce to minutes, 

9504 

-gQ-= 158 min., 24 sec. 

Dividing 158 by 60 to reduce to hours,. 

158 

g^=2 hr.. 38 min. 

Therefore the required time is 2 hr., 38 min., 24 sec, Ana. 

35. Problems. — (1) Two signals governing movements in the same 
direction on a single track are located 4,000 ft. apart. Train A is 
traveling at a uniform speed of 30 mi. per hr. and is just passing the 
first signal. Train B is 5,500 ft. behind train A and is traveling at 
a uniform speed of 36 mi. per hr.* (a) Will train A pass the Becond 
signal before train B reaches the first signal? Ah) State how far 
apart the trains will be when A reaches the second signal. 

(2) Two trains A and B are running in the same direction on 
parallel tracks and A is traveling at a uniform speed of 25 mi. per hr. 
If they both pass a given point at the same time and if when A has 
reached a signal 3,000 ft. beyond the given point, B is 1.800 ft. ahead 
of A, what is the velocity of B in miles per hour? 

(3) If signals on a single track are located at equal distances 
from each other and a train moving at a uniform velocity of 40 mi. 
per hr. passes one signal at 2:15 P. M., and the fifteenth signal beyond 
this at 2:35 P. M., what is the distance between signals? 

(4) If the outside diameter of the armature of an electric motor 
is 3 in. and it makes 1,800 r. p. m.;t (o) What is the velocity of the 
surface in feet per second? (b) How long in minutes and seconds 
would it take this surface to travel 5 mi.? (Use 3.14 as the value 
of - )J 

(5) If two signal cabins are 2 mi. apart, at what rate in feet per 
second would a repairman have to walk in order to get from one to 
the other in 35 min.? 



♦To reduce miles per hour to feet per second multiply by the fraction jf J. 

If answers obtained are very near, but do not exactly agree with the 
answers given it is probable that a different number of decimal places 
was used in the solution. 

In .some instances where the unit Is very small, as in the case of 
seconds, the decimal places have been dropped from the final result. 

t Revolutions per minute. 

JSee Mensuration in Drawing Appendix. 
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Answebs.— (1) (o) Yes. (6) 4,700.48 ft. (2) 40 mi. per hr. 
(3) 4,693.33 ft. (4) (a) 23.55 ft. per sec, (I)) 18 min., 41 sec. 
(5) 5 ft. per sec. 

36. Velocity may be uniform or variable. Thus when a 
locomotive is starting its velocity is constantly changing. Velocity 
m^y change either at a uniform or variable rate. If a body 
moving with a velocity that varies uniformly passes over a 
certain distance in a certain time, the uniform velocity that 
would carry it over the same distance in the same time is called 
the average velocity for that period, 

37. The relation of average velocity to initial and final 
velocities is expressed by the following formulas. 

If Ti = initial, t'g = final and v^ = average velocity* ; then 

f« = ^^^. (4) 

If the body starts from a state of rest the initial velocity 
t;j = and formula (4) reduces to 

38. Pboblem. — ^A train passing out of a station has a velocity of 
5 ml. per hr. and when passing a signal 3,000 ft. beyond the station 
has attained a velocity of 35 mi. per hr., the rate of increase being 
uniform, (a) What is the average velocity that would have carried 
it over the same distance in the same time? (I)) If the train starts 
from a state of rest, 500 ft. before passing out of the station, what 
is the average velocity? (c) How long did it take to travel the 
3,000 ft. in the first case? 

Solution. — (a) From the statement of the problem the initial 
velocity v == 5 mi. per hr. and the final velocity v ^ = 35 mi. per hr. 
Substituting these values in formula (4), we have" 

V =-Li"-^ = 20 mi. per hr., Ans. 
2 

(&) In this case i; =0 since the train starts from rest or a state 
of no velocity, therefore substituting in formula (5), 

or 

V = — = \1\ mi. per hr., Ans, 

(c) Substituting the value of v , obtained in (a), reduced to feet 
per second for v in formula (3), 

t = . ^^— = 1 min., 42 sec., Ans, 
20 Xfi! 



^When these symbols are used In formulas combined with symbols 
such as /— times in seconds or ^ — distance in feet they will have to be 
expressed in feet per second. 
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39. Problems. — (1) A train starts from rest and Is brought up 
to speed in 2 mln. (a) What is the final velocity if the average 
velocity is 30 mi. per hr.? (I)) What is the distance traversed? 

(2) If the signals on a railroad are 2,500 ft. apart and a train 
starts from rest exactly half way between two signals, how many 
will it have passed when at the end of 4 min. it has attained a speed 
of 60 ml. per hr.? 

Answebs. — (1) (a) 60 ml. per hr., (&) 1 mi. (2) 4 signals. 

40. When velocity varies uniformly the rate of change ex- 
pressed in units of distance and time is called uniform acceler- 
ation or uniform retardation according as the velocity is in- 
creased or decreased. Thus a train in starting may be acceler- 
ated at a rate of ^ ft. per sec. per sec* 

41. For bodies considered to start from a state of rest, or 

v^ = 0, the relation of uniform acceleration to time and distance 

is expressed by the following formulas. If a = acceleration in 

feet per second per second, 1*2 = final velocity in feet per 

secondjt d = distance in feet, di = distance in feet traversed 

in any particular unit of time, and / = time in seconds; then 

a(2t — 1) 
v, = at; (6) ^^= 2 '' (^^^ 

v,= V^ad; (7) ^=\f^f^- (11) 

d-f; (8) a=^f; (12) 

c^ = Y; (9) a = ^l (13) 

42. Problem. — ^A train starting from a state of rest is hrought 
up to a speed of 60 mi. per hr. in 2 min. (a) Compute the acceler- 
ation, (h) Compute the distance traveled, (c) Compute the distance 
traveled during the 70th sec. after starting, (d) Compute the time 
required to travel 3,000 ft. (e) If the train had traveled 4,000 ft. In 
1 min. 40 sec. compute the acceleration. 

Solution. — (o) The problem states that the final velocity is 60 
mi. per hr. Reducing this to feet per second, v =88. Similarly the 



^This means that a change of velocity of >/^ ft. per sec. takes place 
in 1 sec. 

fin cases of retarded motion this should be considered the Initial 
velocity. 
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value of t is given as 2 min. or 120 sec. Substituting the values of 

i\, and t in formula (6) and transposing, we have 

88 
a = - - = 0.73 ft. per sec. per sec., Ans. 

120 
ib) Substituting their values for v^ and t in formula (9). 

d = ??Aii? = 5.280 ft. = 1 ml., Ans. 
2 

(c) Substituting their values for a and t, which in this case equals 

70, in formula (10), 

d =^'3(2X70-1)_5^73 ^^^ 

1 2 

id) This is obtained from formula (11), by substituting 3,000 for 
d and in place of a its value obtained in (a); thus, 

t= (2 J< 12^ = 90 sec, Ans. 
y 0.73 

(e) The required result is obtained by substituting in formula 

(12); giving 

a = _ _ = 0.8 ft. per sec. per sec, Ans. 

1002 

43. Propilems. — (1) If two trains start from the same point at 
the same time and train A is accelerated at a rate of 0.5 ft. per sec 
per sec and train B at a rate such that it will travel 50 ft. during 
the 80th sec; (a) How far apart will they be at the end of the 
80th sec?* (&) In what time will each attain a speed of 75 mi. per 
hr.? (c) How far will each travel before reaching a speed of 30 
mi. per hr.? 

(2) If the speed of a motor starting from rest is uniformly ac- 
celerated so as to bring it to 1,800 r. p. m. in 1^ sec; what is the 
acceleration at the surface of the armature if it is 3 in. in diameter? 

(3) If a train is uniformly accelerated at a rate of 0.5 ft. per 
sec. per sec; (a) Compute and make a table of the distances passed 
over in each second from 1 to 6. (&) Compute and make a table of 
the velocities at the end of each second from 1 to 6. (c) State the 
relation that exists between the consecutive figures In each case. 

(4) If a train starts at one signal and has just reached speed 
when passing a signal 4,000 ft. beyond the first and it has taken 3 
mln. to travel the distance between signals; (a) What Is the ac- 
celeration? (&) What Is the final velocity? 

(5) If a train leaving a station was accelerated at a rate of 0.6 ft. 
per sec. per sec and after passing a signal 3,000 ft. from the start- 



•Uso formula (10) to And tlie acceleration of train B. Then use 
formula (8). 
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ing point power was shut off and brakes applied bringing it to a stop 
in 600 ft.; (a) Compute the retardation.* (&) How much time 
was taken to stop the train? (c) What was the velocity 1 sec. before 
stopping? 

A.NswEBs.— (1) (a) 412 57 ft. (&) Train A in 3 min., 40 sec; Train 
B in 2 min., 54.9 sec, (r) Train A, 1,936 ft; Train B, 1,539.12 ft 
<2) 15.7 ft. per sec. per sec. (3) (a and h) 

Seconds Distances Velocities 

1 0.25 0.5 

2 0.75 1.0 

3 1.25 1.5 

4 1.75 2.0 

5 2.25 2.5 

6 2.7p 3.0 

(c) The distances increase in the same ratio as the numbers 1-3-5-7-9-11 
and the velocities in the same ratio as the time. (4) (a) 0.246 ft. 
per sec. per sec, (h) 30.19 mi. per hr. (5) (a) 3 ft. per sec. per 
sec, (&) 20 sec, (r) 3 ft. per sec 



FORCE 

44. The first law of motion conveys an idea of force which 
may be stated as follows: — A force is the cause that produces 
or tends to produce a change in the condition of a body as 
regards motion or rest. For example, if a semaphore blade 
stands in the **stop'' position (see Fig. 21), it is necessary to 
apply a force to move it to the ''proceed'' position. 

46. The measurement or comparis(m of forces requires 
knowledge concerning three facts as follows: 

The point of application, which is the point where a force 
acts on a body. 

The direction, which is the straight line along which a force 
tends to move the point of application. 

The magnitude, which is the value of a force compared with 
a standard. 

46. The unit which is ordinarily used as a standard by which 
to measure force is the weight or measure of the earth's at- 
traction for a standard unit of mass and is called the pound 

•U.se formula.s (7) and (13). 
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(avoirdupois). Thus it may be said that a force of 100 lbs. is 
required to throw a switch under certain conditions. 

47. For the purpose of comparing forces and determining 
the result of the action of two or more forces on a body it is 
convenient to represent forces by lines. The length of the line 
is made to correspond to the magnitude of a given force and 

its direction to the direction of the force. 
, For example the arrow in Fig. 2 is a 
complete graphic representation of a force. 
Its length is made to correspond to the magnitude of the force, 
thus 10 in. may represent 10 lbs. Its direction is the direction 
of the force and the point of application is at one end or the 
other according as the force is a push or pull. 

48. When two or more forces act on a body and produce 
motion it is called resultant motion and the single force that 
would produce a like effect is called the resultant. 

49. When the points of application, directions and magni- 
tudes of the several forces acting are known, the direction and 
magnitude of the resultant may be found by combining the 
forces. This is known as the composition of forces. 

60. Some of the more general cases that come under the 
composition of forces are stated in the following rules: 

(1) The resultant of two forces acting 
i,'l?/!?f.^..'!??!?f.l?^-- in the same direction along the same line 

■ y ^ is equal in magnitude to the sum of the 

\ ^i given forces, Fig, 3. 

RESULTANT (A-B)--^ (2) Thc rcsultaut of two forces with 

^*'' * different points of application acting in the 

same direction along parallel lines is equal in magnitude to 
the sum of the given forces. Its point of application is on a 
straight line joining the points of appli- force (aj fib. 4 
cation of the given forces and the dista^ice 
from the greater force to this point, is to 
the distance from the lesser force, as the 



RESULTANT (A^B) 



-X 



lesser force is to the greater, Fig, 4, forge m 

' ^ ' ^ X: Y ;: A:B 
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(3) The resultant of two forces acting in opposite di- 
rections along the same line is equal in magnitude to the 
difference between the given forces, Fig. 5. 

(4) Two equal parallel forces with dif- ^?.'!.^^.^....';?!^5.^.^^ 
ferent points of application acting on a '" 

^ ^ body in opposite direc- 

« : ^ tions form a couple 

^ »J which produces rotary *""*'• * 

FiK. 6 motion and can have no resultant, Fig. 6. 

(5) The resultant of two forces that have a common point 
of application but act in different directions may be found 
graphically by a construction called the parallelogram of 
forces. 



61. The parallelogram of forces may be described as follows. 
In Fig. 7 let OA and OB represent the magnitudes and directions 
of two forces having a common point of 
application 0. Draw AC parallel to OB 
and BC parallel to OA, forming the par- 
allelogram AOBC. Then the diagonal OC 
will represent the resultant of OA and 
OB both as to magnitude and direction. 




FiB. 7 
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30 LBS. 
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52. Proplems. — (1) Two men are steadying a telegraph pole with 

pike poles. They push with forces of 20 and 30 lbs. respectively and 

the pike poles are at an angle of 30 deg. to each other, 
Pig. 8. Determine graphically by the method of Art. 
51 the magnitude of the resultant and its direction 
relative to the pike poles. 

(2) At the terminal of an electric road it is 
necessary to take up the pull of the trolley wire 
by two guy wires run to the sides of the street. 
These wires are at an angle of 90 deg. to each 
other and the tension on one of them is 50 lbs. and 

on the other 200 'lbs., Fig. 9. Determine by 

diagram the pull on the trolley wire and its 

direction relative to the guy wires. 

(3) If two men are pulling in the same 

direction on a rope fastened to a beam, one 

with a force of 30 lbs. and the other with a 

force of 35 lbs., what is the total pull on pii^. 9 

the beam? 
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(4) If two men are trying to straighten a wire by pulling at op- 
posite ends and one pulls with a force of 30 lbs. and the other with 
a force of 40 lbs., determine the resultant both as to magnitude and 
direction. 

(5) Two men, A and B, 10 ft. apart, are carrying a heavy casting 
by means of a pole slipped through it and supported on their shoulders. 
A supports a weight of 75 lbs. and B only 25 lbs. Disregarding weight 
of pole, how much does the casting weigh and how far is it from B? 

Answers. — (1) About 48 J lbs. at an angle of 12 deg. to the 30 lb. 
force. (2) About 206 lbs. at an angle of 14 deg. to the 200 lb. force. 
(3) 65 lbs. (4) 10 lbs., toward the 40 lb. pull. (5) 100 lbs.» 
2A ft. from A. 



53. When it is desired to find the resultant of more than 
two forces, the resultant of two of them may be obtained first 
and then combined with a third and so on; the last diagonal 

will be the required resultant of all the 
forces. Thus in Fig. 10, OA, OB and OC 
represent three forces having a common 
point of application 0. To find the re- 
sultant of all three, first combine OA 
with OH which gives the force OD ; then 
combine OD with OC to obtain the de- 
sired resultant OE. 
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54. When several forees acting on a hodjj ju.^t balance each 
other so that there is no tendency to produce motion, the forcis 
are said to be in equilibrium and their resultant is zero. Thus 
a body hung on a spring stretches the spring until it exerts a 
force that balances the weight of the body and the body comes 
to rest and remains staticmary at this point. 



55. By means of the parallelogram of forces a single force 
may be resolved into comptments in a manner just the reverse 
of that used for finding the resultant of s 

several forces. As an illustration, take 
the case of a yard engine* on one track 
pushing a car on a parallel track by 
means of a stake. If the stake makes an 
angle of 15 deg. with the direction of kik. ii 
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the track, a force of about 700 lbs. exerted by the locomotive 
in a direction parallel to the track may be resolved into a force 
of about 188 lbs. at right angles, exerted by the locomotive wheel 
flanges against the rails, and a force of about 725 lbs. in the 
direction of the stake, as in Fig. 11. 



GRAVITATION 

56. All the particles of matter in the universe tire acted upon 
by an attraction or force tending to pull them together. This 
force is known as gravitation. It varies directly as the prodvct 
of the masses of the particles and inversely as the square of the 
distance between their centers of mass. 

67. The force of gravity which is the* attraction Ix^ween 
the earth and bodies on or near its surface is th(» most common 
example of gravitation. The measure of this force is weight. 

The mass of the earth is a constant quantity so that doubling 
the mass of a body doubles the product of the masses, and there- 
fore doubles the weight. The weight of a giv^n mass varies 
slightly for different locations on the earth's surface partly 
on account of the fact that the density and shape of the earth 
are not uniform. 

For changes in position above the earth's surface there is 
nothing to interfere with the working of the law of gravitation. 
However, on going below the surface, the particles of the earth 
between a body and the surface exert an attraction which par- 
tially counterbalances that of the rest of th(* earth. 

Thus bodies weigh most at the surface of the farfh. Below 
the surface the weight decreases in the sanu ratio that the dis- 
tance to the center of the earth is decreased. Above the surface 
the weight decreases inversely as the square of the distance from 
the center. 

58. The force of gravity may be considered as a group of 
parallel forces, each force acting on a particle of a body. The 
resultant of these forces acts at the same point whatever the 
position of a body. This point is called the center of gravity. 
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69. If a thin flat object with parallel faces, such as a card, 
can be balanced on a point, Pig. 12, the center of gravity will 

lie vertically above the point half way 
between the faces. 



<C 



3 



I 
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60. If any solid body is suspended 
so that it moves freely about the point 
of suspension (m), view A, Fig. 13, a 



vertical line through this point contains 
the center of gravity. Similarily, if 
suspended from another point, (n), view 
B, a second vertical line containing the 
center of gravity is found and the re- 
quired center is at the intersection, C, 
of the two lines. 




Fiv. 




61. A body is in eqiiilihrium if a vertical line through the 
point of support contains the center of gravity, since in this 
case the resultant of the forces acting is zero. 

A body is said to be in stable equilibrium when it tends to 
return to its original position if slightly displaced. A locomotive 
bell is a good example. 

It is said to be in unstable equilibrium if it tends to fall 
farther away from its original position when displaced, as in 
the case of a broom balanced on the end of its handle. 

If it neither tends to return to its original position nor to 
fall further away, when displaced, as in the case of a billiard 
ball, it is said to be in neutral equilibrium. 

62. The base is the side on which a body rests. If a vertical 
line through the center of gravity falls inside the base, the 
body is in stable equilibrium and stands. 



ACTION OF THE FOBOE OF ORAVITT 



63. The force of gravity for small distances above the earth's 
surface may be considered to be constant and therefore to pro- 
duce uniform acceleration. In the latitude of New York the 
acceleration is 32.16 ft. per sec. per sec, which is the velocity 
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that a body falling without resistance* would gain during the 
first second of its fall. 

64. The motion of a hocJy falling without resistance is 
uniformly accelerated. Therefore the formulas for uniform 
acceleration hold true and a known quantity, g, equal to the 
acceleration due to gravity may be substituted for the indefinite 
constant a; thus, 

v, = gt: (U) ^g( of—t) 

d-^'[;; (16) t-= ^ (18) 

\ g 

65. Pkoblem. — A tie dropped from a railroad bridge reaches the 
bottom of the gorge in 3 sec. (a) How deep is the gorge? (b) How 
long would it have taken the tie to fall half the distance? (c) Com- 
pute the velocity at the moment in which it reached the bottom.* 

SoLT^Tio.N. — (a) The depth of the gorge is found from formula 
(16); thus, 

d = '12lCX'?^ = 144.72 ft, Ana. 
2 

144 7^ 

(&) Half the distance is _•*" =72.36 ft. and the time is found 

2 

from formula (18); ie., 



^= l'*^^=2.1 sec, Ans, 
\ 32.16 

(c) Substituting in formula (14), 

t' =(7^ = 32.16 X 3-=96.4S ft. per sec., Ans. 

66. Pkoblkms. — (1) If a bolt dropped from the roof of a tall build- 
ing reached the sidewalk in 4 sec. what was its veloc^ity just before 
striking the walk? 

(2) Compute the height of the building in the prvjceding problem. 

(3) How far did the bolt fall in the second second? 

(4) What was its velocity after faUing a distance of 100 ft? 

(5) If the sill of a fifth i^tory window is 45 ft. from the sidewalk, 
what time was required for the bolt to drop from the roof to this 
point? 

♦In tills and following problems take g - .12.16 ft. per sec. per sec. 
and consider the bodies as falling witliout re.*<lstanfe. 
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Answebs.— (1) 128.64 ft. per sec. (2) 257.28 ft. (3) 48.24 ft. 
(4) 80.19 ft. per sec. (5) 3.6 sec. 

67. If a body is given a certain horizontal velocity and is 
free to fall at the same time it is called a projectile. If two 
bodies are arranged so that one is projected with horizontal 

velocity, represented by line AB, Pig. 14, 
and the other dropped from a state of 
rest at the same moment, both liiill reach 
the surface of the earth at the same in- 
stant, since each force acts independ- 
ently of every other force and a force 
has the same effect whether the body is 
in a state of motion or rest. The path 
of the projectile is represented by line 
AD and the path of the falling body by 
AC. The range of the projectile is the 
horizontal distance, CD, that it travels before reaching the 
ground. 



B 


/ 


....... 


D 


^ 



FiK. 14 



68. Pboblem. — If a ball is dropped from a height oi' 257.28 ft. and 
at the same instant and place a projectile is given an initial horizontal 
velocity of 2,000 ft. per sec, assuming that the projectile is retarded 
uniformly and has a velocity of 1,000 ft. per sec. when it strikes the 
ground, what is the distance between the two at that time? 

Solution. — Both will reach the ground at the same instant and the 
time required for the ball to fall is obtained by substituting in formula 
(18); ie., 

♦ _ , 2 X 257.28 . „^^ 

* — ^ : _ _ =4 sec. 

\ 32.16 
The average velocity of the projectile is obtained from formula (4> 
follows, 

V ="'"0 + 2000^,500 ft. per sec. 
2 » K 

The distance traveled in 4 sec. is obtained from formula (2); ie., 

a = 1500 X 4 = 6,000 ft., AnB, 



This is the required distance between the projectile and ball when 
they reach the ground. 



69. While the mass of a body is a constant, as stated in Art. 
14, ihe weight varies according to the force of gravity. The 
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relation between weight, mass, and the acceleration due to 
gravity is expressed by the following formnlas. If m = ma8s, 
tv = weight in pounds and g = a^/eeleration due to gravity in 
feet per seeond per second ; then 

\v = my; (19) 

or, m = **''. (20) 

(J 

70. Pboblem. — What is the mass of a body that weights 64.32 lbs.? 

SoLUTiox. — Substituting in formula (19), 

^^64.32_2,* Ans. 
32.16 

71. Problems. — (1) What is the mass of a spectacle casting that 
weights 68 lbs.? 

(2) What is the weight of a locomotive whose mass is 4,700? 
Answers.— (1) 2.11. (2) 151,152/ lbs. 

72. The seeond law of motion makes it possible to express 

force in terms of mass and acceleration. If / = force in pounds, 

m==maas and o = aceeleration in ieet per seeond per second^ 

then , 

f=---ma; (21) 

or, /="'a. (22) 

9 

73. Problem. — What force would be required to accelerate a loco- 
motive weighing 62 tons at a rate of 0.75 ft. per sec. per sec.? 

Solution. — ^The weight m: = 62 tons or 124,000 lbs. and the acceler- 
ation a = 0.75 ft. per sec. per sec. Therefore substituting in 
formula (22), 

/ = L^i??? X 0.75 = 2.891 lbs., Ans. 
32.16 

74. Problems. — (1) What force would be required to accelerate 
a mass equal to 30 at a rate of 50 ft. per sec. per sec.? 

(2) What acceleration would a force of 10,000 lbs. give to a pro- 
jectile weighing 1,000 lbs.? 



*No name Is given to the unit of mass since, with the exception 
of problems illustratinsr the formulas, it is always expressed by the 

fraction — . 



20 ELEoMEXTS OF MECHANICS 

(3) A train weighing 200 tons is required to be accelerated at a 
rate of 0.5 ft. per sec. per sec. What force is required? 

Answers. — (1) 1,500 lbs. (2) 321.6 ft. per sec. per sec. (3) 
6,218.9 lbs. 

75. The product of the )nass of a body by its velocity, mv, 
is called momentum. 

76. In ordei' that a body in motion may move in a curv-od 
path, it is necessary to restrain it to that path by a force. This 
force is known as the centripetal force. The reaction of the body 
against this centripetal force is commonly called centrifugal 
force. 

77. If the body moves in a circular path the value of cen- 
trifugal force in terms of mass, velocity and the radius of 
curvature is expressed by the following formulas. If F = cen- 
trifugal force in pounds, 22 = radius of curvature in feet, 
m = mass, v ■= linear velocity in feet per second, w = weight 
in pounds, ry = acceleration due to gravity in feet per second 
per second, and 7i= revolutions per minute; then 

F= ^ ; (23) 

or, F = ^^ ; (24) 

v='-^. (25) 

78. Pboblem. — If a body weighing 32.16 lbs. revolves in a circle 
2 ft. in diameter at a rate of 200 r. p. m., determine the force that 
would just hold the body to its path. 

Solution. — The velocity of the body is found by means of formula 
(25) in which R^l ft. and n = 200 r. p. m.; therefore, 

^ _ 2 X 3.14 X 1X_200 _ 20.93 ft. per sec. 
60 

The required force is determined by means of formula (24) in 
which 10 = 32.16 lbs.: therefore, 

>^ = ^m>^^:?i! = 438.06 lbs., Ans. 
32.16 X 1 
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79. Problems. — (1) In a centrifugal switch, Fig. 15, what force 
must the spring exert to just keep the contacts together at a speed of 

1,608 r. p. m., if the diameter of the path in 
which the governing weight moves is 2 
in. and the weight weighs 3 oz.? 

(2) If one wire in the armature wind- 
ing of a motor weighs .008 lbs. and re- 
volves in a circle 4 in. in diameter at a 
speed of 2,000 r. p. m., what force is re- 
quired to hold it in place? 




Axs\>KRs.— (1) 13.75 lbs. (2) 1.81 lbs. 
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WORK AND ENERGY 

80. If a force acts against a resistance and as a 7'esult pro- 
duces motion over a certain distance it may he stated that work 
has been done. This does not involve any statement of time 
required. In other words, if the same force overcomes the same 
resistance over the same space, a like amount of work is done 
whether it takes a day or year to accomplish the operation. 

In order to compare and measure work it is necessary to have 
some unit to refer to. The one in common use is called the 
foot-pound. It is the amount of work required to raise one 
pound one foot vertically. 

81. If Tr = work in foot-pounds, / = force in pounds, and 
d = distance in feet, the relation of work to force and distance 
may be expressed by the formula, 

W = fd. (26) 

82. Problem. — If a force of 200 lbs. is required to move a car on a 
level track, how much work is done in pushing it a distance of 250 ft.? 

Solution. — Substituting in formula (2G) the values, /==200 lbs. 
and d = 250 ft., we obtain 

W = 200 X 250 = 50,000 ft. lbs., Ans. 

83. Pboblems. — (1) Compute the amount of work required to raise 
a spectacle casting weighing 55 lbs. to its position on a pole of 25 ft. 
above the ground. 

(2) If each of two men were required to move a pile of broken stone 
the same distance and one finished the job in a day while the other 
took two days was there any difference between the amounts of work 
done? 

(3) How much work is required to move a switch with a 4 in. 
throw if it is necessary to apply an average force of 100 lbs. 

(4) If the operator of an interlocking machine finds that he has 
to pull with a force of 50 lbs. to operate one lever and 35 Iba. to 
operate another and his hands travel 2^ ft. in each case, what is the 
difference in the amounts of work done? 
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Answers.— (1) 1,375 ft. lbs. (2) No. (3) 33.33 ft. lbs. (4) 
37.5 ft. 11)8. 

84. It is very essential that in measuring work performed 
we know how long it takes to do it. In other words we wish to 
know the rate at which work is done, or the power. The unit 
ordinarily used for this purpose is called the horse power. Its 
value is the amount of work required to raise 550 lbs, 1 ft. 
vertically in 1 sec. 

85. If if. P. = horse-power, / = force in pounds, d = dis- 
tance in feet and t = time in seconds, the relation between these 
terms is expressed by the formula, 

86. Pboblem. — What power would be required to raise a weight of 
1,100 lbs. 200 ft. In 5 sec.? 

Solution. — Substituting in formula (27) the values, / = 1,100 lbs., 
d -- 200 ft. and t = o sec, we obtain, 

H. p. =1^0^10? = 80 H. p., Ans. 
5r>0 X 5 

» 

87. Problems. — (1) If the locomotive of a train running up grade 
at a rate of 30 mi. per hr.** exerts a force of 5,500 lbs., what power is 
it developing? 

(2) If a man, operating a track drilling machine with a crank 8 in. 
long finds it necessary to apply an average force of 11 lbs. to turn the 
handle 90 r. p. m., what power is he exerting? 

(3) If an electric motor is required to throw a switch with a move- 
ment of 5 in. from one position to the other in 2 sec, what power is 
required if the average resistance to be overcome is 75 lbs.? 

(4) Two men are operating a diaphragm pump. They find it neces- 
sary to push down with a combined force of 140 lbs. for 1 sec. and to 
pull up with a force of 20 lbs. for 1 sec. The average movement of 
the handle is 2 ft. What average power are they producing? 

Answers.— (1) 440 H.P. (2) 0.125 H.P. (3) .028 H.P. (4) 0.29 H.P. 

88. Energy may be defined as the ability to do work. A 
body possesses energy on account of the fact that work has been 

•44 ft. per sec. 
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doDO upon it. To wA a body in motion, to place it in an elevatL^d 
position, or to distort an elas-tie body, it is niHressary to do work 
on it, or store energ>\ and the body in returning to its former 
state or position is eapable of doing an equal amount of work. 
The stored energy of a body in motion is ealled kinetic energy 
and that of a distorted elastic bodv. or bodv in an elevated 
position is ealled potential energy. A moving ear on a level track 
is an example of a body whose energy is entirely kinetic, while 
either a coiled spring at n^t und.*r tension, or an object sus- 
pended above the ground is an example of a body whose energy 
is entirely potential. 

89. A body falling from a height of ten feet has, at the start, 
an amount of potential energ>' equal to the work necessar>' to 
raise it ten feet from the ground. If allowed to fall without in- 
terference, after passing over the first foot of its path it has an 
amount of kinetic eiierg>' equal to the energy it would give up 
at this point if stopped, and an amount of potential energy 
equal to the work ne(H»ssar>' to raise it nine feet from the ground. 
After passing over the next foot it has twice the kinetic energj' 
and its potential energy is equal to the work necessaiy to raise 
it eight feet from the ground. Similarly over the other spaces, 
as it increases its kinetic energy it reduces its potential energy 
an equal amount luitil, just as it reaches the ground, its energx- 
is entirely kinetic. 

The reverse of this is true for a body that is given an initial 
velocity upward from the ground. When it starts its energy is 
entirely kinetic. After passing over a given distance a pro- 
portionate part of its kinetic energy is transformed into poten- 
tial. When, on account of the action of the force of gravity, it 
comes to rest at an elevation above the ground its energy is 
entirely potential. If allowed to fall back it will have the same 
amount of kinetic energy at the moment it reaches the groimd, 
as when it started upward. 

Therefore it may be stated that the kinetic energy of a body 
may be converted into potential energy and inversely the poten- 
tial energ>' into kinetic and, as long as no energy is transferred 
to other bodies, the total amount of energy that a body pos- 
sesses is constant and is equal to the sum of its kinetic and 
potential energies. 
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90. Energy is measured by the same unit as work; ie, the 
foot-pound. 

91. The kinetic energy of a body is equal to the product of 
its weight by the vertical height to which its velocity would 
carry it. Thus if jK^.^. = kinetic energy in foot-pounds, m; = 
weight in pounds, v^ = initial velocity in feet per second, h = the 
vertical height in feet that the body would have to fall to acquire 
this velocity, and g = acceleration in feet per second per second 
due to gravity; then 

K.E. = wh; (28) 

or, K.E.==^. (29) 

92. Pboijlem. — A gasoline inspection car weighing 500 lbs. is travel- 
ing with a velocity of 30 ft. per sec. Compute its kinetic energy. 

Solution. — Substituting in formula (29) the values, w? = 500 lbs. 
and v = 30 ft. per sec, we have 

K.E. = ^^^ ^ ^^^ =■ 6,996 ft. lbs., Ana. 
2 X 32.16 

93. Pboblems. — (1) A train is traveling at a speed of 60 mi. per 
hr. and its weight is 210 tons. V^hat is its kinetic energy'? 

(2) A hammer weighing 2^ lbs. is dropped from the roof of a 
signal tower. What is its kinetic energy 16 ft. below the roof? 

(3) A brakeman is walking at the rate of 4 mi. per hr. along the 
roofs of a train of freight cars moving at 26 mi. per hr. If he weighs 
150 lbs. and is going in the same direction as the train, compute the 
energy due to his velocity. 

Answers.— (1) 50,567,164 ft. lbs. (2) 40 ft. lbs. (3) 4,514.9 ft. lbs. 

94. The potetitial energy of a body is equal to ihc work that 
it would do if released. Thus if P.E. = the potential energy in 
foot-pounds, ?(; = weight in pounds and A = vertical height in 
feet through which the body would fall if released ; then 

P,E. = wh.* (30) 

95. Probloi. — Compute the potential energy of a spectacle casting 
weighing 68 lbs. pivoted on a pole 31 ft. above the ground. 



•Formula (26) will also apply. 
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Solution. — SubBtituting in formula (30) the Values, t^ = 6S Ibe. and 
h=^Zl ft., it becomes 

P.E. = 68 X 31 = 2,108 ft. lbs., Ans. 

96. PfiOBLEMS. — (1) A locomotive weighing 90 tons is standing 
on a bridge 100 ft. above the bottom of a gorge. Compute its potential 
energy due to elevation. 

(2) A projectile weighing 10 lbs. is discharged vertically with an 
initial velocity of 1,800 ft. per sec. What is its potential energy at the 
moment it is brought to rest by the force of gravity? 

Note. — If a body is given an initial velocity directly upward, it will 
rise to the same height that it would have to fall from, to acquire a 
velocity equal to the initial velocity. Therefore the formulas in Art. 64 
may be used by considering v to equal the initial velocity. In this case 
use formula (15) ; ie. 



*2 = 


= VUgd. 


Squaring both sides, 


v\ = 


2gd. 


Transposing, 




d = 


' 2g' 



(3) A man working on a telephone pole is holding a cross arm\in 
position 25 ft. above the ground. If the cross arm weighs 20 lbs. wh^ 
is its potential energy? \ 

Answers.— (1) 18,000,000 ft. lbs. (2) 503,731.3 ft. lbs. (3) 500 ft lbs. 

97. Energy like matter is indestructible. Although it may 
be transformed from one form to another the total quantity 
existing remains unchanged. One of the most frequent trans- 
formations that is encountered is the change from mechanical 
energy to heat energy. Thus the energy that is used in stirring 
a liquid in a vessel, although it apparently disappears, is changed 
to heat energy and the temperature of the liquid raised slightly. 



i 
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THE PENDULUM 

98. A single particle of solid matter suspended from a fixed 
point by a fiber without weight and free to vibrate is a simple 
pendulum. The fixed point is called the center of suspension. 

A small heavy body suspended by a very fine fiber closely 
resembles a simple pendulum. The center of gravity of such a 
pendulum may be considered to be at the center of the small body. 






99. When a simple pendulum is in the vertical position, OA, 
Fig. 16, which is the position of rest, the heavy body may be 

considered to have no energy either poten- 
tial or kinetic. If the body is drawn aside 
from this position to OB, the center of 
gravity is raised and energy is stored in 
the body. As long as the body is held in 
this position its energy is potential and the 
force of gravity, BC, acting directly down- 
ward may be resolved into two components, 
one, BD, in line with the fibre tending to 
break it, and another, BE, at right angles 
to the fibre, tending to return the body to 
D the vertical position. If the body is re- 
leased it travels toward the vertical position 
with increasing velocity, transforming its potential energy into 
kinetic energy until, at the vertical position, the energy is 
entirely kinetic. This kinetic energy carries the body beyond 
the vertical position, after passing which point the energy is 
gradually transformed to potential energy till the body comes 
to rest at OF and has simply potential energy. The operation 
is now repeated in the reverse direction and if it were not for 
friction and other resistances would go on indefinitely. 




Fl«. 16 



100. When the pendulum is in motion it is said to vibrate. 
As long as the angle of vibration does not exceed 4 or 5 deg. 



28 ELEMENTS OF ]MECHAXICS 

each vibration for a given /;fHr//(/«/« takes a like period of time 
and the vibrations are said to be isochronous. 

101. The relation between the period of vibration, or time 
in seconds required to swing from one extreme position to the 
opposite extreme, d(*noted by T, the length of the pendulum 
in feet, I, and the acceleration in feet per second per second,. 
due to gravifjjf g, is expressed by the formulas, 

r = :: il; (31) 



l = gC-y (32) 

^ TT ^ 



102. Problkm. — *If g = 32.16 ft. per sec. per sec, what is the 
period of vihration of a pendulum 3.2585 ft. long? 

Solution. — Substituting in formula (31) the values Z = 3.2585 ft. 
and g — 32.16 ft. per sec. per sec. the formula becomes 

!r = . 1 3.2585 ^3.1416 x .3183 = 1 sec, Ans. 
\ 32.16 

103. Problems.— *(1) If the length of a pendulum is 0.8146 ft. 
what is its period of vibration taking 0r = 32.16 ft. per sec. per sec.? 

(2) Compute the length of a pendulum to vibrate in periods of I sec. 
Answers.— (1) i sec. (2) 0.2036 ft. 

104. At New York a pendulum 39.1017 in. long makes one 
vibration in one seeond and is therefore ealled a seconds 
pendulum. 

105. An ordinary pendulum as used in a clock or other device 
has a supporting rod of some size and weight and a fairly large 
end or bob in place of the small heavy body. Such a pendulum 
is known as a compound pendulum. It may be considered to be 
composed of an infinite number of simple pendulums, of all 
lengths within its limits and it may be assumed that one of 
these simple pendulums is of such a length that it vibrates the 
same as the given compound pendulum. If the compound pen- 



•In these problems the calculations should be carried to at least four 
decimal places. 
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dulum is considered to have the same length as this simple 
pendulum it can be treated as a simple pendulum. 

106. The point in a compound pendulum that vibrates the 
same as the particle at the end of the simple p(»ndulum described 
in the preceding article is called the center of oscillation or 
percussion. The motion would be the same if the whole mass 
were collected at this point. The points of suspension and oscil- 
lation are interchangeable so that if the pendulum is suspended 
from the point of oscillation it will vibrate the same as before. 
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SIMPLE MACHINES 

107. A machine is a device used to transfer energy. Its 
specific object may be either to change the direction or character 
of motion or to change the direction or magnitude of force. It 
does not make or increase energy, but only transfers it. 

108. There are two forces that must be considered in con- 
nection with the action of a machine, the applied force and 
the resistance. The applied force is the force acting upon a 
machine; the resistance is the force which acts against a machine. 



OENEBAL LAW OF MACHINES 

109. In a perfect machine the applied force midtiplied hy 
the distance through which it acts just equals the resistance 
multiplied hy the distance through which it acts. If /' = applied 
force, d' = distance through which it acts, r = resistance and 
5 = distance through which it acts, then for a perfect machine 
this law is expressed by the formula* 

fd' = rs. (33) 

Prom formula (33) the proportion 

f :r ::s : d', 

may be obtained. From this it will be observed that if /' de- 
creases, cZ' correspondingly increases and if /' increases, d' de- 
creases or, /' varies inversely as d\ Similarly r varies inversely 
as s. Thus to overcome a resistance of 10 lbs. through a distance 
of 10 ft. either a force of 100 lbs. may act through a distance 
of 1 ft. or a force of 1 lb. through a distance of 100 ft. or any 
other combination as long as the product of /'d' = 100. 

*(?are should be taken when usins this and followins formulas to 
express the values of the symbols throughout the same formula in the 
.same units. Thus. If force is expressed in pounds, resistance In the- 
same formula must also be in pounds. 
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110. A perfect machine is not a possibility since in the oper- 
ation of every machine a certain amount of energy is wasted 
due to resistances in the machine itself. The eflSciency of a 
machine is the ratio of the energy delivered to the energy s\ip- 
plied. If this ratio is represented by the letter k;* formula (33) 

becomes 

kf'd' = rs, (34) 

111. The most important loss of energy in a machine is due 
to friction. This is the force that acts on two bodies, at the 
surfaces in contact, resisting a change of position of one relative 
to the other. It may be either sliding or rolling. 

112. Friction depends on the material of which the bodies 
are composed, the force pressing the contact surfaces together, 
the character of these surfaces, their condition as regards lubri- 
cation, etc. 

In order to simplify the following calculations no allowances 
have been made for losses due to friction and other resistances. 



THE LEVER 

113. The lever is one of the simplest and most widely applied 
of all the simple machines. It consists of a bar. Fig. 17, sup- 
ported on a block or bearing, A, called 
a fulcrum about which it can move 
freely. The applied force /' acts at 
some point along this bar and the re- 
sistance r acts at some other point. 



! ! 



( 
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114. The perpendicular distance 
from the fulcrum to the line indicat- 
ing the direction of the applied force is called the force arm 
of a lever and the perpendicular distance from the fulcrum to 
the line indicating the direction of the resistance is called the 
resistance arm. 



•The value of * Is u.«ually determined by experiment. 
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115. There are throe* classes of levers. In the Arsi class. 
Fig. 18. the applied force and resistance are on opposite sides 

of the fulcrum. In the second class. Fig. 19, 

Z 2S 



^ the applied force and resistance are both on 
rim- iH V ^^^ same side of the ful- t. 



crum and the force arm 
is longer than the resistance arm. The third 
rlaxs. Fig. 20, differs from the second class in 
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that the resistance arm is longer than the 
force arm. 



1^ 116. If jr = length of force arm and 

1/ = length of resistance arm, the distances 
through which the applied force and resistance act are pro- 
portional to X and y respectively. Thert^fore, the formula, 

rx = ry, (35) 

may be substituted for the general formula (33). 

Eith(,T this foniiula or the general formula may be used in 
calculating lever problems according as it is easier to measure 
the lengths of the force and resistance arms or the distances 
through which the applied force and resistance act. 

117. PRObLKM. — If a lever of the first class is just balanced and the 
applied force is 300 lbs. while the resistance is 50 lbs., what is the 
length of the force arm if the resistance arm is 2 ft. long? 

SoMTio.v. — Substituting the values, /' — 300 lbs., r = 50 lbs. and 
2/ =^2 ft. in formula (35), we have 

300 x=-r)0 X 2; 

or, x= J^ ft. or 4 in., Ans. 

118. Phoklkm. — If a lever of the first class has a force arm 6 in. 
long and a resistance arm 10 in. long, how far will the resistance act 
if the applied force acts through a distance of 4 in.? 

SoLiriox. — Since the distances through which the applied force and 
resistance act are proportional to the force and resistance arms re- 
spectively we have the proportion, 

6 : 10:: 4 : s. 

Solving. 5- '•-^ ^^ = 6|| in., A7is. 

6 
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119. Pboblem. — If an applied force of 100 lbs. acts through a dis- 
tance of 8 in. on a lever of the second class and just overcomes a re- 
sistance of 400 lbs., through what distance is the resistance overcome? 

SOLrxiox. — In this case substituting in formula (33) the values, 
/' = 100 lbs., d' = S in. and r = 400 lbs., we have 

100 X 8 = 400 X s; 

,^100_XJ_2 in., j^rts. 
400 

120. Problems. — (1) What resistance will a force of 75 lbs. bal- 
ance if the force arm of a lever is 8 in. long and the resistance arm 
6 in. long? 

(2) What force will be required to balance a resistance of 240 lbs. 
if the force and resistance arms are 3 ft. and 4 ft long respectively? 

(3) If it is required to support a resistance of 230 lbs. with a force 
of 10 lbs. and the resistance arm is 2 in. long, how long should the 
force arm be? 

(4) If it is desired to change a movement of 8 in. to 5 in., using a 
lever with arms 11| in. long, how far from the fulcrum will the new 
hole have to be drilled? 

ANSWERS.— (1) 100 lbs. (2) 320 lbs. (3) 46 in. (4) 7.34 in. 

121. So far all the levers considered have been straight. 
There are, however, many different shapes. A verj" common 

form used in signal work is one in which the arms are 
bent at right angles to each other. Fig. 21. Levers of this 
and similar shapes are called cranks. The object of using 
a crank is to change the direction of motion, thus, if one 

^ arm moves in a horizontal direction the other 

Q) may move vertically as in the case of the 



FiK. 21 cranks at the foot of a signal pole, see Fig. 22. 

• 

122. Cranks are made which have angb's greater or less than 
no deg. between their arms. However, the same formulas should 
be employed that are used for a straight lever, remembering 
that (he distanees of the applied foree and resistanee from the 
fulerum must be measured along lines perpendicular to the 
din cf ions of motion of the applird foree and resistance 
rcsprctively. 
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123. Pboblems illustrating the application of the leveb to a 
MECHANICAL INTERLOCKING SYSTEM. — (1) A Semaphore, Fig. 22, requires 

60 lbs. at point A to move it. Point A is con- 
nected to a crank at point B, 6 in. from the 
fulcrum C. How much force is required to 
move the semaphore, if applied to the crank 
at a point, D, 9 in. from the fulcrum? 

(2) Point A on a semaphore is connected 

with a crank BCD at point B; point D which 

p \ ;> is 10 in. from C moves just 8 in. What is the 

I 'i:^R» distance from B to C if point A is required to 

move exactly 4 in.? 

(3) Each arm of a crank at the foot of a signal pole 
is 9 in. long and the end of one arm of the crank moves 
6 in. If a new hole is drilled in the other arm 6 in. from 
the fulcrum what will the movement be at that point? 

Answers.— (1) 40 lbs. (2) 5 in. (3) 4 in. 








THE WHEEL AND AXLE 



124. The wheel and axle is a machine composed 
of a wheel and an axle fastened rigidly together. The 
diameter of the wheel is larger than that of the axle 
and consequently a point on the circumference of the 
wheel will move further in one revolution than a point on the 
circumference of the axle. A common form is the ordinary 
windlass in which a crank carrying a handle is used instead 
of a wheel. 
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126. The wheel and axle mav be considered as a sort 
of perpetual lever, Fig. 23. The radius of the wheel, AO, 
corresponds to the long arm of the lever, and 
the radius of the axle, BO, corresponds to the 
short arm. By turning the wheel one revo- 
lution the rope or cable is wound once around 
the axle and the resistance acts through a dis- 
tance equal to the circumference of the axle, 
while the applied force acts through a distance 
equal to the circumiference of the wheel. Applying the funda- 
mental law of machines, the applied force multiplied by the 
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circumference of the wheel equals the resistance multiplied by 
the circumference of the axle. The circumferences are directly 
proportional to the radii which may therefore be put in their 
places. Then the law for the wheel and axle will read: The 
upplied force multiplied by the radius of the wheel equals the 
resistance multiplied by the radius of the axle, 

126. This law may be expressed in a formula as follows: 
If /' = applied force, x' = radius of wheel, r = resistance 
and 2/' = radius of axle ; then 

rx' = rxf. (36) 



THE PULLEY 



127. The pulley is a wheel or combination of wheels made 
with edges grooved to carry a rope or chain. There are two 
kinds of pulleys, fixed and movable. 

A fixed pulley, Pig. 24, is fastened to some solid support and 
is used only to change the direction of motion. Therefore the 
applied force equals the resistance and acts through 
the same distance. 




128, A movable pulley may be considered as a 
perpetual lever of the second class as showTi clearly 
in Fig. 25. The resistance acts against 

piK. 24 the pulley at its axle, 0, the point B is 
the fulcrum and the applied force acts at point A. 
Therefore since OB is one half of AB, the applied 
force is equal to one half the resistance and as the 
pulley is supported by two parts of the 
same rope, one half of the resistance *' ' 

acts against each of these parts. Thus m Pig. 26, 

/' = J r. 

129. Many different combinations of pulleys are 
made, but ordinarily a single rope passes around all 

FiK. 2« the sheaves* as in the common block and tackle. 





•Wheels. 
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7« (his case the resistance Is fqtial to the applied force mnltiplird 
by the ninnher of parts of the rope supporting the inovabte. 
pulley; or the applied force is equal to the rrsistatice divided 
by the number of parts supporting the tnovahle pulley. 

130. To cxpri'ss this rulf in a formula let /' ri'pri-sfiit the 
appiitd force, r tht- rt'sistanci.'. and A' the miniWr of piirts of 
the rope supporting the movahle pulley; tlu'n 
r = f'X; (37) 

or. /' = _;^.. (38) 



131. PKOKI.KM. — If a force of 10 lbs. acts on the end. 
A, of the rope In Pig. 27, what la the realstauce acting 
at B, It the force at A Is just balanced? 

SoLi-Tiox. — SubBtftutlng in formula (37) the values. 
/' = 10 and lY equals 6, we have 

r = 10 X 6 = 60 IbB.. Ana. 

It should he noted thai if the applied force acts 
through a certain distance, the resistance i.s ocer- 

eome thniiif/h only ^. times that distance. Thus, in 

this probk-ni, if point A is niovod (i ft. point H is 
niov.'d only I ft. (Art. 109). 



THE INCLINED PLANE 

132. The inctined plane Ali. Fig. 28. is a smooth inftcxihlc 
surface inclined so ns to make an neute angh' II with the hori- 
zontal plane. When an oh.jeet is placed on 
such a plane the f»n-e of gravit.v, I)E, may 
be resolved into a component. DO. at right 
angles to the plane and a component, DP, 
parallel to the plane. DF tends to make the 
object slide down the plane and motion is 
produced if it is great enough to overcome "■'*■ " 

the friction between the object and the plane. Thus, when 
the angle II is lartre. DF is larpe and the body moves rapidly, 
and if the angle is so small that DF is less than the friction, 
the body remains at rest. 
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133. A force tending to push an object up a plane riiay work 
at various angles. When the applied force acts in a direction 
parallel to the plane, Fig. 29, the applied 
force multiplied by the length <>/ the 
plane, AB, equals the resistance of the 
object multiplied bij the height of the 
plane BC, 

134. Expressing this rule by a formula, if /' = applied 

force, L = length of plan(», r = resistance and h = height of 

plane; then 

f'L = rh. (89) 




135. Problem. — What force parallel to the plane Is required to push 
a ball weighing 100 lbs. up an inclined plane, if the length of, the plane 
is 15 ft. and the height at the raised end 3 it.? 

SoLiTiox. — Substituting in formula (39) the values, r = 100 lbs., 
L — 15 ft. and h='i ft., we obtain 



/' 15 = 100 X 3; 
100 X 3 



/' 



1.^ 



= 20 lbs., Ans. 



i 



136. AVhen a forc<» tendin<r to i>ush an object up a plane 
acts in a direction parallel to the horizontal i)lane. Fig. 30, 
the applied force multiplied by the length, 
A(\ of the base equals the resistance of 
the object multiplied by the height of the 
plane, BC. 




Fiir. 30 



137. Expressing this rule by a formula, 
if /' = applied force, U = length of 
base, r = resistance and // = height of ])lane; then 

fl/.= rh. (40) 



THE WEDGE 



138. The wedge is a piec(» of hard wood or metal shaped 
like two inclined planes i)laccd with their bases tog(»ther. 
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Fig. 31. It is commonly used in splitting wood, blocking up 
heavy objects such as buildings, ships, etc. Unlike the other 

simple machines the usefulness of the 
wedge -depends upon friction. It is usually 
acted upon by an intermittent force like 
the blows of a hammer, and after each 
stroke is held in position by friction. If. 
because the wedge is improperh^ shaped 
or for some other reason, the friction is not sufficient to hold 
it in the position to which it has been driven it will fly back 
and its effect will be lost. 

On account of the difficulty of measuring the applied force 
and friction, the exact application of the general law of machines 
is of little use in this case, although the longer a wedge is made 
in comparison with its width the greater its power. 



THE SCREW 

139. The screw is a cylinder, usually of metal, with a ridge 
or thread formed in an advancing spiral on its surface. The 
ridge may be on the outer surface as in a^ common wood screw 
or on the inner surface as in a nut. Very often the two kinds 
are used together as in the ordinary bolt and nut. The screw 
is virtually an inclined plane. 




Fiff. 32 



140. The distance, p. Fig. 32, between 
any two consecutive turns of the thread 
measured in a direction parallel with the 
axis of the cylinder is called the pitch 
of the screw. 



141. Force may be applied to a screw by means of a lever, 
or equivalent device, and acts in the circumference of a circle 
whose radius is equal to the length of the lever. Thus in one 
revolution, the force will act through a distance equal to this 
circumference and the resistance through a distance equal to 
the pitch of the screw. 



I 
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142. Applying the fundamental law of machines, the force 
multiplied by the circumference of the circle through which it 
acts is equal to the resistance multiplied by the pitch of the screw. 

143. Expressing this rule by a formula, if /' = applied 
force, C = circumference of circle or distance in inches through 
which /' acts, r = resistance and p = pitch of screw or distance 
through which r acts; then 

f'C = rp, (41) 

144* Problem. — If a force of 50 lbs. acts at the end of a 12 in. 
wrench turning a screw with four threads per inch of length, what 
resistance will the screw overcome? 

Solution. — Substituting in formula (41) the values, /' = 50 lbs., 
C= 2 T X 12 in., and p = i in., we obtain 

50 X 2 X3.14 X 12 = r X 1; 

r = 50 X 2 X 3.14 x 12 X 4 = 15,072 lbs., Ans, 

In this case it is necessary to turn the screw 4 revolutions or 
to apply force through a distance of 301.44 in. in order to over- 
come the resistance through a distance of 1 in. 



COMPOUND MACHINES 

145. A combination or series of simple machines acting on 
each other is called a compound machine. The general law of 
machines may be applied by starting with the first of the series 
and considering it as a simple machine. Then the resistance 
acting against this machine will be the force acting on the next 
simple machine of the series, etc. 
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EXAMINATION QUESTIONS AND PROBLEMS 

(1) Express in words the meaning of formulas (6), (7), 
(8), (22) and (27). For example, formula (1) may be ex- 
pressed thus: 

The velocity equals the distance divided hy the time. 

(2) If a train running at uniform speed travels 10 mi. in 
13 min., 20 sec., what is its velocity in feet per s(*cond? 

(3) How long would it take a man walking at a rate of 6 
ft. per sec. to travel 8 mi.? 

(4) A car running down grade increased its speed luiiformly. 
If it had a velocity of 10 mi. per hr. when passing one signal and 
50 mi. per hr. when passing another, 3,300 ft. beyond the first; 
(a) What was its average velocity? {b) How long did it re- 
quire to traverse the distance between signals? 

(5) If a train running 75 mi. per hr. is stopped in 3f min. ; 
(a) What is the retardation? (6) What distance does it travel 
in coming to rest? 

(6) If a locomotive starting from rest is accelerated at a 
rate of 10 ft. per sec. per sec; (a) IIow far does it travel in 
the third second? (b) In what distance would it reach a speed 
of 45 mi. per hr. ? 

(7) (a) Draw a diagram showing the method of obtaining 
the value and direction of the resultant of two forces, one of 30 
lbs. and the other of 50 lbs., acting at an angle of 45 deg. to each 
other, (b) Draw a diagram showing the value, direction, and 
position of the resultant of two parallel forces, one of 25 lbs., 
and the other of 200 lbs., both acting in the same direction with 
their points of application 9 ft. 4 J in. apart. 

(8) If an object was dropped from a window 257.28 ft. high ; 
(a) How long did it take to reach the ground? (b) How far 
did it fall in the third second? (c) What was its velocity at 
the moment it struck the ground ? 
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(9) (a) What is the mass of a body that weighs 160.8 lbs.? 
(6) What is the weight of a body if its mass is 15? 

(10) (a) If a force of 10 IBs. acts on a body whose mass 
is 2, what acceleration is produced? (6) What force is required 
to accelerate a body weighing 1,608 lbs. at a rate of 10 ft. per 
sec. per sec? 

(11) What force is necessary to restrain a body weighing 
16.08 lbs. to a circular path if it makes 600 r. p. m. and the 
radius is 5 ft. ? 

(12) (o) If a \veight of 100 lbs. is raised 30 ft. how much 
work is done? (6) If a telegraph pole is dragged 50 ft. and 
an average force of 150 lbs. exerted in the operation, what 
amount of work is done? 

(13) What is the difference between work and power? 

(14) An average force of 50 lbs. is required to move a hand 
car at the rate of 15 mi. per hour, what power is required? 

(15) An elevator motor is required to raise a cage, whose 
net weight is 1,000 lbs., through a distance of 110 ft. in 20 sec. 
What powTr must it develop? 

(16) How much kinetic energy is stored in a body weighing 
321.6 lbs. if it moves at a rate of 90 ft. per sec? 

(17) How much potential energy is stored in a body if it 
weighs 500 lbs. and is placed at an elevation of 25 ft. ? 

(18) What is the period of vibration of a pendulum 289.44 
ft. long? 

(19) "WTiat is the proper way to measure the force and re- 
sistance arms of a lever? Draw a diagram illustrating your 
answer. 

(20) If the force arm of a lever is 13 ft. long and the re- 
sistance arm 26 in. long, what resistance acts to just balance 
an applied force of 10 lbs.? 

(21) In Fig. 22 how far from C would hole B have to be 
drilUed if CD is 11 J in. long and B is required to move 4 in. 
when D moves 8 in.? 
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(22) A wheel 3 ft. in diameter is connected to an axle 6 in. 
in diameter, what resistance at the circumference of the axle 
will an applied force of 15 Ibsr at the circumference of the wheel 
overcome ? 

(23) A block and tackle is composed of two pulleys with four 
sheaves each, connected by a continuous rope. If one end of the 
rope is fastened to the fixed pulley, what resistance would be 
overcome by a force of 10 lbs. at the other end f Draw a diagram 
illustrating your solution. 

(24) A plane is 24 ft. long and one end rests on the ground 
while the other end is 6 ft. high. What force parallel to the 
plane would be required to roll up a barrel of cement weighing 
300 lbs.? 

(25) If a screw has two threads per inch and is turned by 
a crank 18 in. long, what resistance wiU an applied force of 10 
lbs. overcome? 



AirSWERS TO EXAMINATION PROBLEMS 



(1 
(2 

(3 
(4 
(5 
(6 
(7 
(8 
(9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 



? 

66 ft. per sec. 

1 hr., 57 min., 20 sec. 

(a) 30 mi. per hr. (6) 1 min., 15 sec. 

(a) 0.5 ft. per sec. per sec. (i) 2 mi., 1,540 ft. 

(a) 25 ft. (6) 217.8 ft. 

? 

(o) 4 sec. (6) 80.4 ft. (c) 128.64 ft. per sec. 

(o) 5. (6) 482.4 lbs. 

(o) 5 ft. per sec. per sec. (6) 500 lbs. 

9,859.6 lbs. 

(a) 3,000 ft. lbs. (6) 7,500 ft. lbs. 

? 

2H. P. 

10 H. P. 

40,500 ft. lbs. 

12,500 ft. lbs. 

9.42 sec. 

? 

60 lbs. 

5.87 in. 

90 lbs. 

80 lbs. 

75 lbs. 

2,260.8 lbs. 



TABLE OF SYMBOLS* 

a = acceleration in feet per m -— mass. 

second per second. y _ number of parts of rope 

C = circumference of circle in supporting a movable 

inches through which pulley. 

applied force acts. n = revolutions per minute. 

d = distance in feet. p = pitch of screw. 

dj = distance in feet traversed P.E. = potential energy. 

in any particular unit ^_j.j^jj^ ^f curvature in 

of tune. f^.^t 

d' = distance through which r = resistance or resisting 

r acts. force. 

JP^ = centrifugal force in 5 = distance through which r 

pounds. acts. 

/ = force in pounds. r = period of vibration of 

., T , /. pendulum in seconds. 
/' == applied force. 

i = time in seconds. 

a = acceleration due to grav- . , -^ • n ^ -. 

., . „ ^ , r = Velocitv m teet per second, 
ity m leet per second 

per second. '^'o = average velocity. 

h = height in feet. ^'1 = initial velocity. 

7r.P. = horse power. i'. = final velocity. 

A=a constant. TV = work in foot-pounds. 

K.h\ = kinetic energy. , «*'' = weight in poimds. 

L = length of inclined face of ^ = ^^'ngth of force arm of 

inclined plane. lever. 

L' = length of base of inclined ^' = radius of wheel. 

plane. ?/ = length of rCvsistance arm 

? = length of pendulum in ^* ^^^^^''• 

feet. y' = radius of axle. 



•The symbols and formulas used in the text are collected In these 
tables for convenient reference and need not be studied. 
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TRANSMISSION OF PRESSURE 






146. Liquids and gases are perfectly elastic; that is, if the 
volumes are decreased by pressure upon their surfaces, they 
will, upon the removal of the pressure, resume their original 
volumes. 

Gases are compressible; liquids are practically incompressible, 
so that regardless of the pressure, the volume of an enclosed 
liquid is nearly constant. Thus water enclosed in a strong vessel 
and subjected to a pressure of 14.7 lbs. per sq. in. is decreased 
in volume only about ^-^ of 1% of its original volume. 

147. The law describing the action of fluids when an external 
force or pressure is applied to them, known as Pascal's Law, 
may be stated as follows: 

Pressure exerted upon a fluid enclosed in a vessel is trans- 
niitted undiminished in every direction , regardless of the shape 
of the vessel. 

^The pressures exerted by a fluid upon equal areas of a re- 
taining vessel are equal; or stated differently, the pressures on 
two sections of the surface of a retaining vessel are proportional 
to the areas of the sections. 

The pressure of a fluid on a vessel acts in a direction perpen- 
dicular to the surface acted upon. 

148. The facts stated above are applied in the operation 
of hydraulic machinery of which the hydraulic press is a good 



•Disregarding: the weight of the fluid. 
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example. Its essential parts consist of a small piston X, Fig. 
33, and a large piston Y, working in cylinders M and N which 
are connected by the pipe C. Pipe C and 
the spaces below the pistons are completely 
filled with some liquid such as water 
■" or oil. 

According to Pascal's Law, the pressures 

on two unequal surfaces of a retaining 

vessel are proportional to the areas of those 

"--■ surfaces. If 4 = the area of X, A' = the 

Fi»- as area of Y, /' = the pressure on X, or 

the applied force, and r = the pressure on T, or the resistance; 

then 

f':r::A:A'. (42) 

On account of the fnet that the vnliune of an enclosed liquid 
is nearly constant whatever the pressure, if X is forced down 
decreasing the volume in cylinder M a certain amount, T will 
be forced up so as to increase tlie volume in cylinder N an 
equal amoimt. 

If d' = the distance X is moved and z = the decrease of 
volume in cylinder M; then 

z = Ad'. 
Likewise if a ^ the distance Y is moved, then since the increase 
of volume in cylinder N equals the decrease of volume in 
cylinder M, 

z = A's- 

Therefore Ad'^A's, 

or A:A'::S:d'. 

hut by formula (42) f -.r i-.A: A'. 

Hence f -.r -.-.s-.d'. (43) 
That is, as in any other machine,' the force is inversely pro- 
[lortional to the distance traveled. 

The principle of the hydraulic press has a great number of 
applications. For example, it is used in a fonn of jack designed 
for raising great weights, and in hydraulic punching and rivet- 
ing machines. 

149. Problem. —If the diameter o( the smaller cylinder la Pig. 33 
Ib 1 in. and the diameter of the larger cylinder la 1 ft.; (o) How 
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srut « weight on Y will a weight of i Iba. on X support? (b) If Y 
Is to move 3 In. how far will X haTo to move? 

Solution.— (o) SubsUtuUng the values A = 0.7854 >C (I)'.' A' = 
0.78E4 X (12)' and f ■=! lbs. in formula (42). we get 
2 : r : : 0.7854 X 1' : 0.7864 x 12'. 
0.7854 X 12* X 2 



Therefore r 



288 Ibi., Ans. 

= 288 lbs., and f = 2 lbs. 




0.7864 X 1'" " 
(b) Substituting the values s = 3 In., r 
Id formula (43). we have 

2 : 288 : : 3 : d'. 
Therefore d''=432 in.. Ana. 
IfiO. Pboblems. — Pig. 34 shows a diagram of a hydraulic press. 
(1) A force of 20 lbs. Is applied at F. The force arm x of the lever 
is ten times as long as the resistance arm y. 
If the diameter of the small piston is ) in. 
and that of the large piston is 8 in.; (a) 
What Is upward pressure of R? (b) If R 
is to move 1 in. how far must F move? 

(2) It Is desired to exert an upward 
pressure at R of 200 tons. What force must 
IM! applied at F? 

AKSwtiiiH.— (1) (a) 204,800 lbs. (b) 
Pis. at 10.240 In. (2) 3tt.06 lbs. 

PKESSTJBE DUE TO QRAVITT 

IBl. Each particle in a body of liquid is acti;d upon by 
gravity. The pressure due to this action is. according to Pascal's 
Law, transmitted equally in all dire<?tion8 and there is. therefore. 
on any particle in a body of liquid equal prcsHure in all directions. 

Thfi pressure per unit area at any point beloir the surface, of 
a liqHul depends on the depth of the point. This may be ex- 
plained by considering a vertical column of particles extending 
from the point to the surface. The particle at the surface may 
be considered to have only the force of gravity acting on it. 
The next particle behiw in addition to this force is nct«l upon 
by the weight of the particle above it. Likewise the third particle 
in the column is acted upon by the weight of the two particles 
above it whit-h it transmits to the particle-t below in addition to 
(bi own weight. Thus the last particle transmits \i» owti weight 
as well as the weight of all the particles above to a surface placed 
at the given point and the pressure on the surface is proportional 

•Rcp MpriHUratton In tlie apiiemlix t<> DrawliiK. Part 111. 
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to the number of particles or depth below the surface of the 
lipoid. 

1B2. The downward pressure on the base of a vessel depends 
upon the depth of the liquid, the area of the base, and the weight 
of a unit volume of the liquid, and is independent of the shape of 
the vessel and the amount of liquid. For example, if vefisels 
with equal bases but different volumes, A and 
B, Pig. 35, were filled with water to the same 
depth the pressures on the bases would be 
equal. 

The downward pressure on any horizontal 

surface is equal to the area of the surface, 

PI*. « midtiplied by the depth of this surface below 

the surface of the liquid multiplied by the weight of a unit 

roliimc of the liquid. 

If A = the area of a horizontal aurfax-e, li'^thc depth, 
W = tho weight of a unit volume of the liquid, and P = thc 
downward pressure; then 

I'^Ah'W'.* (44) 
The quantity W varies for different liquids. A cubic foot of 
water at a temperature of 62° F. weighs 62.35 lbs. 

183. PnuKLEM. — Find the preeBure on the bottom of a tank 4 ft. 
wide and 6 ft. long It It ie ftUert with water to a depth of 4 ft. 

SoLiTinN.— By the conditions of the problem A^4xG = 24 Bf|, 
ft,. fc' = 4 ft. W = 62.3B iba. Substituting these vnlues tn the formula 
144). we get 

/• - 24 X 4 X 62.35 = 5,985.60 Iba., Ans. 

IM- The lateral pressure on a vertical surface is equal to 
the area of thv surface pressed upon. muttipHrd by the dspth 
of the center of area of this surface below the surface of the 
Uqmd, muliiplied by the weight of a unit volume of the liquid. 

If A ^the area of the surface pressed upon, A"^the depth 
of the center of this area, ■VC' = the weight of a unit volume of 
the liquid, and P'^the pressure on the vertieal surface, then 
P=^Ah"W\ (45) 

166. PaonLEM.— Find the total pressure on the sides and ends of 
a tank 2 ft. wide. 2 ft. deep, and 3 ft. long if It Is half filled with water. 

*Ab noleil bflore thu symbols thruughout the Banie formula must be 
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Solution-.— Since the tank Is hair tilled, the water In the tank la 
1 ft, deep. Therefore each end will have 2 X 1 sq, ft. of surface pressed 
upon and each etde will have 3X1 sq- ft. of surface pressed upon. 
The center of areas of these surfaces will be J ft. below the surface 
of the water. Hence. A = 2 + 2 + 3 + 3 = 10 sq. ft,. ft" = i ft.. W" = 
62.35 lbs. Subetltuting these values in the formula (45). we get 
f = ]0 X 1 X 63.35 = 311.75 lbs.. Am. 

166. Tlie iqiwanl pirssiire on any horizontal surface is the 
mine as the tlownivard pressure on an equal surface similarly 
placed irilh respect to the surface of the liquid, for the reason 
t!i«t. according to Pascal's Law, the prcssuri" on any particle 
in a bocl,v of liquid is equal in all directions. Ponnula (44) will 
give th(! tipward pressure on any horizontal surface if we let 
/('^the depth of that surface below the surface of the liquid 
Hiid P=^thc upward pressure. 

157. Pkoiii.ems, — (1) What is the pressure on the bottom of a tank 
16 ft. stiuare if it Is tilled with water to a depth of 10 tt.? 

(2) la) What is the total pressure on the four sides of the tank 
in problem (1)? (b) What is the total pressure on the sides and 
bottom of the tank? 

(3) If a tub 21 ft. In diameter is Qoatlng on a pond and its bottom 
Is 8 In. below the surface of the water, what it the upward pressure 
on the tub? 

■ Answers.— (II l.lB.Sie lbs. (2) (at 199.520 lbs, (6) 359.136 lbs. 
(31 204.04 lbs. 

158. If a body is submerged in a liquid it is acted upon by 
forces pn-ssing against it in all diriHftions and therefore will 

lie supiMirledbi/afoirr equal to thr weight 

, -., of the volume of liquid which it displaces. 



fC 



This can be shown by Pig. 36 which 

represetits a cubical i)ody submerged in 

water. The lateral pressures. F, are 

equal and op|>osite in direction and 

therefore balance each other. Th(' pres- 

Hun- downward = ^ X CE X ^V'', and 

the pressure upward = AY. DE X W" ; 

*"'■■ ** I formula 44). The difference between 

CK and DE ^ CD. Hence the difference between the pressure 

upward and the pressure downwai^J is equal to A X CD X ^' ■ 

Hut A X CD X "' is the weight of a volume of water whose 
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base is A and whose height is CD ; that is, of a volume of water 
equal to the volume of the cube. Therefore, the upw^ard pressure 
is greater than the downw-ard by the weight of the water dis- 
placed. Hence if a body is placed in a liquid it will sink until 
it has displaced a volume of the liquid equal in weight to the 
weight of the body. If the body is not entirely submerged we 
know that a volume of the liquid e(iual to the volume of the 
body weighs more than the body, but if the body is entirely 
submerged we know that the liquid weighs less than the body. 

169. When all the forces acting on a liquid are in equilibrium 
the liquid will be at rest. If a quantity of liquid is confined in 
a vessel and the liquid is at rest the surface of the liquid is 
horizontal or, as we usually say, level. 

DENSITY AND SPECIFIC ORAVITT 

160. The density of a substance is the quantity of matter 
contained in a unit volume of the substance. 

If Q = the quantity of matter, D^ = the density, and V = the 
number of units of volume ; then 

Q 

D,== y;or, if y = l, D, = Q, 

The ratio between the density of a given substance and the 
density of some substance talxen as a standard is called the 
specific density. 

The specific gravity of a stibstance is the ratio between the 
weight of a certain liolume of the substance and the weight of 
an equal volume of some other substance taken as a standard. 

Since the weight of a substance at a given place varies directly 
as the quantity of matter in it the specific density of a substance 
will always be numerically equal to its specific gravity. 

The adopted standard for measuring the specific density or 
the specific gravity of liquids and solids is pure water at 
39.1 deg. F., at which temperature its density is greatest. The 
weight of a cubic foot of water at 39.1 deg. F. is 62.42 lbs. As 
it is more convenient to make measurements at ordinary tem- 
peratures the weight of a cubic foot at 62 deg. F., viz. 62.35 lbs., 
is commonlv used. 
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161. To obtain the specific gravity of a solid it is necessary 
to find the weight of the solid and the weight of an equal volume 
t)f water and then to take the ratio between the two quantities 
80 obtained. For solids that do not dissolve in water this can 
be done* by iniiiiersing the solid in a yessel completely filled 
with water and then weighing the water that overflows from 
the vessel. For solids that are soluble a similar method can be em- 
ployed; namely, the solid instead of being placed in water is 
placed in some liquid in which it will not dissolve and of which 
the specific gravity is known. 

162. To find the specific gravity of liquids a specific gravity 
bottle (i.e., a bottle which will hold a known weight of water) 
is filled with the liquid and weighed. The ratio of the weight 
of the liquid to the known weight of the same amoimt of water 
will be the specific gravity of the liquid. 

163. There is another way in which the specific gravity of 
liquids may be determined. If salt is dissolved in water a cer- 
tain volume of the solution weighs more than an equal 
volume of water. Therefore, as any solid which floats 
in a liquid displaces an amount of the liquid equal to 

its own weight, a solid floating in water 

will displace a greater amoimt than it 

would if it were floated in the salt solution. 

If the same solid is floated in different 

liquids it will sink to different depths. 

Since its weight remains constant the 

depths to which it sinks show the respective 

volumes of equal weights of the liquids 

displaced. If a solid which has a uniform 

section, such as a cylinder which floats in 

a vertical position, sinks to a depth d in 

water and to a depth rf' in some other 

li(|uid, the specific gravity of the latter 
d 




will b( 



d'* 



PlV. 37 



164. This principle is made use of in 
the hydrometer. Fig. 37 shows an ordinary 
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form of this instrument ; view A represents it floating in water ; 
view B, in alcohol. It consists of a glass tube, C, filled with air 
ending in a bulb, D, which is filled with mercury so that the 
whole instrument will float in a vertical position. The stem, E, 
is usually hollow and. contains a paper scale, although some- 
times the scale is cut on the glass. The scale may be divided 
into equal divisions of arbitrary length or it may be graduated 
so that the specific gravity can be read dtrectly. 

165. A conmion form of the hydrometer is Ik^aume's. It 
has an arbitrary scale and requires the use of a table to convert 
its readings into specific gravities. Another form convenient 
in many ways is the specific gravity hydrometer which has a 
scale from which the specific gravity can be read directly. 

166. In addition to its use in determining specific gravity 
the hydrometer is used in ascertaining either the amount of 
water or of solid matter in solutions, or w^hether a solution is 
of the proper strength, i. e., contains the desired amount of 
substance dissolved. 

When using the hydromet(T it is necessary, if accurate results 
are desired, to take into account the temperature of the solution. 
The higher the temperature, the less the density, or specific 
gravity, of a given solution and so the greater the depth to 
which the hydrometer will sink. This variation can be avoided 
by keeping the temperature constant for any particular solution. 



WATER POWER 

167. Any body of water elevated above the sea level has 
potential energy by virtue of its position. The amount of energy 
depends upon the volume of the water and its height above sea 
level. The amount of energy that can be put to practical use 
depends upon the amount of fall that can be obtained at any 
one place. 

168. The gross horsepower of a waterfall may be calculated 
by the following formula, in which Q' = the number of cubic 
feet of water flowing over the fall in one minute; -ff = the dis- 
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taiice iu feet ])et\veen the surface of the water at the top of a 
fall and that at its foot; ir' = the weight of a eiibie foot of 
water = 62.85 lbs. ; and G, H. P, = gross horsepower of fall. 



G. H, P. = 



S.HMO 



(46) 



Only a portion of the gross horsepower of a fall can be turned 
to praetieal use, the amount depending upon local conditions. 

169. Problem. — If 10,000 cu. ft. of water flows over a certain fall 
15 ft. high in 1 min., what is the useful horsepower if 50% of the 
gross horsepower can be developed? 

SoLVTiox. — From the conditions of the problem Q' = 10,000 cu. ft, 
H = 15 ft, and TV = 62.35 lbs. Substituting these values in formula 
(46), we get 

O. H. P. = P'^.«_^ X 1 ^ X «2.35 _ 253 4 ^j p 

33.000 
Since only 50% of the G. H, P. can be developed, the useful horse- 
power = 283.4 X .50 = 141.7 H. P., Ann, 

170. Problkms. — (1) If 1,000 cu. ft. of water flows over a fall 
20 ft. high in 1 min., what is the gross horsepower of the fall? 

(2) What is the useful horsepower that can be derived from a 
fall 15 ft high if 8,750 cu. ft. of water pass over in 1 min., and 40% 
of the gross horsepower is developed? 

Answers.— (1) 37.7 -f H. P. (2) 99.2 — H. P. 



171. A water-wheel is a maehine used to transform water 
power into mc^ehanieal power. There are sevc^ral typ(»s of water- 
wheel, but the impulse wheel and turbine 
are the only ones extensively used. The 
impulse wheel. Fija^. 88, is designed to be 
used when a small quantity of water at 
a high pn»ssure is available. The turbine 
is designed to b(» ased where a large quan- 
tity of water at a eomparativ(»ly low pres- 
FiK. 38 sure is available. 
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CAPILLARY ACTION 

172. If a glass tube with a small bore is placed in a glass of 
water the water will rise in and around the tube to a point 
somewhat higher than its level in the glass. View A, Fig. 39 
illustrates this. If the same glass tube is placed in a glass of 

mercury the mercury will be depressed, 
view B, Fig. 39. In the first ease the 
liquid ivets ilu surface of the tube; in the 
second case it does not. 



173. Whenever a liquid wets the surface 
of a solid with which it is in contact the 
liquiel will be raised and whenever the 
liquid does not wet the surface it will 
This action is called capillary attraction 





Ftsr. n» 



he pushed down. 
or capillary action. 

174. Examples of capillary attraction are very conniion; 
the action of blotting paper, of sponges and of lamp wicks are 
all familiar illustrations. A wick is usually made of cotton 
fibers or loosely twisted threads woven together. As the capil- 
lary attraction of a wick depends upon the spaces between the 
fiber as much as upon the fiber, it is necessary, if the wick is 
to work properly, to keep it clean. 



I 
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ATMOSPHERIC PRESSURE 



176. The atmosphere, or air, is a thick layer of gases, largely 
nitrogen and oxygen, which surrounds the earth. Since the 
atmosphere is acted upon by the force of gravity it exerts con- 
siderable pressure at the earth's surfa(ie and this pressure is, 
according to Pascars Ijaw, equal in all directions at any par- 
ticular point. 

176. The barometer is an instrument for measuring the 
pressure of the atmosphere. The principle of the barometer 

may be explained by Pig. 40. This figure repre- 
sents a glass tube a yard or more long, with one 
end closed. The tube is completely filled with 
mercurj*^ and placed with its open end under 
the surface of mercury in a cup. Since there 
is nothing to hold the mercury up in the tube, 
except the pressure of the atmosphere on the 
surface A, it will fall until the downward 
pressure at B and the* downward pressure of 
the air, on an area of the surface A equal to 
the cross section area of the mercury column, 
are equal. The height BC of the mercury in 
the tube will be about 30 in. and the pressure 
or weight of this column of mercury will be 
equal to the pressure or weight of a column of 
air extending from the surface of the mercury 
to the extreme limit of the atmosphere and 
having a cross section area equal to the cross 
section area of the mercury column. 

The mercurial barometer is essentially the 
Fiff, 40 apparatus just described. To be of practical 

use, however, it must be arranged so that the height BC of the 
mercury column can be easily read. 
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177. Since tho pressure of the air ou a given area is the 
same as the pressure exerted on an equal area by a column of 
mercury that the air pressure will support, the pressure of the 
air may be found as follows when the height of thn mercury 
column is known, in this east; assumed to be 30 in. The inside 
dimension of the tube does not affect the height of the mercury 
unless it is very small when capillary action has some appreciable 
effect; hence it may be as.sumed, for convenience, that the tube 
has ail inside cross section area of 1 sq. in. There will then be 
30 X 1 or 30 cu. in. of mercury in the tube. 

The specitie gravity of mercxiry is 13.6; i.e., a cubic inch of 
mercury weighs 13.6 times as much as a cubic inch of water. 
A cubic foot of water weighs 62.35 lbs., therefore a cubic inch 

' 1728 ' 
of mercury weighs .036 X 13.6 X 30, or 14.68 + lbs. 

Therefore in this ease the atmosphere suppoi-ts 14.68 lbs. of 
mercury, or in other words, the atmospheric pressure is 14.68 
lbs. per sq. in. 

178. A form of barometer which is much ust'd l>ecause of 
its convenience in handling is the aneroid barometer, Fig. 41. 

It consists of a metal chamber from which 
the air is exhausted and of which one part 
is thin corrugated metal. Variations in the 
atmospheric prcjisure cause this corrugated 
I part to move an amount proportional to the 
' pressure. This motion is multiplied by a 
systems of levers and transniitted to a pointer 
which thu.s indicates the changes in pressure, 
p-iB. 41 The scale of the aneroid barometer is ar- 

ranged so that the pointer indicates the height in inches of a 
mercury column acted upon by the same conditions. 

179. If a barometer is kept in the same place it will be 
noticed that the atmospheric pressure varies from time to time. 
When the pressure increases or remains high the weather will 
probably be clear. When the pressure decreas*« or remains low 
the weather will probably be stormy. 
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Since the height of the air deereaaes in proportion to the 
elevation, the atmospheric pressure decreases as th(^ height above 
sea level increases. At sea level the barometer stands at about 
30 in. and its height decreases approximately i in. for an in- 
crease of 100 ft. in elevation. By observing the height of the 
barometer it is pa<ssible to tell approximately the h(»ight above 
sea level of any particular locality. 



EFFECT OF PRESSURE 

180. The volume of matter changes with a change in the 
pressure on its surface. As before noted in solids and liquids 
this change is very slight and can be disregarded! even when 
the pressure becomes ver}*- much greater than usual. With 
gases, however, a variation in pressure is accompanied by a 
variation in volume which is too large to be disregarded. 

181. Boyle's Law, — The volume of a given mass of gas at 
a constant temperature is inversely proportional to the pressure 
upon it. 

Boyle's Law may be expressed by the following formulas: 

(1) If Pi=the pressure upon a given mass of gas and V, = 

the volume of the same mass, then since the volume is inversely 

1 
proportional to the pressure the ratio T^ : is constant. If 

' 1 

iL=the constant we have * 

J_= A', or Pi V, = K. (47 ) 

(2) If the volume V^^ is changed to another volume T\, then 
the pressure F^ will become /%, and since the product of tlui 
volume and the pressure is constant, we get 

7^r, = P, IV (48) 

182. Problems. — (1) The volume of a gas under a pressure of 
14 lbs. per sq. in. is 10 cu. ft. Under what pressure will the volume 
be 4 cu. ft. if the temperature remains constant? 
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Solution. — From the problem V^ ^= 10 cu. ft., P^ ^ 1* Ibe. per sq. In., 
and V^ — i cu. ft. Subetltutlng these values la formula (48), we get 
, 14 X 10 = Pj X 4. 

Therefore P„ = ^* ^ -"=35 Iba. per sq. in., Ana. 

(2) The volume of a gas under a pressure of 10 Iba. per aq. In. Is 
2 cu. ft. What win be its volume under a pressure of 3S lbs. per sq. in. 
the temperature remaining constant? 

Solution. — From the problem P ^ 10 lln. per sq. In., V = 2 cu. ft., 
and p^^3a lbs. per sq. In. Sulwtltutlng In formula (48), we get 



183. Pbohlkuh, — (1) The volume of a gas under 50 lbs. pressure 
per sq. in. is 100 cu. It. What will be tbe pressure If the volume Is 
changed to 10 cu. ft.? 

(2) The volume of air under a pressure of 28 Ihs. per sq. in. ia 
10 cu. ft. What will be the volume under T lbs. pressure per sq. in.? 

Anbweg!^.— (1) 500 lbs. per aq. In. (2) 40 cu. ft 

184, Kxperiiiients have shown that Boyle's Law is Dot strictly 
tnie for all gases at ordinary temperatures. Such gases as can 
be eondensed to a liquid form by a comparatively low pressure, 
for instance carbonic acid gas show considerable variation from 
the law, wliile othi'r more permanent gases, as oxygen and nitro- 
gen, do not. 
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185. Tlic diagram Fig. 42 represents 
a siphoD; XYZ is a bent tnbe which has 
been filled with water, the ends closed 
and tlie part XY placed in a vessel partly 
filled with water. If the ends of the tube 
arc opeiied the water will begin to flow 
out through the opening at Z. This will 
ooatinue nntil the li'vel, L, of the water in the vessel has reached 
the same level as 7, at whifli time the water will cease flowing. 
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In order to iind^rBtand the principle on whieli the siphon 
acts it should be noticed that the downward pressure on the 
surface at L ia due to the atmosphere and that this pressure is 
transmitted equally in all directions so that at point W there 
is a downward pressuri^ equal to the atmospheric pressure. At 
the point Z the downward pressure is equal to the atmospheric 
pressure plus the pressure due to the column of water WZ. The 
upward pressure at Z is equal to the atiiioepheric pressure alone. 
Hence the downward pressure is greater and the water ilows out. 
As the water flows out the height H' of the eolurau WZ decreases 
and finallj- becomes zero; then the downward and upward pres- 
sure are equal and the flow stops. 

Since the action of the siphon is due to the pressure of the 
column of water "WZ, the greater the height H', between the 
levels L and Z the more rapid will be the flow and the greater 
the volunii' of water that will flow through the siphon in a 
given time. 

The height H must not be greater than the height of a column 
of the liquid which the atmospheric pressure will support. The 
reason for this is clear; when the liquid begins to flow through 
Z the pressure at Y is lessened and the atmospheric pressure 
on L forces more liquid up through the part XY of the tube. 
If the height H is greater than the height of a column of the 
liquid which the atmospheric pressure will support the liquid 
will not be forced to the point Y and can not flow into the 
other part of the tube. 

For water the extreme height for II is between 27 ft. and 
33 ft., the exact height depending upon the elevation above 
si'a level and the atmospherie pressure. For liquids heavier 
than wati>r the height is lejis and 
for liquids lighter than water the 
height is greater. 

r^ 

186. The suction pump con- 
sists of a cylinder E. Fig 43, in 
which a piston I', works. There 
is a valve, T, opening upwards at 
the upper end of the pipe which 
eiiiiiie.-ts the pump with thy water 
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to be raised and alno a valve, V, opecJag upward id the piston. 
Suppose now ill view A, the piston is moving upward. The 
space below the piston int-reases and consequently the pressure 
on the valve, T, will be lessened so that the greater pressure of 
the air below will force T open. Then the pressure on the surfaee 
of the water in the pipe will also bitonie less and the atmospheric 
pressure will force the water up through the pipe and through 
the valve into the cylinder. View H, n-presents the relative 
positions of the valves when the piston is moving downward. 
As soon as the piston begins its downward stroke the pressure 
on the valve T is increased and the valve will close. As the 
piston eontiout-s descending the pressun' on the air or water 
in the lower part of the cylinder will increase and force open 
the valve V and so allow the air or water to pass into the upper 
part of the cylinder. When ,the piston again begins to move 
upward the water in the upper part of the cylinder will How out 
through W, the pn«sure on T will become h'ss and more water 
will be forced up into the lower part of the cylinder. 

187. As will be seen from the foregoing diwrjption the water 
is raised through the height XS* solely by the atmospheric 
pressure on X. Consequently the height XS must not be greater 
than the height of a column of water which the atmospheric 
pressure will support; i. e., to raise water at sea level the height 
XS must not be greater than about 3.1 ft. and for places above 
sea level it must be somewhat les.s. 

188. The pump as desi-ribed in -\rt, 18h is eommouly used 
1 raise water from wells and eistenis. If it is changed by 

closing the top of the cylinder, attaching a 
pipe to the spout W, Fig. 44, and, to insure 
better action, placing a valve V at the end of 
this pipe it can be made to lift water to a 
height depending only upon the strength 
of the pump and the fone applied to work 
the piston. Arranged in this way the pump 
iri called a force pump. Another type is 
shown in Fig.45. 
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189. The flow of water from a suction or force pump is 
nndor ordinary eircuiiistanoi* discontinuous, the liquid flowing 
only wlien the piston is moving in one 
, dirwtion. If an air chamber, A, Fig, 45, 
is attached to tlie pipe the action is 
changed. When the piston is moving down 
the water is forced into the chamber, A, 
as well as into the pipe, D, eompreasing 
the air in A. "When the piston begins to 
movi- up the valve V closes but the pres- 
sure of the air in A continues forcing 
the water up the pipe D, and the flow of water will be con- 
tiuuous while the pump is working. 




190. The vacuum pump or air pnmp is used to lake air out 
of any closed vessel. Fig. 46 shows the cylinder of a simple 
form of air pump. The action of this pump 
is as follows. The vessel from which the air 
is to be exhausted is connected to the tube A. 
On the upward stroke, since the volume of the 
air under the piston is increased its pressure 
is decreased, and the motion of the piston 
having npen.-d the valve It, the e.tpansive 
action of the air in the vcHsei fores* a portion *■'«■ ■*" 

of it into the cylinder. On the downward stroke valve B is 
closed and the air in the cylinder is compressed until it opens 
valve C and escajH-s into the space above the piston. On the 
next upward stroke this air is forced out 
f the cylinder through the valve I), 



191. The pump used for compressing 
air or other gases is practically a force 
piuiip whose valves and piston are air 
tight. Fig, 47 is a diagram of the cylinder 
of such a pump or compressor. The air 
comes into tln' cylinder through the pipe 
the piston P is moving toward the right, 
in the opposite direction the valve V 
ir to pass out through the pipe T to a 




FIB. 4T 

S and valve V whih 
When the piston movi 
opens and allows the 
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tank or reservoir. When the piston moves to the right again 
the valve V closes and the atmospheric pressure forces open the 
valve V so that more air passes into the cylinder. Valves are 
placed also at A and B so that the piston is forcing air ont 
through T on both strokes. Ordinarily the piston rod C of the 
pump is connected directly vdiYi the piston rod of a steam engine 
or by means of gears and cranks with an electric motor. 

A great deal of heat is evolved during the compression, and 
to prevent overheating the cj'linder it is surrounded by the 
spaces marked D through which water is continually passing. 
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EXAMINATION QUESTIONS AND PROBLEMS 

(1) State the diffidence between the eoinpressibility of 
liquids and of gases. 

(2) In a hydraulic jack the diameter of the smaller piston 
is 0.5 in. and that of the larger piston is 4 in. If the force is 
applied by means of a lever which has a force arm 1 yd. long 
and a resistance arm 2 in. long, what force must l)e applied at 
the end of the force arm to raise a weight of 5 T. !! ,520 lbs. ? 

(3) If the weight in problem (2) is to be raised 4 in., how 
far will the force have to move? 

(4) What is the pressure on the bottom of a cylindrical tank 
12 ft. in diameter if it is filled wnth water to a depth of 8 ft.?** 

(5) What is the pressure on the cylindrical surface of a 
cylindrical tank 16 ft. in diameter if it is filled with water to 
a depth of 10 ft.? 

(6) A cubical object weighing 0.648 lbs. and measuring 3 in. 
in each direction is placed in water. To what depth below the 
surface of the water will the lower surface of the object sink 
providing it floats horizontally? 

(7) A cylindrical piece of wood with a lead weight fastened 
to one end sinks to a depth of 15 inches in a liquid of which th<» 
density is 1. To what depth will it sink in a liquid of which 
the density is 3? 

(8) 24,000 cu. ft. of water flows over a fall 22 ft. high in 
1 min. ' What is the horsepower of the fall ? 

(9) If the atmospheric pressure is 13.22 lbs. per sq. in., how 
high will the mercury column in a barometer be? 

(10) If a hole were drilled in the top of the glass tube il- 
lustrated in Fig. 40, what would be the result and why? 

•Use It — 3.14 and 1 cu. ft. of water — 62.35 lbs. 
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(11) A eortain mass of air under a pressure of 15 lbs. per 
scj. in. occupies 200 eu. ft. of space. What will be the volume 
of the same mass under a pressure of 75 lbs. per sq. in. provided 
its temperature does not change? 

(12) How must the pressure be changed, provided the tem- 
perature remains constant, to reduce the volume of a certain 
mass of gas to y^ its original volume ? 

(l.S) What is the difference between a suction pump and 
a force pump? 

(14) (fl) What causes the action of a siphon? (b) Of a 
suction pump? 

do) What causes the action of a vacuum pump? 
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w 


? 


(2) 


10 lbs. 


(3) 


384 ft. 


(4) 


56,384.35 lbs. 


(5) 


1 156,623.2 lbs 


(6) 


2 in. 


(7) 


5 in. 


(8) 


997.6 H. P. 

• 


(9) 


1 27 in. 


(10] 


T 


(11) 


40 cu. ft. 


(12] 


1 •' 

• 


(13] 


1 1 


(14] 


■ T 


(15] 


T 
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A and A' = areas of surface, 
d' = distance throagh which 
/' moves. 

/' = applied force. 

G. H. P. = gross horsepower. 

n = height of fall. 

h' =depth of horizontal sur- 
face below surface of 
liquid. 

fc" = depth of center of area 
of vertical surface be- 
low surface of liquid. 

K = H. constant. 

f = pressure of liquid on 
horizontal surface. 



'P' = pressure of liquid on 
vertical surface. 

• Pj and Pj = pressures on a 
mass of gas. 

(?' = quantity of water in cu. 
ft. flovnng over a fall 
' in 1 min. 

r = resistance. 

« = distance through which r 
moves. 

\\ and y2 = volumes of a 
mass of gas correspond- 
ing to pressures P^ and 
P.. 

j W = weight of a unit volume. 
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The formulas are numbered conswutively throughout the text 
and are placed and numbered in the same order in the following 
table. As an aid in referring to the text the pagc^ number is 
given directly after the formula number. 
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*The symbolR and formulas used In the text are collected In thepe 
tables for convenJent reference and need not be studied. 
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HEAT 

1. Heat is a J:oi*m of molecular onere^y consisting of an 
agitation of the molecules of matter. As this agitation is in- 
creased a body becomes warmer, as it is decreased a body 
becomes cooler. The state of a body with regard to its being 
warm or cold can be recognized by the sensation of feeling. 

2. Ilcat may be derived from any of the following sources; 
the sun, mechanical action, chemical action, electric currents, 
the interior of the earth, and changes in physical condition. 

The sun is the most important source of heat, and directly 
or indirectly, of nearly all other forms of available energy. 

Mechanical action as a source of heat is illustrated by friction 
in a bearing. 

(licmical action as a source of heat is illustrated by the 
l)urning of wood ; the carbon of the wood unites with the oxygen 
of the air and a large amount of heat is evolved. 

The passage of an electric current tends to heat a conductor. 
If there is a large ciUTcnt and a considerable amount of re- 
sistance the heating of the conductor will be very marked, as 
for example, in an incandescent lamp. 

The interior of the earth seems to contain a large store of 
heat, but no extensive practical uses are made of this source 
of energy. 

A change of physical condition as a source of heat is well 
illustrated by the condensation of steam. Thus when steam 
at 212° P. condenses to water at the same temperature it gives 
up a large amount of heat. 
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TEMPERATUBE 

3. If a warm body, such as a piece of warm iron, is placed 
in contact with a cold body, the heat of the warm body is de- 
creased as indicated by its becoming cooler and the heat of the 
cold body is increased as indicated by its becoming warmer. 
We say the temperature of the warm body decreases and the 
temperature of the cold body increases. Temperature, then, is 
the condition of a body considered \\ath reference to its ability 
to give heat to or receive heat from another body. Heat always 
passes from a body of high to one of low temperature. 

In order to measure the temperature of bodies it is necessar>' 
to have some unit for comparison. An arbitrary unit that is 
commonly used is called the degree Fahrenheit and is ^hf V^^^ 
of the difference between the temperatures of melting ice and 
pure water boiling under an atmospheric pressure of 14.7 lbs. 
per sq. in. To illustrate the way it is expressed a temperature 
of ten degrees Fahrenheit is written 10 deg. F. or 10° F. 

4. It should be noticed that there is a distinction between 
temperature and quantity of heat. A pint and gallon of boiling 
water both have the same temperature, but the quantity of 
heat in the pint is much less than the quantity in the gallon. 
The quantity of heat in a body depends not only n;?on its ti»ni- 
perature, but also upon the quantity of mattor in it. 



TRANSMISSION OF HEAT 

5. If one end of a rod of iron is placed in a fire and tht* 
other end is held in the hand the temperature of the end 
held in the hand gradually increases. That is, the heat passes 
along the rod of iron from one molecule to another until tlio 
whole rod is affected. This manner of transmitting heat from 
a point of high temperature to one of low temperature is crlled 
conduction, and the power of a substance to conduct heat is 
called its thermal conductivity. 

6. Some substances conduct heat much more rapidly than 
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others. Thiis metals are the best conductors of heat, liquids are 
not so good, and gases are very poor conductors. Substances of the 
same class do not all conduct heat with the same rapidity. Silver, 
for example, is the best conductor known ; if 1,000 represents 
its conductivity then 811 represents that of copper .nnd ')59 that 
of cast iron. 

7. It is seen from Art. 6, that coppitr is a rclativ(fly good 
heat conductor. It is partly for this r(»ris(»n that it is 'ised in 
making soldering coppers.* When a soldering copper is heated 
all parts have nearly the same temperature, but ;is soon as it 
is used the point begins to lose its heat more rapidly than 
the large part of the copper. On account of its good con- 
ductivity, however, the heat from the lari^c part passes to the 
point of the copper and keeps it at a high temperature. 



8. Air which has become heated in any manner, above the 
temperature of the surrounding air, for example by contact 
with a warm stove, expands, becoming lighter and consequently 
rising. Therefore it carries the heat away from the stove and 
coming in contact with other parts of the air and objects which 

are cooler gives up some of its heat to 
them. The process of transferring heat 
in this way is called convection. While 
gases are very poor conductors of heat 
they can be heated and transfer heat 
readily by convection. 



9. This method of conveying heat is 
much used in heating buildings. Fig. 1 
shows a system that might be used in 
a small building such as a signal tower. 
The supply of heat is obtained from an 
ordinary stove, S, surrounded with a 
sheet iron jacket arranged with a pipe, 
F, leading to the room above. The air 
currents are indicated by arrows. 
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•Soldering irons. 
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10. Although liquids are better conductors than gases they 
are heated and transfer heat more rapidly by convection than by 

conduction. This is illustrated by the 
hot water heating system shown in 
Fig. 2. As the water in the boiler B 
is heated by the fire it expands, be- 
comes lighter, and rises to the top of 
the boiler, displacing the cooler water 
which settles to the bottom and in 
turn is heated by the fire. This action 
sets up a circulation in the boiler by 
means of which the temperature of 
the entire body of water is increased. 
The hot water rising to the top of 
the boiler does not stop at that point, 
however, but continues to rise through 
pipe C displacing the cold water 
which flows to the bottom of the 
boiler, the lowest point in the system, 
through radiators FF and the pipe D. The action is continuous 
on account of the fact that as soon as hot water begins to pass 
through the radiators, it gives up a part of its heat to the metal 
of the radiator whicli in turn heats the surrounding air. This 
results in the water becoming cooler and flowing back to the 
boiler through D while hot water from C takes its place. E is 
an open tank placed at the highest point of the system. It acts 
as a reservoir for the increased volume of the water as it ex- 
pands when the fire becomes hotter and it keeps the system 
full as the water contracts when the fire dies down. The system 
must be kept full of water in order to maintain circulation. 

EFFECTS OF HEAT 

11. Among the more common effects of heat, besides changes 
in temperature which have already been mentioned, there are 
changes of volume, changes of state, and chemical effects. 
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12. If not affected by other conditions, changes in temper- 
ature cause changes in the volume of a gas, the volume varying 
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with the temperature. The relation between the temperature 
and volume is expressed by the following law. 

13. Law of Charles. — The volume of a given mass of gas 
at a constant pressure is proportional to its absolute temperature, 

or in other words, the volume of a gas increases or decreases 

1 
o* ^f ^^* volume at 32 deg. F. for every degree F, that the 

temperature increases or decreases. 

If Vq = the volume at 32 deg. F. and V^ = the volume at 
any other temperature t^, then 

t, — 32 



^'• = M^ +'....")• (1) 



14. Problem. — The volume of a gas at 82 deg. F. is 10 cu. ft. What 
win be its volume at 52 deg. F. if the pressure remains constant? 

Solution. — By the conditions of the problem V =10 cu. ft., and 
f =^52 deg. Substituting these values in formula (1), we have 



1 V 491.2 ) 



5112 

Therefore V =7-^^—^^=10.40 cu. ft., Ans. 
1 491.2 

15. If, at the same time that the temperature changes from 
32 deg. F. to t^, the pressure changes from Fq to F^ we have the 
following formula: 

16. Problem. — The volume of a gas at 32 deg. F. is 6 cu. ft., if the 
temperature rises to 50 deg. F. and at the same time the pressure 
changes from 14 lbs. per sq. in. to 20 lbs. per sq. in., what is the volume 
of the gas? 

Solution. — By the conditions of the problem V =6 cu. ft, t =50 
deg., P =14 lbs. per sq. in., and P =20 lbs. per sq. in. Substituting 
these values in formula (2), we have 

14 /. . 50 — 32 



y =6 X 
1 20 



/ 50-32 Y 
V 491.2 ) 



Therefore V =^1^:^ = 4.35 cu. ft., Ans. 
1 491.2 



•The coefficient ,-q,— ,- i'** not exactly the same for all ga.ses, but is very 
nearly .so. 
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17. Problems. — (1) The volume of a gas at 32 deg. F. is 5 cu. ft. 
What will be its volume at 100 deg. F. if the pressure remains constant? 

(2) What will be the volume in problem (1) if the pressure changes 
from 14 lbs. per sq. in. to 18 lbs. per sq. in.? 

Answers.— (1) 5.69 cu. ft. (2) 4.42 cu. ft. 

18. // the pressure is maintained constant equal volumes of 
various gases when heated expand by nearly equal amounts for 
the same rise in temperature, or if the initial vohimes are tnain- 
tained constant the pressures increase by nearly equal amounts. 

Liquids and solids expand when heated, but not in accordance 
with the preceding law. Thus if rods of iron and brass are each 
1,000 in. long at deg. F., at 100 deg. F. the iron rod will be 
about 1,000.6 in. long and the brass rod about 1,001.0 in. long, 
or there will be a difference in expansion of 0.4 in. 

19. All substances when heated uniformly tend to expand 
equally in all directions. The expansion of gases and liquids is 
measured by the change in volume and is called cubical ex- 
pansion. The expansion of solids is usually measured by the 
change of some one dimension and is called linear expansion. 
The coefficient of cubical expansion is the expansion per unit 
volume for unit change of temperature. The coefficient of linear 
expansion is the expansion per unit length for unit change of 
temperature. The coefficient of cubical expansion is equal to 
three times the coelficii^nt of linear expansiim. 

20. Pboblem.—A steel rail is 33 ft. long at deg. F. What will be 
the amount of expansion in inches if the temperature changes from 
deg. F. to 80 deg. F. and the coefficient of linear expansion is 
.00000636? 

Solution. — Since steel expands .00000636 of its length for a change 
of 1 deg. F. in temperature, for a change of 80 deg. it will expand 
.00000636 X 80 times ita length: or the expansion in feet will be 
.00000636 X 80 X 33. Therefore the expansion in inches equals 

.00000636 X 80 X 33 X 12 = .2014848 in., Ans. 

21. Pkoblems. — (1) A copper wire is 1 mi. long at 32 deg. F. What 
will be its length in feet at 82 deg. F. if the coefficient of linear ex- 
pansion of copper is .00000S87? 
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(2) A concrete wall is 500 ft. long at — 10 deg. F. What diBtance 
in inches must be allowed for expansion if the temperature rises 
to 100 deg. F. and the coefficient of linear expansion of concrete is 
.00000795? 

Answebs.— (1) 5,282.34 ft. (2) 5.247 in. 

22. The effect of heat on water is somewhat peculiar. Practi- 
cally all common substances except water expand on being heated 
and contract when cooled. If water at 60 deg. F. is cooled it will 
contract as is expected until it reaches 39.1 deg. F. At that point 
it reaches its greatest density. If the cooling is continued the 
water begins to expand and the expansion continues so that ice 
formed from the water occupies a greater amount of space than 

the water at 39.1 deg. F. did. It is on this ac- 
count that water enclosed in pipes or vessels is 
liable to burst them if allowed to freeze. 



23. The fact that gases and some liquids and 
solids when heated expand at a rate nearly pro- 
portional to the increase in temperature is made 
ase of in a class of instruments for meas- 
uring temperature. Such instruments are called 
thermometers. A common thermometer, Fig. 3, 
consists of a glass tube with a fine bore having 
a bulb at one end. The tube is partly filled with 
mercury or alcohol, the air taken out of the re- 
maining space, and the tube sealed. When the 
cube is heated the mercury or alcohol expands 
and rises ; when the tube is cooled the liquid con- 
tracts and falls. A scale is either marked on the 
tube or on a piece of metal or wood to which the 
tube is securely fastened so that the expansion 
and contraction of the mereurv may be measured. 



24. There are two kinds of therm omet(Ts that 

are used commonly, the difference being in the 

Q F scales. Under ordinary atmospheric pressure 

Fi«. s water freezes or ice melts at the same temper* 

ature, and under a constant pressure of 14.7 lbs. per sq. in. the 

temperature of steam is always the same. Tlu»se two temperatures 
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are taken as reference points. On the Fahrenheit th(»niionu^ter 
the melting point of ice is marked 32 deg. and the temperature 
of steam or boiling water is marked 212 deg. On the Centigrade 
thermometer the melting point of ice is marked deg. and the 
temperature of boiling water is marked 100 deg. On the Fahren- 
heit thermometer then there are 180 divisions or degrees between 
the freezing and the boiling points and on the centigrade there 
are 100 divisions or degrees between these points. The Fahrenheit 
thermometer is used for ordinary purposes, the Centigrade for 
scientific work. 

26. The following formula may be used to reduce a Fahrenheit 
reading to Centigrade. If i^ = the Fahrenheit reading and C = 
the Centigrade reading, then 

C = l {F — 32''). (3) 

Similarly a Centigrade reading may be reduced to Fahrenheit 
by the formula, 

F = ^ C + 32''. (4) 

In applying these formulas it must be remembered to add or 
subtract 32 deg. algebraically. Temperatures below deg. on 
either scale are considered negative quantities, those above deg. 
positive. 

26. For temperatures below — 38 deg. F. it is nec(*ssary to 
use alcohol in thermometers since mercury solidifies at about 
— 39 deg. F. For temperatures up to 675 deg. F. ordinary 
mercury thermometers may be used. For temperatur(»s higher 
than that other instruments are used. 

27. Whether a body exists in a solid, liquid, or gaseous state 
depends upon its temperature and the pressure upon it. 

Any solid may be turned to a liquid by applying sufficient 
heat ; and a liquid may be changed to a solid by taking heat from 
it. The temperature at which theses changes take place is called 
the melting point. 

For any particular substance the melting point is constant 
if the pressure remains the same. For different substances the 
melting point varies greatly. 
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"When the process of melting is going on the t(*inperature of the 
substance remains constant. 

28. Any liquid substance can be changed to a vapor if a 
suflSeient quantity of heat is applied; and any vapor can be 
changed to a liquid if sufficient heat is taken away from it. The 
temperature at which these changes take place is usually called 
the boiling point. 

For any particular substance the boiling point is constant if 
the pressure is the same. By increasing the pressure the boiling 
point is raised and by decreasing the pressure it is lowered. 

When a liquid begins to boil its temperature remains constant 
until the boiling is completed if the pressure is not changed. 



MEASUREMENT OF HEAT 

29. In measuring a quantity of heat the British thermal unit 
(B. T. U.) is the standard commonly used in this country. It is 
the quantity of heat required to raise the temperature of 1 lb. 
of pure water 1 deg. P.* In some other countries a standard 
called the calorie is used. It is the quantity of heat required to 
raise the temperature of 1 kilogramme of pure water 1 deg. C. 
at or about 4 deg. C. 1 B. T. U. is equal to 0.252 calorie ; 1 calorie 
is equal to 3.968 B. T. V. 

30. Pboblem. — How much heat is required to raise the temper- 
ature of 100 lbs. of water from 40 deg. F. to 212 deg. F.? 

Solution. — It requires 1 B. T. U. to raise the temperature of 1 lb. of 
water- 1 deg. F. Therefore to heat 100 lbs. 172 deg. it will require 

100 X 172 = 17,200 B. T. U., Ans. 

31. When a solid is changed to a liquid or a li(iuid to a gas 
a quantity of heat seems to disappear, for during the process the 
temperature of the substance? does not change. The heat is 
evidently used up in producing a change in the state of the 
substance. Heat that disappears in these changes is commonly 



•Where more than ordinary accuracy is required this should be meas- 
ured at or about 39.1 deg. F. 
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called latent heat. If the change is reversed the same amount 
of heat which disappears will reappear. 

When a solid is being melted the quantity of heat necessary 
to melt a unit weight of the substance is called the latent heat 
of fusion. 

When a liquid is changed to a solid a quantity of heat equal 
to the latent heat of fusion is given out by the substance. 

32. Problem. — How much heat will become latent in melting 25 Ihs. 
of cast iron if the latent heat of fusion of cast iron Is 59.4 B. T. U. 
per lb.? 

Solution. — 59.4 B. T. U. become latent in melting 1 lb. of cast iron; 
therefore in melting 25 Ibe. the amount of heat which will become 
latent equals 

25 X 59.4 = 1,485 B. T. U., Ans, 

33. Problems. — (1) How much heat will become latent in melting 
500 Ibe. of lead if the latent heat of fusion of lead is 9.66 B. T. U. 
per lb.? 

(2) How much heat will be given out if 75 Ibe. of zinc which is 
melted is allowed to harden, if the latent heat of fusion of zinc is 
50.03 B. T. U. per lb.? 

(3) How much water at 185 deg. F. will be required to melt 15 Ibe. 
of ice at 32 deg. F. if the latent heat of fusion of ice is 144 B.T. U. 
per lb.? 

Answers.— (1) 4,830 B. T. U. (2) 3,752.25 B. T. U. (3) 14.11 Ibe. 

34. When a solid or liquid is changing to a vapor the quantity 
of heat necessary to vaporize a unit weight of the substance is 
called the latent heat of vaporization. 

When a vapor changes back to a liquid or solid a quantity of 
heat equal to the latent heat of vaporization reappears. 

36. Pboblem. — How much heat will it require to turn 5 lbs. of 
alcohol which is at the boiling point into vapor if the latent heat of 
vaporization of alcohol is 364.3 B. T. U. per lb.? 

Solution. — It requires 364.3 B. T. U. to turn 1 lb. of alcohol at the 
boiling point to vapor; therefore the amount of heat required to turn 
5 lbs. to vapor equals 

5 X 364.3 ---- 1,821.5 B. T. U., Ans. 
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36. Pboblems. — (1) How much heat becomes latent in changing 
50 Ibe. of water at 212*' F. into steam at atmospheric pressure if the 
latent heat of vaporization of water is 965.7 B. T. U. per lb.? 

(2) If 100 lbs. of water have been turned to steam how much heat 
will reappear if the steam is allowed to condense to water at 212 
deg. P.? 

Answers.— (1) 48,285 B. T. U. (2) 96,570 B. T. U. 

37. Vaporization may take place in two ways. If the liquid 
does not seem to be disturbed but the vapor rises slowly from the 
surface the process is called evaporation. If the liquid is dis- 
turbed and the vapor forms not only at the surface but also in 
the substance the process is called ebullition or boiling. 

38. The rate at which vaporization will take place is in- 
creased by the following changes in condition: (1) an increase 
in the temperature of the substance, (2) an increase in the 
amount of surface, (3) a decrease in the pressure, and (4) a 
continual change of the air in contact with the surface. 

39. The boiling point of liquids is changed by various things. 
(1) The boiling point is higher if solids are dissolved in the 
liquid. (2) The boiling point is raised if the pressure on the 
surface of the liquid is increased and lowered if it is decreased. 

40. As an illustration of the chemical effect of heat the com- 
mon parlor match affords a good example. When the match 
head is heated sufficiently by friction or other means the 
materials of which it is compased combine. This combination 
in turn produces more heat thus raising the temperature of 
the wood to a point whore it will combine with the oxygen of 
th,» air. 

SPECIFIC HEAT 

41. The amount of heat required to raise the temperature 
of any body of matter one degree is called the thermal capacity 
of the body. In measuring the thermal capacity of bodies, water 
is usually taken as a standard. The ratio of the quantity of heat 
required . to raise the temperature of a definite weight of any 



12 HEAT AND LIGHT 

substance one degree, to the quantity of heat required to raise 
the temperature of an equal weight of water one degree from a 
temperature of 39.1 deg. F. is called the specific heat of the 
substance. 

The specific heat of any substance varies somewhat with its 
temperature, but may be considered constant where great ac- 
curacy is not required. 

42. The specific heat of a substance may be determined by 
the method of mixture. The body whose specific heat is to be 
determined is heated to a definite known temperature and then 
immersed in a vessel of water of which the weight and temper- 
ature are known, or in a vessel of liquid of which the weight, 
temperature and specific heat are known. The temperature of 
both will soon be the same and this is measured. All of the heat 
lost by the body will be gained by the water. If 5 = the specific 
heat of the body, w = its weight, and f = its temperature ; 5' = 
the specific heat of the water or liquid, w^ = its weight and V = 
its temperature; and r = the final temperature of both^ then 
sw{t — T), which represents the quantity of heat lost by the 
body, is just equal to s'w' (T — V), which represents the quantity 
of heat gained by the water, providing of course, that none of the 
heat is lost by radiation or by conduction. That is, 

sw {t — T) = s'u/{T — r ) , (5) 

^^^= STU-T) • ^^) 

4S. Pboblem. — If 5 lbs. of water at 40 deg. F. are placed in a vessel 
with 10 lbs. of mercury at 80 deg. F. and the resulting temperature 
is 42.5 deg. F., what is the specific heat of mercury, the specific heat 
of water being 1? 

Solution. — From the conditions of the problem w' = 5 lbs., t' = 40 
deg., »' = 1, w = 10 lbs., * = 80 deg. and T = 42.5 deg. Substituting 
these values in formula (6) we get 

s = 5(42.5 — 40) 
10"(80 — 42.5)* 
Therefore 8 == .0333, An3. 

44. Pboblem. — A piece of steel weighing 2 lbs. with a temperature 
of 500 deg. F. is placed in a tub containing 124.8 lbs. of water at 32 
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deg. F. If the resulting temperature is 32.87 deg. F., what is the specific 
heat of steel? 

Answer. — .116. 

46. Pboblem. — A piece of cast iron weighing 10 lbs. at a temperature 
of 400 deg. F. is placed in a tub containing 100 lbs. of water at 60 deg. F. 
What is the resulting temperature if the specific heat of Iron is 0.1298 
and of water 1? 

Solution. — By the conditions of the problem t =■-- 400 deg., t<? = 10 Ibe., 
w' = 100 lbs., and t = 60 deg., and 9' = 1. Substituting these values 
in formula (5) we get 

0.1298 X 10 X (400 — r) = l X 100(7 — 60). 
Simplifying 1.298 (400 — T) = 100 (T — 60), 
or 519.2 — 1.298 T = 100 T — 6000. 

Therefore T = 64.35 deg., Ans. 

46. Problem. — A piece of steel weighing 4 lbs. heated to a temper- 
ature of 700 deg. F. is placed in a tub containing 125 lbs. of water at 
40 deg. F. What Is the resulting temperature if the specific heat of 
steel is 0.1165? 

Answer. — 42.45 deg. F. 



HEAT AND WORK 

47. It has been found that a definite amount of mechanical 
energy can be converted into a definite amount of heat. Thus 778 
ft. lbs. are equivalent to 1 B. T. U. This quantity of mechanical 
energy is known as the mechanical equivalent of heat. 

48. Problem.— ^A certain journal uses up 15,000 ft. Ihs. of energy in 
friction. How much heat is generated at the journal assuming that all 
the mechanical energy used up in friction is turned to heat? 

Solution. — By Art. 48, 778 ft. lbs. of mechanical energy are equiv- 
alent to 1 B. T. U. Therefore 15,000 ft. lbs. equal 

15,000 



778 



19.28 B. T. U., Ans. 



49. Pboblems. — (1) How many heat units are equivalent to 250,000 
ft. lbs. of mechanical energy? 

(2) What is the mechanical equivalent of 125 B. T. U.? 

Answers.— (1) 321.33 B. T. U. (2) 97,250 ft. lbs. 
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60, Several mechanical devices are used to convert heat into 
mechaDical energy. Among the most important of these is the 
steam engine, the essential parts of which are a cylinder in which 
a piston is forced back and forth by the steam and a valve ar- 
ranged to admit the steam tirst on one side of the piston and then 
oo the other. Fig. 4 shows a diagram of a simple horizontal 




engine. A is the cylinder ; B, the piston ; C, the piston rod which 
is joined by the connecting rod D to the crank E ; F and P' are 
openings, called ports, through which the steam passes from the 
valve box into the cylinder; and G is the slide valve which con- 
trols the passage of the steam in and out of the cylinder. 

The action of the steam engine is due to the pressure of the 
at«am. That in turn is due to the action of the molecules of 
water or steam under the influence of heat. The steam engine, 
then, may properly be called a heat engine, for it is a contrivance 
for changing heat energy to mci-hanical energy, 

51. The gaa or gasoline engine is another type of heat engine 
that is iised extensively. Its action is illustrated by the diagrams 

in Figs. 5, 6, 7 and 8. In Fig. i> the piston is moving down 
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drawing a charge of air and gas into the cylinder through the 
inlet pipe and valve A. The air is mixed with gas or gasoline 
vapor in the proper proportion by some form of mixing valve 
or carburetor* attached to the inlet pipe. 

At the end of this down stroke valve A closes and the piston 
moving up, Fig. 6, compresses the charge until, toward the end 
of the stroke, the pressure reaches a value varying from about 
45 to 80 lbs., per sq. in., depending on the design of the engine. 

Just before the piston reaches the end of this up stroke the 
mixture is ignited. Fig. 7, usually by an electric spark B between 
two wires, one or both of which are insulated from the cylindi^r. 
The spark is produced by the action of an electric current which 
is allowed to flow through a spark coil,* at the right instant, by 
a special form of switch* operated by the cam shaft C. 

After ignition the mixture bums very rapidly and the pressure, 
greatly increased by the action of the heat on the gases, forces the 
piston down on the third stroke thus changing a portion of the 
heat energy of the gases into mechanical energy. 

At the end of the third stroke the exhaust valve 1) is opened 
by the valve gear and the burned gases escape through the ex- 
haust pipe to the atmosphere as the piston moves up on the fourth 
stroke, Fig. 8. 

As heat energy is transformed into mechanical energy only 
during the third stroke, a fly wheel* must be attached to the 
crank shaft F in order to store energy to operate the engine 
during the other three strokes and also to furnish steady power 
to some other machine or device. 

Only a portion of the heat energj^ is transformed into a 
mechanical energy. The portion that is not transformed escapes, 
partly with the exhaust gases and partly by heating the cylinder 
walls. In order to prevent the cylinder walls from becoming too 
hot they are usually surrounded by a chamber, called a water 
jacket, through which cooling w^ater passes. In some cases small 
engines are cooled by air currents circulating around the cylind(*r 
which is provided with ribs or projections to increase the cooling 
surface. 



•Not .shown in tlie diagrams. 
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LIGHT 

RADIANT ENERGY 

52. To explain certain facts about heat and light such, for 
example, as the transference of heat and light from the sun, it 
is necessary to assume that there is some medium pervading all 
space. This medium, which is called ether, is capable of receiving 
(»nerg>' from the molecular vibrations of a body and transmitting 
it. This manner of transmitting energy is called radiation and 
the (*uerg>' transmitted by radiation is known as radiant energy. 
Heat and lighf are forms of radiant energy. 

53. Radiant energy falling upon a body, usually called in- 
cident radiation, may be transmitted, as when light falls on a 
l)ane of glass; or reflected, as when light falls on a mirror; or 
absorbed, as when light falls on a dark surface. Any object that 
absorbs radiant energy is heated at the same time. 

54. A number of bodies in an enclosed space exchange radiant 
eiKTgy, or heat, until all are in the same condition, that is, in a 
eimdition of thermal equilibrium. Even then radiation does not 
(M-ase, but each body receives just as much energy as it gives out 
so that the state of equilibrium is maintained. 

55. Radiant energy is propagated along straight lines known 
ns rays. A collection of parallel rays is called a beam, Pig. 
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1); and a collection of divergent or convergent rays, a pencil, 
Fi^. 10. 
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66. Prom the preceding paragraphs it will be noted that heat 
may be transmitted from one 'body to another by radiation as 
well as by conduction and convection, which have already been 
mentioned. Thus the heat of the sun reaches the earth by radi- 
ation. The radiation of heat follows the laws for the radiation 
of light. 

57. Light is a form of radiant energy capable of affecting 
tht* nerves of the eye. 

58. Any body of matter when sufficiently heated will pro- 
duce light. When in such a condition a body is said to be in a 
state of incandescence and is called a luminous body. The sun 
and artificial sources of light, such as an incandescent lamp, are 
examples of luminous bodies. 

Certain peculiar substances, such as sulphide of calcium, have 
the power of absorbing light wiien exposed to it without becoming 
hot and then, if placed in a dark room, emit light for some time. 
This property is called phosphorescence. 

59. The velocity of light as determined by experiment is 
186,000 mi. per sec, so that transmission for ordinary distances 
is practically instantaneous. The velocity varies for different 
mediums and is greater in rare mediums, such as air, than in 
dense mediums, such as glass. 

60. All luminous bodies are visible, but by far the greater 
part of all bodies on the earth are not luminous, yet they are 
visible at times because of light which they receive from lumi- 
nous bodies. A body, such as the moon, which is not luminous, 
but is made visible by light received from a luminous body, is 
said to be illuminated. 

61. When a luminous or highly illuminated body is seen 
against a dark hack-ground it appears larger than it really is. 
This effect is called irradiation. The effect bi^comes greater as 
the contrast between the hnuinous or illumirnted body and the 
dark back- ground is incn^ased. 

62. Certain bodies whieh allow the light falling on them to 
pass through practically undiminished an» called transparent 
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bodies, for example, air and glass; other bodies while aUowiog 
the light to pass through to a greater or less extent seem to scatter 
it and are ealled tranalncent, for example, fog and ground glass : 
still other bodies stop or absorb all the light falling on them and 
are called opaqne bodies, for example, a piece of wood or of iron. 
Visible objects can be seen distinctly through transparent 
bodies; they can be seen ver>' indistinctly tbrough translucent 
bodies, but cannot be seen through opaque bodies. 




63. If an orange is held between a lighted candle and a screen 
the light will be cut off from 8 part of the s<Teen; we usually 
describe this by saying that the orange "easts its shadow" on 
the screen. What actually takes places is that the orange, being 

opaque, stops the light 
that falls upon it and 
consequently the space 
and part of the screen 
on the opposite side 
of the orange from the 
candle receive no direct 
light. Fig. H illustrates 
this, showing the light as though coming from ,iust one point of 
the flame. If the flaiiic is large the light i-oniiiig from all the 
points causes the shadow- 
to take the form shown in ''^>-^ 
Fig. 12. All of the light _, _ ;/' ' 
will Im- cut off fn>in the 
space A. H. (;. D. This 
part of tiie shadow is call- 
ed the umbra. Only part '- 
of the light will be cut off 
from the outer section ADF, BOK, 
called the penumbra. 

64. If light from a luminous body, or from a body brightly 
illuiiiLuated. as by light from the sun, is allowed to pass through 



^-S'il 



This part of Iho shadow is 



a snial! opening and fall upon a screi-n, a pk-turo, or image, of 
the objirt from wliii'h the lipht conies will be aoon upon the 



H 



screen, as illlustrated by J'ig. lU. As the rays of light all cross 
at U the image will bi- inverted. 



66. The inlcnsitij of illu, 
the angle at tvliieh llir lijilit 
is at right angli 



PHOTOMETRY 

65. The ([iiaiitity of liglit received by any unit surface is 
usually called the intensity of Ulumination of that surface. 

ion of a surface depends upon 
Is ih<- surface. If the surface 
th the direction of propagation of the light 
the intensity will be greatest, and the in- 
liiisity will decrease us the angle between 
the surface and the light becomes less. 
Fig. 14 illustrates this clearly. If a beam 
of light meets a surface at an angle of 
*"'*■ ** 'MV it will illuminate a section represented 

by AC. If it meets the surface at a smaller angle it will illu- 
minate a larger section represented by AH. 

67. The inlensiljl of ill u mi nation of a siirfarv dipends also 
upon its distance from ihr source of illumination and varies 
inversrly as the sqnan of tin distanei of thr surface from the 
source. Fig. 15 illnstniles this. The distance from the light L 
to A is ^ the distance from L to H. The surface of A is J of 
the surface of H. The total amount of light which falls on A 
is just equal to the luiuHuit which wonld fall on B if A were 
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removed. But as there is 4 times as much surface in B as in A 
the intensity of illumination of B is ^ that of A. That is, as 
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the distance is increased in the ratio of 1 : 2 the intensity of 
illumination on the same surface is decreased in the ratio of 
1:4; or in other terms, if 7 = the intensity of illumination 
of the surface, 5 = the brightness of the light and d = the 
distance of the illuminated surface from the light, then 

B 



1 = 



d'' 



68. The standards used in measuring the brightness of lights 
are artificial lights such as a sperm candle burning 120 grains 
per hour or a standardized incandescent lamp supplied with 
a constant current. 

89. The instrument used to measure the brightness of lights 
is called a photometer. A good example is the Bunsen photo- 
meter, Fig. 16, which consists of a bar having a scale divided 
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into 1,000 parts.* A standard lamp is placed at one end and 
the light to be measured at the other, lietween the two lights 
there is a movable screen C made of unsized paper which is 
opaque. The central part of the screen is provided with a spot 
made translucent by the application of paraffin. Mounted with 
the screen are two oblique mirrors, M, arranged so that a person 

•On account of the small size of the cut the scale shown is divided Into 
only 100 part.s. 
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looking into them can see both sides of the screen at once. To 
compare the brightness of the two lights the screen is moved along 
the bar until the intensity of illumination on both sides is equal, 
that is until they appear the same. The distances from the lights 
are then noted. 

If B^ = the brightness of the standard lamp, B^ = the bright- 
ness of the other light, d^ -= the distance of the screen from the 
standard lamp, and do = the distance of the screen from the 
other light, then from Art. 67, 

, 7i, , , Bn 

1= : and 7= -. 

n, B, 



Therefore , . ,., 



2 



or B, :B,::d'\:d\. (7) 

70. Problem. — What is the candle power of a lamp when it is 900 
units from the screen in a Bunsen photometer and the screen is 100 
units from a standard lamp of 1 C. P.*? 

Solution. — From the conditions of the problem B =1 C. P., d = 
100, and d^ = 900. Substituting these values in formula (7) we get 

1 : B : : 10.000 : 810.000. 

n 

Therefore B = 81 C. P., Ans. 

•> 

71. PROBLKM. — The distance between the screen and a standard lamp 
of 1 C. P. is 200 units and between the screen and an electric light is 
800 units. What is the candle-power of the electric light? 

Answer. — 16 C. P. 

72. In using the photomc^ter or other instrument d(»pending 
upon the equality of two fi(*lds of view it is essential, if accurate 
results are to be obtained, that the light from the two sources 
should be of the same color. Differences in color make accurate 
judgments of relative brightness impossible. 



REFLECTION 

73. A ray of light, (-1), Fig. 17, falling upon a polished sur- 
face, AB, will be turned back or rerte('t<»d, in the direction DE. 

♦Candle-power. 
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The ray CD is culled the incident ray; and the ray DE. the 

reflected ray. The aiigh* S. bctwwn the ineidont ray and the 

, line DF which is perpendicular to AB, is 

called the an^^le of incidence an<l the angle 

R. between DP'*and DE, is called the angle 

of reflection. 






74. Law of Reflection.— IV ;ta( ftp )■ tlip 
Ti*- 1" nature of the surface ui>on which'Ught falls 

the angle of reflection is always itjual to and in the same plane 
with the angle of incidence. 

75. 'When a beam of light falls oh a polished surface it is 
reflected in such a manner that an inia'te of the source of the 
light may be seen. This ia termed regular 
reflection, see Fig. 18. When a beam of 

light falls on an uii- 
poiislied surface it is 
reflected in sueh a man- 
ner that no image can "' 
be seen. This is called irregular reflection or 
diffusion, s/o Fig, l!l. 

76. Any polished surface may be used as a mirror; if the 
surface is plane it is a plane mirror, if it is a seetion of a 
spherical surface it is a spherical minor. Spherical mirrors 
are concave or convex according as the inner or outer portion 
of the spherical surface is used as the n'flecting surface. Slirrors 
are also made of other forms, for example a parabolic mirror. 

l>li.ANE AIIKItOltS 



77. If an object is placed before a 
plane mirror an image of the object will 
ajipear in the mirror, apparently at the 
same distance hack of the reflecting sur- 
face as the object is in front of it. h, 
Kig. 20. is one point of an object before 
a [ilane mirror SIM'. Rays of light pass 
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Fig:. 21 



from the object in different directions. LB and LD represent 
two of these rays which are reflected in the directions BC and DE 
respectively, which directions they would have if they came from 
h\ a point just as far back of the reflecting surface as the point 
L is in front of it. 

Hence if an object represented by the arrow AB, Fig. 21, is 
placed before a plane mirror IVIIM' its image will appear behind 

the mirror in the pasition A'B'. It 
should be noted that the image of the 
object is inverted laterally, the right 
side of the object appearing on the 
left side in the image. 

SPHERICAL ]»nRRORS 

78. AB, Fig. 22, represents a con- 
cave mirror of which is the center 
of curvature. Tlie angle ACB is 

called the aperture of the mirror. D is the center of the mirror. 

The Ime CD is called the principal axis. Any other line through 

C intersecting the mirror, as CE, is called 

a secondary axis. 

79. When parallel rays of light fall on 

a concave mirror they are reflected as 

shown in Fig. 23 and practically all pass 

through the point 
F. This point is 
called the principal 

focus of the mirror. It is a real focus, 
i. e., all the rays of light actually cross 
there, and is on the principal axis half 
way between the center of the mirror, D, 
and the center of curvature, C. The dis- 
tance FD is called the principal focal 
length of the mirror. 
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80. If rays of light diverging from a point G, Fig. 24, on 
the opposite side of the center of curvature from the mirror, 
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fall upon a concave mirror they will be reflected and practically 
all pass through a point H between C and P. Or if they diverge 

from H they will practically all be 
reflected to G. G and H are callea 
conjugate foci. 
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81. If rays of light diverging 
from a point M, Fig. 25, between 
the principal focus F and the center 
of the mirror D, fall upon a concave 
mirror they will be reflected and 
take a direction as if they came from the point N. Since the light 
appears to come from X, but actually does not, it is called the 
virtual focus. 



82. The image formed by re- 
flection of rays of light from a 
spherical mirror may bt* construct- 
ed geometrically. The construction 
depends upon two principles: ^j^^-;; 

(1) A ray of light parallel 
to the principal axis is reflected 
through the principal focus if the 
focus is real or as though it came 
from the principal focus if the 
focus is virtual. 
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(2) A ray'along a secondary axis is reflected in the direction 
from which it came. 

The image of one point of an object is at the place where all 
the rays from that point intersect. The intersection of two rays 
from a point determine that place; therefore to determine 
the image of a point two rays are selected; one parallel to the 
principal axis, and one ahmg a secondary axis. 

83. Figs. 26 and 27 illustrate the method of constructing 
an image formed by a concave mirror. 

X'Y', Fig. 26, is an image of the object XY. It is smaller than 
the Oibject, inverted and is called a real image; for if a screen 
is placed at that point it will appear on the screen. 
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84. The size and position of the image depend largely upon 
the position of the object. The following cases may arise. 

(1) If the object is 
so far away that the 
rays falling on the mir- 
ror are all practically 
parallel the image will 
appear as a point at the 
principal focus. 

(2) If the object 
comes nearer the center 

of curvature the image, which is inverted, also approaches the 
center of curvature and increases in size. 

(3) If the object is at the center of curvature, an inverted 
image the same size as the object will appear at the center of 
curvature. 

(4) If the object is between the center of curvature and the 
principal focus the image will be larger than the object, inverted 
and on the opposite side of the center of curvature. These state- 
ments can be verified by constructions similar to the one shown 
in Fig. 26. 

(5) Fig. 27 shows the image formed when the object is be- 
tween the principal focus and the mirror. It will be noticed 



'*x^X 



/r 







FlMT. 27 

that the rays from X diverge after refleetion as though they 
came from the virtual focus X' and similarly those from Y 
diverge as though coming from Y'. The image, then, is erect, 
larger than the object, back of the mirror and is a virtual 
image, i. e., it can be se(»n in the mirror but cannot be thrown 
on a screen. 
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86. Fig. 28 shows the method of constructing the image 
formed by a convex mirror. All images formed by convex mirrors 
are smaller than the object, erect and virtual. 
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86. Spherical mirrors should not be made with wide aper- 
tures. If the angle ACB, Fig. 29, is greater than about 10° 

the image will be indistinct becaiLse the 
rays of light falling on the outer 
portions of the mirror do not, after 
reflection, pass through the focus. Fig. 
29 shows this clearly ; the parallel rays 
falling on the outermost portions of tlie 
mirror are reflected according to the 
law of reflections so that they pass 
through a point betw^een the principal 
focus, F, and the center of the mirror, D. This is called 
spherical aberration. 

Spherical aberration can be prc^vonted by using spherical 
mirrors of small aperture or by the use of parabolic mirrors. 



87. Fig. 30 shows a section of a par- 
abolic mirror. It is so shaped that 
parallel rays falling on any part of tlie 
mirror will be reflected so as to puss 
through the focus, F. 

If a light is placed at the focus of a 
parabolic mirror the reflected rays will 
be parallel and form a beam of light. 
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Parabolic reflectors are used in locomotive headlights and in 
search lights. 



REFRACTION 

88. When a ray of light passes obliquely from one medium 
to another, as from air to glass, its direction is changed. This 
change of direction is called refraction. 

The cause of this will be clear when we remember that while 
the velocity of light is constant for any homogeneous medium, 
i. e., any medium that has the same structure throughout, it is 
different for different mediums. 

For example, suppose that a beam of light passing through 
air strikes a pane of glass, AB, Fig. 31, at an oblique angle. Any 

two rays X and Z, of the beam are 
parallel. Ray X strikes the glass first 
and is retarded so that while it goes 
from K to L, Z goes from M to N. As 
Z enters the glass it too is retarded and 
both rays are again parallel. However, 
as soon as X reaches the point P it 
passes into the air and at once begins 
to travel at its former rate so that it 
goes from P to Q while Z is going from 
R to S. When Z passes into the air 
it also resumes its former rate and 
X and Z are again parallel and travel in the same direction 
they were going before entering the glass. The beam of light is 
refracted twice, once on entering and once on leaving the glass. 

It should also be noticed that in the 
first case the ray is bent toward the per- 
pendicular, CK, to the bounding sur- 
faces and in the second case it is bent 
away from the perpendicular, DP. 

89. Suppose ACB, Fig. 32, repre- 
sents a ray of light passing from air 
into water, MN the surface of the water, 
and PQ a perpendicular to the surface 
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^IN at C. The angle ACP is called the angle of incidence; BCQ, 
the angle of refraction; and FCB, the angle of deviation. Draw 
a circle with C as the center and a radius equal to 1 unit. Prom 
A and B draw lines AD and BE perpendicular to PQ. Then 
line AD is called the sine of the angle ACP and BE the sine 



of the angle BCQ. The ratio, or quotient, 
index of refraction. 



AD 
BE 



is called the 



90. The following table gives the indices of refraction for 
some of the more common transparent mediums. 



Medium 


Index 


of Refraction 


Air 




1.00 


Water 




1.33 


Alcohol 




1.37 


Turpentine 




1.46 


Crown glass 




1.50 


Flint glass 




1.60 


Diamond 




2.42 



91. It is possible, if the indices of refraction of two mediums 
are known, to construct geometrically the refracted ray. To 
illustrate this assume that a ray of light passes from air inta 
flint glass and that the angle of incidence is 30 deg. 

Let AC, Fig. 33, represent the incident ray meeting the sur- 
face MN of the flint glass at C, the angle of incidence ACP 

being 30 deg. The index of refraction 
of flint glass is 1.60; expressing this 
as a fraction we get -Jr^ or f . With 
C as a center draw two circles, one with 
a radius of 8 units, the other with a 
^^^^^---^^---^--^^^ radius of 5 units, 8 and 5 being the 

terms of the fraction (expressing the 
index of refraction. From the point 
D where the smaller circle cuts the 
ray AC draw a line perpendicular to 
^ICN and extend this line until it cuts 
the larg(»r circle at E. Draw a line connecting EC and extend it 
below ]MCN to F. The line CF is the refracted ray. 
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92. The laws of refraction may now be stated as follows: 

(1) When passing into a denser medium a ray of light is 
refracted toward the perpendicular to the surface; when into 
a rarer, from the perpendicular. 

(2) For any two given mediums, the sines of the angles of 
incidence and of refraction hear a constant ratio to each other, 
or in other words, the index of refraction for any two mediums 
is constant. 

(3) The incident ray and the refracted ray are in the same 
plane. 

TOTAL IlKFLECTION 

93. Light passing from a denser to a rarer medium is 
refracted from the perpendicular; consequently the angle of 
refraction is greater than the angle of incidence. This leads 
to a peculiar phenomenon under certain conditions. Consider 

the case of light passing from water to 
air, Fig. 34. A ray AC, will be re- 
fracted to the path, CA' ; another ray, 
BC, having an angle of incidence 
.greater than that of AC will be re- 
fracted to the path CB'. If other 
rays are considered having still greater 
angles of incidence one will be found 
the refracted ray of which will pass 
along the surface of the water; this is 
represented by DC which is refracted 
along the surface, CD'. A ray, EC, having an angle of incidence 
greater than DCP' is not refracted but is wholly reflected in the 
path CE'. This i)henonienon is called total reflection. 




94. When a ray travels in a medium in such a direction 
that on emerging it passes along the surface, the angle which 
it makes with the perpendicular is called the critical angle iot 
that medium. Thus in Fig. 34, since the ray DC after passing 
C travels along the surface CD', the angle DCP' which it makes 
with the perpendicular is the critical angle for water, i. e., 
about 48^ deg. 
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The critical angle for crown glass is about 41 ileg. and for 
diamond about 24 deg. 

96. Pig. 35 shows a section of a piece of crown glass cut so 
as to produce total redeetion. A ray X entering as shown strikes 

the surface AB at an angle of 45°, 
which is greater than the critical angle 
of crown glass, and is totally reflected. 

96. A plate is a transparent medium 
bounded by parallel plane surfaces. 
When a ray of light passes through a 

j)late at an oblique angle it is reflected 
twice as shown in Fig. 31, and is said to undergo lateral 
aberration. 

97. A transparent medium bounded by two intersecting 
planes is called a prism. Pig. 36 shows the path of a ray of light 
through a prism. It should be 
noticed that the ray is refracted 
away from the thin part of prism 
toward the thick part The angle 
STW formed by the tmes of 
direction of the incident and re- ' 
fraeti'd rays is called the angle 
of deviation. ' "" "" 

A prism is called a rrfltctiug prism when the light is totally 
reflected, as in Fig. 35, and a refracting prism when the light 
passes through as in Pig. liti. 

98. A transparent mi-dium bounded by two curved surfaecs 
or hy one eurvi'd and one plane surface is called a lens. The 

binuidary surfaces of lenses are nsniilly sections of spherical 



A 



99. Lensi's may be divided 
"convex lenses which are thick.-si 



iiti) two general clas.scs: I'a) 
in the middle. (1), (2). (3), 
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Fig. 37; (b) concave lenses which are thickest at the edge, (4), 
(5), (6), Fig. 37. There are three kinds in each class named 
as follows; (1) double-convex, (2) plano-convex, (3) convex- 
meniscus, (4) double-concave, (5) plano-concave, (6) concave- 
meniscus. The double-convex and double-concave are types of 
the respective classes and are used in the following treatment. 



100. The line passing through the centers of curvature of 
the surface bounding a lens is called the principal axis of the 
lens. Thus MN, Fig. 37, is the principal axis of the lenses 
(1) to (6). 

In every lens there is a point on the principal axis such that 
a ray of light passing through is not changed in direction but 

suffers slight lateral aberration. This 
is called the optical center of the 
lens. Fig. 38 shows a ray of light, 
XYZW, passing through the optical 
center, C, of a convex lens. 

Any line other than the principal 
axis passing through the optical cen- 
ter of the lens is called a secondary axis. PP', Fig. 38, is the 
principal axis and SS' is a secondarj^ axis. 

101. The path of a ray of light through a lens may be traced 
by the method given in Art. 91. Suppose AB, Fig. 39, is a con- 
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cave lens of crown glass of which the refractive index is 
1.50 or |. XY is a ray of light falling on the lens at Y. C and 
C are the centers of curvature* of the* two curved surfac(»s of 
AB. The line connecting Y and C is perpendicular to th(* sur- 
face at Y. With Y as a center draw two arcs with radii of 2 
and 3 luiits respectively. From the point where XY intersects 
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the smaller arc draw a line parallel to YC intersecting the 
larger arc at E. Then EY is the direction of the refracted ray 
and YZ is the path of the ray through the lens. With Z as a 
center draw two arcs having radii of 2 and 3 units respectively. 
Extend the line YZ until it intersects the outer arc at H. From 
II draw a line parallel to ZC- intersecting the smaller arc at K. 
Then connect Z and K. ZK is the path of the ray after leaving 
the lens. 

By a similar method the path of a ray through any lens or 
set of lenses may be traced. 

FOCI OF CON\T5X LENSES 

102. A beam of light passing through a convex lens, AB, 
Fig. 40, will be refracted in such a way that it will practically 

all pass through one point 
F. This point is called the 
principal focus. The dis- 
F^ tance from the principal 
^^ focus F to the optical cen- 
ter C is called the focal 
length of the lens. 
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If rays of light diverging from F pass through the lens they 
will on em(»rging form a beam. 



103. Rays of light diverging from a point, D, Fig. 41, more 
than twice the focal length of the lens away from the lens, will 
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])(' brought to a focus at a point I)' between the principal focus, 
F\ and a i)oint E' at twice the focal length. Conversely if they 
diverge from D' they will be brcmght to a focus at D. D and 
IV are called conjugate foci. If the rays diverge from E, Fig. 41, 
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a point at twice the focal length from C, they will come to a 
focus at E' and conversely if they diverge from E' they will 
come to a focus at E. E and E' are each twice the focal length 
from C and are called secondary foci. 

104. If the rays of light 
diverge from a point H, 
Fig. 42, between the principal 
focus F and the center C, 
they are still diverging after 
passing through the lens, as 

Fi 43 ^^ ^^^^'y came from a point H' ; 
H' is a virtual focus. Con- 
versely, if the incident rays are converging they will be brought 
to a focus at a i)oint between the principal focus and the center. 




FOCI OF CONCAVK LKNSES 

106. A beam of light passing through a concave* lens, AB, 
Fig. 48, is refracted in such a way that it diverges as though 
it came from the point F. 
F is a virtual focus and is 
called the principal focus. 
The distance from F to the 
oi)tical center C is the focal 
length. 
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106. If a diverging pencil of light passes through a concave 
l(»ns. on emerging it is still more divergent. This is illustrated 
in Fig. 44. A pencil of ^ 

light div(Tging from D 
after passing through 
the lens AB is diverg- 
ing as if it came from 
1)'. D' is a virtual 
focus. As tlu* amount 
of divergence of the incident rays increases the focus lY moves 
nearer the lens. 




Fin?. 44 



34 



HEAT AND LIGHT 




FiK. 45 



107. If a converging pencil passes through a concave lens 
the emerging rays may be converging, parallel, or diverging 
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according to the amount of convergence of the incident rays. 
Pigs. 45, 46 and 47 illustrate the three possible cases. 
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108. The image formed by a lens may be found by a geo- 
metrical construction similar to that used in constructing the 
images formed by spherical mirrors. The following principles 
upon which the construction depc^nds are very similar to those 
given in Art. 82. 

(1) A ray paralhl to the principal axis after refraction 
passes through the principal focus, if that is real, or takes a 
direction as if it canu from the princiiHil focus, if that is virtuaL 
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(2) A ray passi)ig thronyh the optical center does not have 
its direction changed. 

In applying these principles to construction the result is very 
nearly exact* and the construction is greatly simplified if the 
refraction is supposed to take place at one point instead of two. 
In the following constructions the refraction is thought of 
as occur ing at points on a line perpendicular to the principal 
axis passing through the optical center. Fig. 48 shows the method 
of constructing the image form(»d by a convex l(»ns. 




109. The size and position of the image depend largely upon 
the i)osition of the object with respect to the lens. 

(1) If the object is so far away that the rays are all parallel 
they will come together at the principal focus and the image will 
appear as a point. 

(2) If the object is nearer than in the first case, but more than 
twi(*e the focal length from the lens, the image will be real, in- 
verted, smaller than the object and at a distance from the lens 
greater than the focal length, but less than twi<*e the focal length. 
This is illustrated in Fig. 4S. 

(3) If the object is distant twice the focal length, the image 
will be real, inverted, the same size as the object and at the 
same distance from the opj)Osite side of the lens. 

(4) If the object is at a distance* greater than th(» focal length 
and less than twice the focal length the image will be real, in- 
verted, larger than the* object, and more than twice the focal 
length away from the lens. 

(5) If the object is at the principal focus the emerging rays 
will be parallel and there will be no image. 

•For thin lense.s or smaH apertures. 
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(6) If the object is at a 
distance less than the focal 
length from the lens, the 
image will be virtual, erect. 
and iHTger than the object.' 
This is illustrated in Fig, 49. 



110. Pig, 50 shows the same method of construction applict 
to finding the image formed by a eonea\e lens 

The images formi^d by 
eoncave lenses are always 
virtual and eriH-t, 

111. Rphcrieal aberration 
oi'curs with spherical lenses 
as well as with spherical 
mirrors; that is, the rays of 
light passing through dif- 
ferent portions of the lens do not cross the principal axis at the 
same place. More or less blurring of the nnago is due to this 
cause, but can be nearly prevented by using only a small portion 
of the center of the lens or by using n lens the curvature of which 
is lessened toward the edge. 




COMPOSITION OF LIGHT 

112. If a beam of sunlight is allowed to pass through a trans- 
parent prism, on em<'rgiiig. the various rays are no longer parallel 




hut diverge as shown in Fig, 51. If the emergent pencil is allowed 
to fall on a screen it does not appear white, but as a colored band. 
This colored light is called a spectrum; it contains all the colors, 



LIGHT 37 

having fchI at one end and violet at the other. The colors are 
blended so that it is impossible to tell where one ends and the 
other begins, but the different colors, red, orange, yellow, green, 
blue, indigo and violet are el(»arly disecTuable, the red being 
refracted the least and the violet the most. The formation of a 
spectrum by means of a refracting prism is called dispersion. 

It is evidc»nt that light instead of being just (me kind of radiant 
energy is comjxysed of different kinds with different properties. 
Thus certain kinds of radiant energy are refracted more than 
other kinds and cause a different s:Misati(m. For example, that 
kind giving a sensation of violet is refracted more than that 
giving a sensati(m of red. Light that consfst of one particular 
kind of radiant energy is homogcnmua; thus, pure red light and 
l)ure violet light are homogeneous. Light that consists of two 
or more kinds of radiant energy is hon-homogenrons; thus, light 
from the sun, or an incandescent lamp is iKm-homogencnms. 

113. AVhen light passes through a lens it is disperses! in the 
same manner as whi'ii it pass(»s through a i)rism. Thus an image 
of a bright light thrown on a screen by means of a dcmblc* conv(»x 
l(»ns is surrounded by colors due to dispersion. This dispersion 
caused by l(»ns(»s is calh'd chromatic aberration, ("hronuitic aber- 
ration can be corrected by using two lenses made of glass differing 
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in refractive ])0wer instead of a single lens. A lens of this type 
is called achromatic. Fig. 7}2 shows the path, of a ray through 
an achromatic lens. 

114. ^Fany substances have the power of st()pi)ing or al)sorbing 
light of certain kinds while they transmit light of other kinds. 
For example, if sunlight falls u])on a piece ot nnl glass only 
red light passes through, the rest being absoHx'd. 
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This can he well shown by placing a pi(»ei* of ruby glass 
between a gas flame and a refracting prism. The sp'.*ctrum of 
the llanie before the glass is intc»rpi>sed shows all the colors, ])ut 
when the light passes through the ruby glass all of the colors 
except the red disappt*ar. 

115. The sensations due to light are two, intensity or 
brightness, and color. Color sensations are due to homogeneous 
light. Thus, when a beam of homogeneoiLS light falls on the eye 
a color is seen corresponding to that particular kind of radiant 
energ>'. 

116. The color of a non-luminous obj(»ct is due to the fact 
that the object absorbs all the radiant energy falling on it except 
that of a particular kind which it reflects. Thus a green leaf 
in sunlight absorbs the rays of all the colors composing sunlight 
except the green which are reflected. If a green leaf is placed 
in a pun* red light it appears very dark or black while in a green 
light it appears evi'n more intensely green than in sunlight. 

117. It has been foiuid by experiment that by mixing thrive 
colors in proper proportions any color can be matched so far as 
the sensation of color is concerned. These three colors, called 
primary colors, are rtnl, green and vioh^t. It has also been found 
that certain colors when mixed produce white. Such colors are 
called complementary. IUhI and bluish gn»en, orange and blue, 
and indigo and yellow are complementary eoloiN. As an example 
of mixing color suppose that a disc is arranged so that it can be 
rotated rapidly. The (\ve sees the surface of the disc by reflected 
light and, if portions of this surface are colored diflPerently, the 
colors may b(» distinguished from each other as long as the disc 
is stationary. However, if tlu* disc is rotated rapidly, although 
each portion reflects its color just as before, the eye is unable to 
follow the rapid motion and apparently the differ(»nt colors blend 
or mix togetluT and form one. Thus, if orange and blue are 
mixed in the i)roper proj)ortion by this method, the resulting 
color is nearly white. 

The precluding statenn^nts do not hold true, however, with 
regard to mixing pigments*. For example, consider the action 

•Paints. 
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of two pigments such as yellow and blue. According to Art. 116 
each pigment reflects certain colors in the light falling on it, 
absorbing the others. Thus the yellow pigment reflects yellow 
together with some orange and green absorbing the other colors. 
Similarly the blue pigment reflects blue and some green and 
indigo. Therefore a mixture of these two pigments will appear 
green since the colors reflected by the blue, with the exception 
of green, are absorbed by the yellow, and the colors reflected by 
the yellow, with the exception of green, are absorbed by the blue 
leaving only green to be reflected. 

118. The most distinct colors are red, yellow, green, and blue. 
On account of their distinctiveness these colors are best adapted 
to signaling purposes. 

119. By the use of a refracting prism it is possible to deter- 
mine whether the light transmitted by any particular piece of 
glass is pure in color or not, i. e., whether it transmits homo- 
geneous or non-homogeneous light. For example, a piece of 
glass which to the eye transmits only red light may be found 
to transmit also some yellow or greeii light. 



OPTICAL INSTRUMENTS 

120. An optical instrument is one necessary to vision, i. e., 
the eye, or one used to assist vision. The parts of the eye 
directly employed in the act of seeing are a diaphram moved 
by muscles so as to regulate the amount of light entering the 
eye; a lens, the form of which can be changed by muscles so 
as to accommodate the eye either to seeing objects nearby or 
at a distance; and a sensitive coating containing the ends of 
the nerves of sight. 

There are certain defects of vision due to iini)erfect formation 
of the lens or to imperfect shape of the eye. The most common 
of these are near-sight, far-sight and astigmatism. These can 
be corrected by placing lenses of the proper shape before the eye. 

121. A commonly accepted explanation of the color sense 
is that there are in tlie eve three different sets of nerves which 
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respond to impressions of the prinian' colors, red, gn»(>n. and 
violet and whieh may be called red nerv(»s, green ner\'es, and 
violet nerves, respectively. Since any color sensation can be 
obtained by mixing these three, other colors which are seen and 
white light are only combined s(»nsations of two or three of 
the primary colors. 

122. Color blind persons are those who laek one or the 
other of these sets of nerves and who consecjuently cannot dis- 
tinguish the color which would in an ordinary pi»rson affect 
that set of nerves. Very commonly the red nerves are lacking 
so that for a person so afflicted all the colors which he sees can 
be matched by combinaticms of green and violet light. 

The ordinary test for color blindness consists in having a 
person i)ick out from a number of various colorcnl skeins of 
wool those which match three or more test skeins. The test skeins 
are of at least thn^e different colors, light green, rose and red. 
A person lacking red nerves will conmionly match the light 
gre(»n with pale yellow and red with pure blues or blues contain- 
ing some purple. 

123. The color nerves of a person looking at oni» color for a 
long time become fatigued so that the person d(H*s not get as 
clear a sensation of that color as he does of other colors. To 
illustrati» this suppose a person wore a pair of green spectacl(»s 
for some time, upon taking them off the greens would appear 
dim to him while the reds and vioh^ts would appear brighter 
than usual. 

A somewhat similar effect is seen when two colors are placed 
side by side. Tf two complementary colors such as blue and orange 
are next to each other they cause one anotlu^r to appear more 
brilliant. 

124. There are several different optical instrum(»nts employing 
lenses or reflectors or both. Among these* are the tel(»scope, which 
is used to enlarge the images of distant objects; the microscope, 
which is used to give magnified images of very small objects; 
the camera, whieh is used to throw images upon a plat(» sensitive 
to light ; and various sorts of lanterns, some used like the pro- 
jection lantern to cast enlarged images on a screen and others. 
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such as the search-light and head-light, to project a large amount 
of light in one direction. 



SIGNAL LAMPS 

125. The signal lamp is a form of lantcTn used for the 
purpose of projecting light in one or more directions. It is 

constructed essentially as follows. 
A source of light, such as a kero- 
sene lamp A, Fig. 53, is enclosed 
in a case B to protect the lamp, 
from the weath(T and prevent the 
light from travi»ling in any except 
the desired direction. The arrows 
indicate the currents supplying air 
to the flame and carrying away 
the products of combustion. A lens 
C is arranged to alter the distri- 
bution of light and project as mu(»h 
as possible in the desired direction 
and sometimes a reflector D is 
added to increase the intensity. 

126. The lenses used in signal 
lamps are generally of the form 
shown in Figs. 58 and 54. This 
form has taken the place of the 
plano-convex type of lens, which 
was originally used, for the following reasons. A corrugated 
lens does not vary as much in thickness as a plano-convex l(»ns, 
making it possible to secun* a more uniform color throughout 
a colored lens. Spherical aberration, always present in a plano- 
convex lens, is avoided by prop(»rly designing the curvature of 
the outer corrugations. Although the corrugations may be placed 
either on the inside or outside surface of the lens, the former 
position is used so as to give a smooth outc^r fa(*(* that is easy 
to clean and that does not afford as good a lodging place 
for dirt, snow and ice, as th(* corrugations would if placed 
outside. 
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127. Fig. 54 13 a diagram iUustrating the correct arrangemcDt 
of the source of light, lens and refleetor. It should be noted that 




the focal length of a signal lens is measured from the ed^, as 
shown in the figure, instead of from the optical center, a focal 
length of 3^ in. being generally used. 

The diagram shows that a considerable portion of the light 
radiating from the flame passes through the lens which changes 
its direction verj' nearly into a beam of parallel rays. The result 
is that a surface at 100 ft. from thesource of light, instead of 
receiving only about one quarter of the light that would fall on 
a similar surface at 50 ft,, receives very nearly the same amount. 
Thus the intensitj- of the light is decreased with distance only 
by the amount that the air absorbs and by the fact that the rays 
must diverge slightly to allow the light to spread over a sufficient 
area to he seen on curves, etc. 

The reflector shown, called a prism reflector, is made of glass 
and depends for its action on the principle of total reflection 
described in Arts. "93, 94 and 95. Each ray is reflected twice and 
sent to the lens through the point in the flame from which it 
came. Thus the light from the back of the flame is caused to 
pass through the lens instead of being lost as would occur with- 
out the reflector. The distance f, called the focal length of the 
reflector, should have the proper value to accomplish this result. 
Reflectors of polished metal should be spherical in form and 
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placed so that tho centur of curvature eoinuidos with the center 
of the flame. They possess the disadvantage of tarnishing and 
losing their polish quickly. 

128. It is important that the lens, source of light, and reflector 
should initially occupy correct positions witli regard to each other 
as shorfn in Fig. 54, and that these positions shquld be maintained 
in service. The result of as small a, change in position as i in. 
will decrease the value of a lens or reflector by an appreciable 
amount and, if the center of the flame is not in the axis of the 
lens, the projected light will be somewhat deflected from the 
desired path. 

129. Colored light may be obtained from a signal lamp by 
using a colored lens, in which ease the color is not changed. If 
it is necessary to obtain different colors at different times from 
the same lamp an uncoloi-ed lens is used and different colored 
glasses, called roundels, are mounted in a movable frame in front 
of the lens so that the light may be projected through any roundel 
desired. The colors most used are red, yellow and green since 
they are very distinct and glass of these colors can be made to 
transmit enough light to enable the color to be distingui.shed at 
a considerable distance. 

130. In some cases it is 
desiraljle to place two colors, 
such as red and green, side 
by side. Pig. 55 shows a 
section and front view of a 
lamp arranged for this pur- 
pose. The paths of the rays 
of light are indicated on the 
plan. It will be noticed that 
those passing through the 
uneolored lens A an; reflect- 
ed at an angle of 90 deg. 
by mirror B before passing 
Ihrough the green roundel 
{'. Therefore the green 
light from C and red light 
from lens D have the same 
direction. 
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EXAMINATION QT7ESTI0NS AND PROBLEMS 



(1) Explain the action of the thermometer. 

(2) (a) What three methods are there of transmitting 
heat? (b) Give an example of eaeh, different from that given 
in the text. 

(3) A tank holding 30 en. ft. is filled with gas at a i)rt*ssure 
of 50 lbs. per sq. in. and at a temperature of 32 deg. F. What 
will be the pressure if the temperature increases to 62 deg. F. f 

(4) The coefficient of linear expansion of lead is .00001582. 
How many inches will a lead pipe 200 ft. long expand if its 
temp(»rature changes from — 10 deg. F. to 90 deg. F. ? 

(5) Reduce 40 deg. Centigrade to the corresponding Fahren- 
heit reading. 

(6) Reduce — 13 deg. Fahrenheit to the corresponding 
Centigrade reading. 

(7) How much heat will be required to change 10 lbs. of ice 
at 32 deg. F. to steam at 212 deg. F., if the latent heat of fusion 
of ice is 144 B. T. U., and the latent heat of vaporization of water 
is 965.7 IJ. T. U. ? 

(8) A piece of iron weighing 5 lbs. at a temi)erature of 
1,000 deg. F. is placed in a tub containing 125 lbs. of w^ater 
at 60 deg. F. What is the resulting temi)erature if the specific 
heat of iron is 0.1298 and of water is 1? 

(9) What property of a gas is used iu transforming heat 
(Miergy into mechanical energy ? 

(10) What is the meaning of the term ** specific heat''? 

(11) Kx[)lain why a vessel eontainin*? watiT is sometimes- 
])roken when the* water freezes. 
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(12) What is the difference between luminous and illuminated 
bodies ? 

(13) Give original examples of transparent, translucent, and 
opaque bodies. 

(14) Two lamps illuminate a screen with equal intensity. 
If the first is a lamp of 16 C. P., and is 8 ft. from the screen, 
what is the candle-power of the second if it is 12 ft. from the 
screen ? 

(15) State the law of reflection and give an example. 

(16) What advantage is there in using a parabolic mirror? 

(17) Construct geometrically the i)ath of a ray of light pass- 
ing from air into water assuming the angle of incidence to be 
30 deg. 

* 

(18) (a) Explain what is meant by the sine of the angle 
of incidence. (&) By the index of refraction. 

(19) Explain the phenomenon of total reflection. 

(20) What are the primary colors? Explain why they are 
called primary. 

(21) What is spherical aberration and how can it be 
corrected ? 

(22) Explain how a red light may be produced from a light 
such as that furnished by a keros(»ne lamp. 

(23) How may a green glass be tested for the purpose of 
finding out if it transmits any other color? 

(24) State tlu» reasons for asing corrugations on a signal lens. 

(25) Of what advantage is a reflector? 



ANSWERS TO EXAMINATION PROBLEMS 



(1 
(2 
(3 
(4 
(5 
(6 
(7 
(8 

(10 

(H 

(12 

(13 
(U 
(l.'j 



? 



53.05 lbs. per sq. in. 
3.7968 in. 
104 deg. F. 
— 25 dL'g. C. 
12,897 B. T. U. 



64.8 dog. F. 
•> 

m 

? 



36 C. P. 



to ^25) ? 



TABLE OF SYMBOLS^ 



Bi = brightness of standard ' s^ = 
lamp. 

Bo = brightness of any light, i T = 

C = degrees Centigrade. t = 

G?i = distance from screen to f = 
standard lamp. 

d^ = distance from screen to 'i = 
any light. 

F = degrees Fahrenheit. ^^o 

Po and Pi = pressures on ^i 
a mass of gas corre- 
sponding to volumes w- 
V^^ and Ti respectively. |^.^ 

5 = specific heat of a body. 



= specific heat of water or 

other liquid. 
: final temperature, 
temperature of a body. 

= temperature of water or 

other liquid. 
= any temperature other 

than 82^ F. 

= volume of a gas at 32° F. 

= vohuiie of a gas at a 
temperature t^. 

= weight of a body. 

= weight of water or other 
liquid. 
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The formulas are numbered consecutively throughout the text and 
are placed and number.ed in the same order in the following table. As 
an aid in referring to the text the page number is given directly after 
the formula number. 
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•The symbols and formulas used in the text are collected in the>e 
tables for convenient reference and need not be studied. 
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